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Exercise 1.3.2 (Homework)

Exercise 1.3.2 (Homework)



Exercise 1.3.2 (Homework)

Find the force on a point charge  𝑄𝑄1 = −30 μC , due to a point charge 
𝑄𝑄2 = 10 μC , where 𝑄𝑄1 is at (0, 1, -1) [m] and 𝑄𝑄2 is at (-1, -1, 1) m . Both 
𝑄𝑄1 and 𝑄𝑄2 are in the air.
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Exercise 1.3.2 (Answer)

𝑹𝑹12 = 12 + 22 + 22 = 3 [m]

𝑹𝑹12 = 1𝒂𝒂𝑥𝑥 + 2𝒂𝒂𝑦𝑦 − 2𝒂𝒂𝑧𝑧

𝒂𝒂12 =
1𝒂𝒂𝑥𝑥 + 2𝒂𝒂𝑦𝑦 − 2𝒂𝒂𝑧𝑧

3

𝑭𝑭1 =
1

4𝜋𝜋𝜀𝜀
𝑄𝑄1𝑄𝑄2
𝑅𝑅122

𝒂𝒂𝟏𝟏2

≈ 9 × 109 ×
−3 × 10−10

32 ×
1𝒂𝒂𝑥𝑥 + 2𝒂𝒂𝑦𝑦 − 2𝒂𝒂𝑧𝑧

3
= −0.1𝒂𝒂𝑥𝑥 − 0.2𝒂𝒂𝑦𝑦 + 0.2𝒂𝒂𝑧𝑧 [N]
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-1

-1
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𝑭𝑭1



Exercise 1.4 (Homework)

Exercise 1.4 (Homework)



Exercise 1.4 (Homework)

Find the force on a point charge  𝑄𝑄1 = 10 μC , due to point charges 𝑄𝑄2 =
𝑄𝑄3 = 100 μC . The locations of 𝑄𝑄1, 𝑄𝑄2, and 𝑄𝑄3 are at (0, 2, 2) [m], (0, 0, 
0) m , and (0, 0, 4) m , respectively. The charges are in the air.



Exercise 1.4 (Answer)

𝑭𝑭12

𝑥𝑥

𝑦𝑦

𝑧𝑧

2

2

𝑄𝑄3 [C]

𝑄𝑄1 [C]

𝑹𝑹12

𝑹𝑹12 = 𝑹𝑹𝟏𝟏3 = 02 + 22 + 22 = 2 2 [m]

𝑹𝑹12 = 0𝒂𝒂𝑥𝑥 + 2𝒂𝒂𝑦𝑦 + 2𝒂𝒂𝑧𝑧
𝑹𝑹13 = 0𝒂𝒂𝑥𝑥 + 2𝒂𝒂𝑦𝑦 − 2𝒂𝒂𝑧𝑧

𝒂𝒂12 =
2𝒂𝒂𝑦𝑦 + 2𝒂𝒂𝑧𝑧

2 2

𝑭𝑭1 =
1

4𝜋𝜋𝜀𝜀
𝑄𝑄1𝑄𝑄2
𝑅𝑅122

𝒂𝒂𝟏𝟏2 +
1

4𝜋𝜋𝜀𝜀
𝑄𝑄1𝑄𝑄3
𝑅𝑅132

𝒂𝒂13

≈ 9 × 109 ×
10−9

2 2
2 ×

2 + 2 𝒂𝒂𝑦𝑦 + 2 − 2 𝒂𝒂𝑧𝑧
2 2

=
9 2

8 𝒂𝒂𝑦𝑦 ≈ 1.6𝒂𝒂𝑦𝑦 [N]

𝑄𝑄2 [C]

𝑹𝑹13

4

𝑭𝑭13

𝒂𝒂13 =
2𝒂𝒂𝑦𝑦 − 2𝒂𝒂𝑧𝑧

2 2

0

𝑭𝑭1

𝒂𝒂𝑦𝑦



Exercise 1.6.3 (Homework)

Exercise 1.6.3 (Homework)



Show that the total electric field intensity at a point 𝑃𝑃 produced by charge distributed 
with uniform density 𝜌𝜌𝑠𝑠 [C/m2] over an infinite 𝑥𝑥 − 𝑦𝑦 plane 𝑆𝑆 is given by

where 𝒂𝒂𝑧𝑧 is the unit vector in parallel to the 𝑧𝑧 axis. The distance between 𝑃𝑃 and the 
plane is 𝑧𝑧 [m]. Note that 𝑬𝑬 is not a function of 𝑧𝑧. 

𝑬𝑬 =
𝜌𝜌𝑠𝑠
2𝜀𝜀
𝒂𝒂𝑧𝑧

𝑃𝑃 

𝑧𝑧 [m]

𝑆𝑆 𝜌𝜌𝑠𝑠 [C/m2]
𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑧𝑧 
𝑬𝑬

Exercise 1.6.3 (Homework)



Hint : Use the result of Exercise 1.6.2. You can choose differential charge 
distributed along a circle of radius 𝑟𝑟 placed in the 𝑥𝑥 − 𝑦𝑦 plane. 
Integrate 𝑑𝑑𝑬𝑬 from 0 to ∞ with respect to 𝑟𝑟.

𝑃𝑃 

𝑧𝑧 [m]

𝑆𝑆
𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑟𝑟

𝑑𝑑𝑑𝑑

𝑑𝑑𝑬𝑬 

𝜌𝜌𝑠𝑠 [C/m2]

Exercise 1.6.3 (Homework)



Exercise 1.6.3 (Answer)

𝑃𝑃 

𝑧𝑧 [m]

𝑆𝑆 𝜌𝜌 [C/m2]
𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑟𝑟

𝑑𝑑𝑑𝑑

𝑑𝑑𝑬𝑬 =
𝜌𝜌𝑠𝑠𝑧𝑧
2𝜀𝜀

𝑟𝑟𝑑𝑑𝑑𝑑

𝑟𝑟2 + 𝑧𝑧2 �3 2
𝒂𝒂𝑧𝑧

𝑑𝑑𝑬𝑬 

𝑬𝑬 = �
0

∞𝜌𝜌𝑠𝑠𝑧𝑧
2𝜀𝜀

𝑟𝑟

𝑟𝑟2 + 𝑧𝑧2 �3 2
𝑑𝑑𝑑𝑑𝒂𝒂𝑧𝑧

=
𝜌𝜌𝑠𝑠𝑧𝑧
2𝜀𝜀

−1
𝑟𝑟2 + 𝑧𝑧2 0

∞

𝒂𝒂𝑧𝑧

=
𝜌𝜌𝑠𝑠
2𝜀𝜀 𝒂𝒂𝑧𝑧



Exercise 2.1.1 (Homework)

Exercise 2.1.1 (Homework)



−2𝑄𝑄 [C]+𝑄𝑄 [C]

There are two point charges as below. Draw electric  flux lines.

Exercise 2.1.1 (Homework)



−2𝑄𝑄 [C]+𝑄𝑄 [C]

Exercise 2.1.1(Answer)



Exercise 2.1.2 (Homework)

Exercise 2.1.2 (Homework)



Infinite Line 
charge

𝜌𝜌 [C/m]

𝐿𝐿

There is an infinite line charge along an infinite line 𝐿𝐿 
with zero thickness. The charge density is 𝜌𝜌 [C/m]. 
Draw electric flux lines.

Exercise 2.1.2 (Homework)



Infinite Line 
charge

𝜌𝜌 [C/m]

𝐿𝐿

According to the result of Exercise 1.6.1, an 
electric field intensity generated by an 
infinite line charge is radial and 
perpendicular to the line. Thus, the electric 
flux line is also radial and perpendicular to 
the line 𝐿𝐿. These lines leave the line charge 
and terminate at infinity. 

Exercise 2.1.2 (Answer)



Exercise 2.2 (Homework)

Exercise 2.2 (Homework)



Exercise 2.2 (Homework)

Infinite Line 
charge

𝜌𝜌 [C/m]

𝐿𝐿

𝐶𝐶𝐶𝐶

𝑟𝑟
𝑫𝑫

There is an infinite line charge along an infinite 
line 𝐿𝐿 with zero thickness. The charge density is 
𝜌𝜌 [C/m]. Show that the electric flux density at 
the surface of a cylindrical closed surface 𝐶𝐶𝐶𝐶 of 
radius 𝑟𝑟 [m] is given by

where 𝒂𝒂𝑛𝑛 is the unit vector normal to the 
cylindrical surface and has the same direction 
as 𝑫𝑫.  

𝑫𝑫 =
𝜌𝜌

2𝜋𝜋𝑟𝑟
𝒂𝒂𝑛𝑛 [c/m2]

𝒂𝒂𝑛𝑛



Exercise 2.2 (Answer)

Infinite Line 
charge

𝜌𝜌 [C/m]

𝐿𝐿

𝐶𝐶𝐶𝐶

𝑟𝑟 [m]
𝑫𝑫

According to the result of Exercise 1.6.1, an 
electric flux line by an infinite line charge is 
radial and perpendicular to the line. The height 
of cylinder is set to be 𝑙𝑙 [m]. Then, the total 
electric flux lines Ψ crossing the cylindrical 
surface is given by 

 Ψ = 𝜌𝜌𝑙𝑙 [C].

The surface of the side of cylinder 𝑆𝑆, which 
does not include the top and bottom surfaces, 
is

                       𝑆𝑆 = 2𝜋𝜋𝑟𝑟𝑟𝑟 [𝑚𝑚2].

Thus, the electric flux density 𝑫𝑫 is

𝑫𝑫 = Ψ
𝑆𝑆
𝒂𝒂𝑛𝑛 = 𝜌𝜌

2𝜋𝜋𝑟𝑟
𝒂𝒂𝑛𝑛 [c/m2].

𝒂𝒂𝑛𝑛

𝑙𝑙 [m]



Exercise 2.3.2 (Homework)

Exercise 2.3.2 (Homework)



Exercise 2.3.2 (Homework)

𝜌𝜌 [C/m3]

𝑉𝑉

Infinite 
cylinder

Charge is distributed with a constant density 
𝜌𝜌 [𝐶𝐶/𝑚𝑚3] throughout an infinite cylinder 𝑉𝑉 of 
radius 𝑎𝑎 [m]. Show that 

𝑎𝑎
𝑫𝑫

𝒂𝒂𝑟𝑟
𝑟𝑟

𝑫𝑫 =
 
𝑟𝑟𝜌𝜌
2 𝒂𝒂𝑟𝑟 (𝑟𝑟 ≤ 𝑎𝑎)

𝑎𝑎2𝜌𝜌
2𝑟𝑟 𝒂𝒂𝑟𝑟 (𝑎𝑎 ≤ 𝑟𝑟)



𝜌𝜌 [C/m3]

𝑉𝑉

𝑟𝑟[m]𝑙𝑙 [m]

𝑆𝑆1

𝑆𝑆2

𝑆𝑆3

Infinite 
cylinder

𝑫𝑫
𝒂𝒂𝑟𝑟

(Hint)  Assume a cylinder that shares the 
same axis as the infinite cylinder. Its radius 
is 𝑟𝑟 [m] and its height is 𝑙𝑙 m . The cylinder 
has three surfaces: 𝑆𝑆1 (top surface), 𝑆𝑆2 
(bottom surface), and 𝑆𝑆3 (side surface).  
According to the result of Exercise 1.6.1, the 
total electric field intensity 𝑬𝑬 due to an 
infinite line charge is radial to the line.  This 
means that there is no component of 𝑫𝑫 
along the axis. Thus, there is no electric flux 
crossing 𝑆𝑆1 and 𝑆𝑆2. 

 
�
𝑆𝑆1+𝑆𝑆2+𝑆𝑆3

𝑫𝑫 � 𝑑𝑑𝑺𝑺 = �
𝑆𝑆1
𝑫𝑫 � 𝑑𝑑𝑺𝑺 + �

𝑆𝑆2
𝑫𝑫 � 𝑑𝑑𝑺𝑺 + �

𝑆𝑆3
𝑫𝑫 � 𝑑𝑑𝑺𝑺

= 0 + 0 + �
𝑆𝑆3
𝑫𝑫 � 𝑑𝑑𝑺𝑺

�
𝑆𝑆3
𝑫𝑫 � 𝑑𝑑𝑺𝑺 = 𝑄𝑄𝑟𝑟

𝑄𝑄𝑟𝑟: charge inside the assumed cylinder 

axis

Exercise 2.3.2 (Homework)



𝜌𝜌 [C/m3]

𝑉𝑉

𝑎𝑎

Infinite 
cylinder

Exercise 2.3.2 (Answer)

If 𝑟𝑟 ≤ 𝑎𝑎, then the charge 𝑄𝑄𝑟𝑟 within the 
radius 𝑟𝑟 [m], and the height is 𝑙𝑙 [m]. 

Thus, according to Gauss’s Law, and the 
hint,  

𝑄𝑄𝑟𝑟 = 𝜋𝜋𝑟𝑟2𝑙𝑙𝜌𝜌 [C]

𝑫𝑫
𝒂𝒂𝑟𝑟

𝑟𝑟𝑙𝑙 [m]

�
𝑆𝑆3
𝑫𝑫 � 𝑑𝑑𝑺𝑺 = 𝑄𝑄𝑟𝑟

2𝜋𝜋𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑄𝑄𝑟𝑟 .

𝐷𝐷 =
𝑄𝑄𝑟𝑟

2𝜋𝜋𝑟𝑟𝑟𝑟 =
𝜋𝜋𝑟𝑟2𝑙𝑙𝜌𝜌
2𝜋𝜋𝑟𝑟𝑟𝑟

=
𝑟𝑟𝜌𝜌
2 .

Thus,

From this surface integral,

Then,

𝑫𝑫 =
𝑟𝑟𝜌𝜌
2 𝒂𝒂𝑟𝑟 .

𝑆𝑆1

𝑆𝑆2

𝑆𝑆3



𝑫𝑫
𝒂𝒂𝑟𝑟

𝜌𝜌 [C/m3]

𝑉𝑉

𝑎𝑎

Infinite 
cylinder

𝑟𝑟

Exercise 2.3.2 (Answer)

𝑙𝑙 [m]

If 𝑟𝑟 ≥ 𝑎𝑎, then the charge 𝑄𝑄𝑟𝑟 within 
the radius 𝑟𝑟 [m], and the height is 𝑙𝑙 
[m]. 

Thus, according to Gauss’s Law, and 
the hint,  

�
𝑆𝑆3
𝑫𝑫 � 𝑑𝑑𝑺𝑺 = 𝑄𝑄𝑟𝑟

2𝜋𝜋𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑄𝑄𝑟𝑟 .

𝐷𝐷 =
𝑄𝑄𝑟𝑟

2𝜋𝜋𝑟𝑟𝑟𝑟 =
𝜋𝜋𝑎𝑎2𝑙𝑙𝜌𝜌
2𝜋𝜋𝑟𝑟𝑟𝑟

=
𝑎𝑎2𝜌𝜌
2𝑟𝑟 .

Thus,

From this surface integral,

Then,

𝑫𝑫 =
𝑎𝑎2𝜌𝜌
2𝑟𝑟 𝒂𝒂𝑟𝑟 .

𝑄𝑄𝑟𝑟 = 𝜋𝜋𝑎𝑎2𝑙𝑙𝜌𝜌 [C]



Exercise 2.4 (Homework)

Exercise 2.4 (Homework)



𝑫𝑫

+𝑄𝑄 [C]

𝑎𝑎2

𝑎𝑎1

𝑬𝑬
𝑟𝑟

𝜀𝜀𝑟𝑟𝑟

𝜀𝜀𝑟𝑟𝑟

Suppose there is a sphere of radius 𝑎𝑎2. A 
point charge +𝑄𝑄 [C] is located at the center 
of the sphere. The relative permittivity 𝜀𝜀𝑟𝑟  is

0 ≤ 𝑟𝑟 ≤ 𝑎𝑎1 𝜀𝜀𝑟𝑟 = 𝜀𝜀𝑟𝑟𝑟

𝑎𝑎1 ≤ 𝑟𝑟 ≤ 𝑎𝑎2 𝜀𝜀𝑟𝑟 = 𝜀𝜀𝑟𝑟𝑟

𝑎𝑎2 ≤ 𝑟𝑟 𝜀𝜀𝑟𝑟 = 1 

where 𝑟𝑟 is the distance from the center of 
the sphere. 
Find 𝑫𝑫 and 𝑬𝑬 in the three ranges where 
0 < 𝑟𝑟 ≤ 𝑎𝑎1,  𝑎𝑎1≤ 𝑟𝑟 ≤ 𝑎𝑎2, and 𝑎𝑎2 ≤ 𝑟𝑟.

Exercise 2.4 (Homework)

Pause the video, and answer the problem. Find 𝑫𝑫 and 𝑬𝑬 in the three ranges.



Exercise 2.4 (Answer)

𝑫𝑫

+𝑄𝑄 [C]

𝑎𝑎2

𝑎𝑎1

𝑬𝑬

𝑟𝑟
𝜀𝜀𝑟𝑟𝑟

𝜀𝜀𝑟𝑟𝑟

𝑬𝑬 =
𝑎𝑎3𝜌𝜌

3𝜀𝜀0𝑟𝑟2
𝒂𝒂𝑟𝑟

According to Exercise 2.3.1

0 ≤ 𝑟𝑟 ≤ 𝑎𝑎1 

𝑬𝑬 =
𝑟𝑟𝜌𝜌

3𝜀𝜀𝑟𝑟𝑟𝜀𝜀0
𝒂𝒂𝑟𝑟

𝑎𝑎1 ≤ 𝑟𝑟 ≤ 𝑎𝑎2

𝑬𝑬 =
𝑟𝑟𝜌𝜌

3𝜀𝜀𝑟𝑟𝑟𝜀𝜀0
𝒂𝒂𝑟𝑟

𝑎𝑎2 ≤ 𝑟𝑟 

𝑫𝑫 =
𝑎𝑎3𝜌𝜌
3𝑟𝑟2 𝒂𝒂𝑟𝑟

𝑫𝑫 =
𝑟𝑟𝜌𝜌
3 𝒂𝒂𝑟𝑟

𝑫𝑫 =
𝑟𝑟𝜌𝜌
3
𝒂𝒂𝑟𝑟



Exercise 3.1.2 (Homework)

Exercise 3.1.2. This is your homework.

Exercise 3.1.2 (Homework)



Exercise 3.1.2 (Homework)

Suppose a point charge +𝑄𝑄0 [C] is placed at 𝑃𝑃0 and another point charge +𝑄𝑄1 [C] is 
located at 𝑃𝑃1. Show that the work 𝑊𝑊 done in moving 𝑄𝑄1 along the path denoted by 
𝑃𝑃𝑃𝑃𝑃𝑃𝑃1,𝑃𝑃𝑃𝑃𝑃𝑃𝑃2, and 𝑃𝑃𝑃𝑃𝑃𝑃𝑃3 is given by:

+𝑄𝑄1 [C]+𝑄𝑄0 [C]

0

𝒂𝒂𝑙𝑙  𝒂𝒂𝑙𝑙  

𝑟𝑟2 [m]

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑟𝑟1 [m]

𝑭𝑭𝐶𝐶𝐶 𝑭𝑭𝐶𝐶𝐶
𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑃𝑃4
𝑃𝑃0

𝑊𝑊 =
𝑄𝑄1𝑄𝑄0
4𝜋𝜋𝜀𝜀

1
𝑟𝑟2
−

1
𝑟𝑟1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1 is equidistant from 𝑃𝑃0. Its 
distance is 𝑟𝑟1 m . 
𝑃𝑃𝑃𝑃𝑃𝑃𝑃2 is on a radial line from 𝑃𝑃0 .  
𝑃𝑃𝑃𝑃𝑃𝑃𝑃3 is equidistant from 𝑃𝑃0. Its 
distance is 𝑟𝑟2 m . 



+𝑄𝑄1 [C]+𝑄𝑄0 [C]

0

𝒂𝒂𝑙𝑙  𝒂𝒂𝑙𝑙  

𝑟𝑟2 [m]

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑟𝑟1 [m]

𝑭𝑭𝐶𝐶𝐶 𝑭𝑭𝐶𝐶𝐶
𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑃𝑃4
𝑃𝑃0

𝑑𝑑𝒍𝒍

(Hint) The differential work 𝑑𝑑𝑑𝑑 is given by 𝑑𝑑𝑑𝑑 = 𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍.
The work 𝑊𝑊 is an integration of d𝑊𝑊 along 𝑃𝑃𝑃𝑃𝑃𝑃𝑃1,𝑃𝑃𝑃𝑃𝑃𝑃𝑃2, and 𝑃𝑃𝑃𝑃𝑃𝑃𝑃3. 

𝑊𝑊 = �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

+ �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

+ �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

Exercise 3.1.2 (Homework)



Exercise 3.1.2 (Answer)

+𝑄𝑄1 [C]+𝑄𝑄0 [C]

0

𝒂𝒂𝑙𝑙  𝒂𝒂𝑙𝑙  

𝑟𝑟2 [m]

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑟𝑟1 [m]

𝑭𝑭𝐶𝐶𝐶 𝑭𝑭𝐶𝐶𝐶
𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑃𝑃4
𝑃𝑃0

𝑑𝑑𝒍𝒍

𝑊𝑊 = �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

+ �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

+ �
𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍

= 0 +
𝑄𝑄1𝑄𝑄0
4𝜋𝜋𝜋𝜋

1
𝑟𝑟2
−

1
𝑟𝑟1

+ 0

=
𝑄𝑄1𝑄𝑄0
4𝜋𝜋𝜋𝜋

1
𝑟𝑟2
−

1
𝑟𝑟1

On 𝑃𝑃𝑃𝑃𝑃𝑃𝑃1 and 𝑃𝑃𝑃𝑃𝑃𝑃𝑃3, the angle between 𝑭𝑭𝑐𝑐 and 𝑑𝑑𝒍𝒍 is 90°. Thus, 𝑭𝑭𝑐𝑐 � 𝑑𝑑𝒍𝒍 = 0.
The work on 𝑃𝑃𝑃𝑃𝑃𝑃𝑃2 is the same as that in straight moving from 𝑃𝑃1 to 𝑃𝑃4. Thus



Exercise 3.2.4 (Homework)

Exercise 3.2.4 (Homework)



+1 [C]

𝒂𝒂𝑟𝑟 

0 𝑟𝑟1 [m]

+𝑄𝑄0 [C]

𝑬𝑬1 =
𝑄𝑄0

4𝜋𝜋𝜋𝜋𝑟𝑟12
𝒂𝒂𝑟𝑟 [V/m]

+1 [C]

𝑟𝑟2 [m]

𝑬𝑬2 =
𝑄𝑄0

4𝜋𝜋𝜋𝜋𝑟𝑟22
𝒂𝒂𝑟𝑟 

Find the work 𝑊𝑊 in moving a unit charge from a point 𝑟𝑟 = 𝑟𝑟2 [m] to a 
point 𝑟𝑟 = 𝑟𝑟1 [m], pushed by the force exerted on the unit charge due to 
the point charge +𝑄𝑄0 [𝐶𝐶]. 

Exercise 3.2.4 (Homework)



Exercise 3.2.4 (Answer)

+1 [C]

𝒂𝒂𝑟𝑟 

0 𝑟𝑟1

+𝑄𝑄0 [C]

𝑬𝑬1 =
𝑄𝑄0

4𝜋𝜋𝜋𝜋𝑟𝑟12
𝒂𝒂𝑟𝑟 [V/m]

+1 [C]

𝑟𝑟2

𝑬𝑬2 =
𝑄𝑄0

4𝜋𝜋𝜋𝜋𝑟𝑟22
𝒂𝒂𝑟𝑟 

𝑑𝑑𝒓𝒓

𝑊𝑊 = −�
𝑃𝑃𝑟𝑟2

𝑃𝑃𝑟𝑟𝑟
𝑬𝑬 � 𝑑𝑑𝒓𝒓 = −�

𝑟𝑟2

𝑟𝑟1 𝑄𝑄0
4𝜋𝜋𝜋𝜋𝑟𝑟2 𝒂𝒂𝑟𝑟 � 𝒂𝒂𝑟𝑟𝑑𝑑𝑑𝑑 =

𝑄𝑄0
4𝜋𝜋𝜋𝜋

1
𝑟𝑟 𝑟𝑟2

𝑟𝑟1
=

𝑄𝑄0
4𝜋𝜋𝜋𝜋

1
𝑟𝑟1
−

1
𝑟𝑟2

 [ J ]

Note: 𝑊𝑊 is negative. This means that the electric field did the work. 



Exercise 3.3 (Homework)

Exercise 3.3 (Homework)



An electric field intensity is given by 

Find the work done in moving a unit 
charge 1 [C] 
(a) from 𝑃𝑃1(1, 0) [m] to 𝑃𝑃2 2, 0 [m] 

along 𝑃𝑃𝑃𝑃𝑃𝑃𝑃1 and then to 𝑃𝑃4 2, 1
[m] along 𝑃𝑃𝑃𝑃𝑃𝑃𝑃2,

(b) from 𝑃𝑃1(1, 0) [m] to 𝑃𝑃3 1 , 1 [m] 
along 𝑃𝑃𝑃𝑃𝑃𝑃𝑃3 and then to 𝑃𝑃4 2, 1
[m] along 𝑃𝑃𝑃𝑃𝑃𝑃𝑃4. 

Find the potential at 𝑃𝑃4 with respect to 
𝑃𝑃1.

𝑬𝑬 =
1
𝑥𝑥
𝒂𝒂𝑥𝑥 V/m .

𝑥𝑥

𝑦𝑦
𝑃𝑃4(2, 1)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃4

𝑃𝑃2(2, 0)𝑃𝑃1(1, 0)

𝑃𝑃3 1, 1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑬𝑬 =
1
𝑥𝑥
𝒂𝒂𝑥𝑥

Exercise 3.3 (Homework)



Exercise 3.3 (Answer)

𝑥𝑥

𝑦𝑦
𝑃𝑃4(2, 1)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃2(2, 0)𝑃𝑃1(1, 0)

𝑃𝑃3 1, 1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑬𝑬 =
1
𝑥𝑥
𝒂𝒂𝑥𝑥

𝑊𝑊42 = −�
0

1 1
2
𝒂𝒂𝑥𝑥 � 𝒂𝒂𝑦𝑦𝑑𝑑𝑑𝑑

= 0

𝑑𝑑𝒍𝒍 = 𝒂𝒂𝑦𝑦𝑑𝑑𝑑𝑑, 𝑥𝑥 = 2, 𝑦𝑦 = 𝑙𝑙

𝑬𝑬 =
1
2
𝒂𝒂𝑥𝑥

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑊𝑊21 = −�
𝑃𝑃1

𝑃𝑃2
𝑬𝑬 � 𝑑𝑑𝒍𝒍

= −�
0

1 1
1 + 𝑙𝑙

𝒂𝒂𝑥𝑥 � 𝒂𝒂𝑥𝑥𝑑𝑑𝑑𝑑 = −�
0

1 1
1 + 𝑙𝑙

𝑑𝑑𝑑𝑑

= − ln 1 + 𝑙𝑙 0
1 = − ln 2

𝑑𝑑𝒍𝒍 = 𝒂𝒂𝑥𝑥𝑑𝑑𝑑𝑑, 𝑥𝑥 = 1 + 𝑙𝑙,𝑦𝑦 = 0

𝑬𝑬 =
1

1 + 𝑙𝑙
𝒂𝒂𝑥𝑥



𝑥𝑥

𝑦𝑦
𝑃𝑃4(2, 1)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑃𝑃𝑃𝑃𝑃𝑃𝑃4

𝑃𝑃2(2, 0)𝑃𝑃1(1, 0)

𝑃𝑃3 1, 1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃4

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑊𝑊31 = −�
𝑃𝑃1

𝑃𝑃3
𝑬𝑬 � 𝑑𝑑𝒍𝒍

= −�
0

1
𝒂𝒂𝑥𝑥 � 𝒂𝒂𝑦𝑦𝑑𝑑𝑑𝑑

= 0

𝑑𝑑𝒍𝒍 = 𝒂𝒂𝑦𝑦𝑑𝑑𝑑𝑑, 𝑥𝑥 = 1, 𝑦𝑦 = 𝑙𝑙
𝑬𝑬 = 𝒂𝒂𝑥𝑥

𝑬𝑬 =
1
𝑥𝑥
𝒂𝒂𝑥𝑥

𝑊𝑊43 = −�
0

1 1
1 + 𝑙𝑙

𝒂𝒂𝑥𝑥 � 𝒂𝒂𝑥𝑥𝑑𝑑𝑑𝑑 = −�
0

1 1
1 + 𝑙𝑙

𝑑𝑑𝑑𝑑

= − ln 1 + 𝑙𝑙 0
1 = − ln 2

𝑑𝑑𝒍𝒍 = 𝒂𝒂𝑥𝑥𝑑𝑑𝑑𝑑, 𝑥𝑥 = 1 + 𝑙𝑙,𝑦𝑦 = 1

𝑬𝑬 =
1

1 + 𝑙𝑙
𝒂𝒂𝑥𝑥

Exercise 3.3 (Answer)



𝑃𝑃𝑃𝑃𝑃𝑃𝑃1 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3 + 𝑃𝑃𝑃𝑃𝑃𝑃𝑃4

𝑊𝑊41 = 𝑊𝑊21 + 𝑊𝑊42 = ln 2

𝑊𝑊41 = 𝑊𝑊31 + 𝑊𝑊43 = ln 2

𝑥𝑥

𝑦𝑦
𝑃𝑃4(2, 1)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃3

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃4

𝑃𝑃2(2, 0)𝑃𝑃1(1, 0)

𝑃𝑃3 1, 1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑬𝑬 =
1
𝑥𝑥
𝒂𝒂𝑥𝑥

Exercise 3.3 (Answer)



Exercise 3.4.4 (Homework)

Exercise 3.4.4 (Homework)



Exercise 3.4.4 (Homework)

Charge is distributed with a constant 
density 𝜌𝜌 [𝐶𝐶/𝑚𝑚3] throughout a spherical 
volume 𝑉𝑉𝑉𝑉𝑉𝑉 of radius 𝑎𝑎 [m]. The relative 
permittivity 𝜀𝜀𝑟𝑟 ≈ 1. 

Show that the potential 𝑉𝑉 at 𝑃𝑃 where 
𝑟𝑟 ≤ 𝑎𝑎 is given by 

𝑉𝑉 =
𝜌𝜌 𝑎𝑎2 − 𝑟𝑟2

6𝜀𝜀0
+
𝜌𝜌𝑎𝑎2

3𝜀𝜀0
.

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑎𝑎

𝜌𝜌 [C/m3]

𝑉𝑉𝑉𝑉𝑉𝑉

𝑟𝑟
𝑃𝑃

𝑫𝑫
𝒂𝒂𝑟𝑟



Exercise 3.4.4 (Answer) 
𝑟𝑟 ≤ 𝑎𝑎

𝑉𝑉 = −�
∞

𝑟𝑟
𝑬𝑬𝑟𝑟 � 𝑑𝑑𝒓𝒓

= −�
𝑎𝑎

𝑟𝑟
𝑬𝑬𝑟𝑟 � 𝑑𝑑𝒓𝒓 + 𝑉𝑉𝑎𝑎

= −�
𝑎𝑎

𝑟𝑟 𝜌𝜌𝑟𝑟
3𝜀𝜀0

𝒂𝒂𝑟𝑟 � 𝑑𝑑𝒓𝒓 + 𝑉𝑉𝑎𝑎

= −�
𝑎𝑎

𝑟𝑟 𝜌𝜌𝑟𝑟
3𝜀𝜀0

𝑑𝑑𝑑𝑑 + 𝑉𝑉𝑎𝑎

= −
𝜌𝜌𝑟𝑟2

6𝜀𝜀0 𝑎𝑎

𝑟𝑟

+ 𝑉𝑉𝑎𝑎

=
𝜌𝜌 𝑎𝑎2 − 𝑟𝑟2

6𝜀𝜀0
+ 𝑉𝑉𝑎𝑎

=
𝜌𝜌 𝑎𝑎2 − 𝑟𝑟2

6𝜀𝜀0
+
𝜌𝜌𝑎𝑎2

3𝜀𝜀0

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑎𝑎

𝜌𝜌 [C/m3]

𝑉𝑉𝑉𝑉𝑉𝑉

𝑟𝑟
𝑃𝑃

𝑫𝑫
𝒂𝒂𝑟𝑟



Exercise 3.4.5 (Homework)

Exercise 3.4.5 (Homework)



𝜌𝜌 [C/m]

𝐿𝐿

𝑟𝑟2

𝑬𝑬2

There is an infinite line charge 
along an infinite line 𝐿𝐿 with zero 
thickness. The charge density is 𝜌𝜌
[C/m]. 

Show that the potential 𝑉𝑉21 at 𝑃𝑃2 
with respect to 𝑃𝑃1 is given by

𝑉𝑉21 =
𝜌𝜌

2𝜋𝜋𝜋𝜋 ln
𝑟𝑟2
𝑟𝑟1

.𝒂𝒂𝑟𝑟𝑟

𝑟𝑟1 𝑬𝑬1𝒂𝒂𝑟𝑟𝑟

𝑃𝑃2

𝑃𝑃1

Exercise 3.4.5 (Homework)



Exercise 3.4.5 (Answer)

𝜌𝜌 [C/m]

𝐿𝐿

𝑟𝑟2

𝑬𝑬2

𝒂𝒂𝑟𝑟𝑟

𝑟𝑟1 𝑬𝑬1𝒂𝒂𝑟𝑟𝑟

𝑃𝑃2

𝑃𝑃1 𝑬𝑬 =
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟 𝒂𝒂𝑟𝑟 .

𝑉𝑉21 = −�
𝑟𝑟1

𝑟𝑟2
𝑬𝑬 � 𝑑𝑑𝒓𝒓 = −�

𝑟𝑟1

𝑟𝑟2 𝜌𝜌
2𝜋𝜋𝜋𝜋𝑟𝑟

𝑑𝑑𝑟𝑟

=
𝜌𝜌

2𝜋𝜋𝜋𝜋 ln
𝑟𝑟1
𝑟𝑟2

.

𝑫𝑫 =
𝜌𝜌

2𝜋𝜋𝑟𝑟
𝒂𝒂𝑟𝑟 .

From Homework 2.2

𝑬𝑬 =
𝑫𝑫
𝜀𝜀

.

𝑬𝑬 is conservative. Thus

From Section 2.4

Then

Note: you cannot move 𝑃𝑃1 to infinity, because the potential 
𝑉𝑉21 goes to ∞. In the case of infinite line charge, only the 
potential difference between finite points can be determined.



Exercise 3.4.6 (Homework)

Exercise 3.4.6 (Homework)



𝑃𝑃1 

𝑧𝑧1[m]

𝑆𝑆

𝜌𝜌𝑠𝑠 [C/m2]

𝑥𝑥

𝑦𝑦

𝑧𝑧

Suppose that charge is uniformly distributed over an infinite 𝑥𝑥 − 𝑦𝑦 plane 𝑆𝑆. The 
charge density is  𝜌𝜌𝑠𝑠 [C/m2]. 

Show that the potential 𝑉𝑉21 at 𝑃𝑃2 with respect to 𝑃𝑃1 is given by

 
𝑉𝑉21 =

𝜌𝜌𝑠𝑠
2𝜖𝜖 𝑧𝑧1 − 𝑧𝑧2 .

𝑃𝑃2 
𝑧𝑧2[m]

Exercise 3.4.6 (Homework)



Exercise 3.4.6 (Answer)

𝑃𝑃1 

𝑧𝑧1[m]

𝑆𝑆

𝜌𝜌𝑠𝑠 [C/m2]

𝑥𝑥

𝑦𝑦

𝑧𝑧 𝑃𝑃2 
𝑧𝑧2[m]

𝑬𝑬 =
𝜌𝜌𝑠𝑠
2𝜀𝜀
𝒂𝒂𝑧𝑧

From Homework 1.6.3

𝑉𝑉21 = −�
𝑧𝑧1

𝑧𝑧2
𝑬𝑬 � 𝑑𝑑𝒛𝒛

= −�
𝑧𝑧1

𝑧𝑧2 𝜌𝜌𝑠𝑠
2𝜀𝜀 𝑑𝑑𝑧𝑧

=
𝜌𝜌𝑠𝑠
2𝜀𝜀 𝑧𝑧1 − 𝑧𝑧2

𝑬𝑬 is conservative. Thus

Note: you cannot move 𝑃𝑃1 to infinity, because the potential 
𝑉𝑉21 goes to ∞. In the case of infinite surface charge, only the 
potential difference between finite points can be determined.



Exercise 4.1 (Homework)

Exercise 4.1 (Homework)



Exercise 4.1 (Homework)

(b)(a)

These are the electric field lines for the two cases (a) and (b). Only the upper 
halves of the electric field lines are drawn. 
Draw some equipotential surfaces.  



Exercise 4.1 (Answer)

0

1

2

- 2 - 1 .5 - 1 - 0 .5 0 0 .5 1 1 .5 2 2 .5 3

0

1

2

- 2 - 1 .5 - 1 - 0 .5 0 0 .5 1 1 .50

1

2

-2-1.5-1-0.500.511.5

(b)(a)



Exercise 4.2.2 (Homework)

Exercise 4.2.2 (Homework)



Exercise 4.2.2 (Homework)

𝜌𝜌 [C/m]

𝐿𝐿

𝑟𝑟

𝑬𝑬

There is an infinite line charge along 
an infinite line 𝐿𝐿 with zero thickness.
The charge density is 𝜌𝜌 [C/m]. In 
Homework 3.4.5, the potential 𝑉𝑉𝑟𝑟 at 
point 𝑃𝑃 with respect to 𝑃𝑃1 was 
obtained as

Find the electric field intensity 𝑬𝑬 at 𝑃𝑃 
by applying the following 
relationship:

𝑬𝑬 = −∇𝑉𝑉.

𝑉𝑉𝑟𝑟 =
𝜌𝜌

2𝜋𝜋𝜋𝜋
ln
𝑟𝑟1
𝑟𝑟

.

𝒂𝒂𝑟𝑟

𝑟𝑟1

𝑃𝑃

𝑃𝑃1



Homework 4.2.2 (Answer)

𝜌𝜌 [C/m]

𝐿𝐿

𝑟𝑟

𝑬𝑬

𝑉𝑉𝑟𝑟 =
𝜌𝜌

2𝜋𝜋𝜋𝜋
ln
𝑟𝑟1
𝑟𝑟

𝒂𝒂𝑟𝑟

𝑟𝑟1

𝑃𝑃

𝑃𝑃1

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑥𝑥

=
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜌𝜌
2𝜋𝜋𝜋𝜋

ln 𝑟𝑟1 − ln 𝑟𝑟

= −
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝑥𝑥
𝑟𝑟

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑧𝑧

= −
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝑧𝑧
𝑟𝑟

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑦𝑦

= −
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝑦𝑦
𝑟𝑟

𝑬𝑬 = −∇𝑉𝑉𝑟𝑟
= −

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑥𝑥 𝒂𝒂𝑥𝑥 −

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑦𝑦 𝒂𝒂𝑦𝑦 −

𝜕𝜕𝑉𝑉𝑟𝑟
𝜕𝜕𝑧𝑧 𝒂𝒂𝑧𝑧

=
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝑥𝑥
𝑟𝑟 𝒂𝒂𝑥𝑥 +

𝑦𝑦
𝑟𝑟 𝒂𝒂𝑦𝑦 +

𝑧𝑧
𝑟𝑟 𝒂𝒂𝑧𝑧

=
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝒓𝒓
𝑟𝑟

=
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟 𝒂𝒂𝑟𝑟



Exercise 4.2.3 (Homework)

Exercise 4.2.3 (Homework)



Exercise 4.2.3 (Homework)

𝜌𝜌 [C/m3]

𝑉𝑉𝑉𝑉𝑉

Charge is distributed with a constant density 
𝜌𝜌 [𝐶𝐶/𝑚𝑚3] throughout an infinite cylinder 𝑉𝑉𝑉𝑉𝑉𝑉 of 
radius 𝑎𝑎 [m]. In Homework 2.3.2, the electric 
flux density was obtained as

Find the potential 𝑉𝑉23 at 𝑃𝑃2 𝑟𝑟2 ≥ 𝑎𝑎  with 
respect to 𝑃𝑃3 𝑟𝑟3 ≥ 𝑎𝑎 , and the potential  𝑉𝑉13 at  
𝑃𝑃1 𝑟𝑟1 ≤ 𝑎𝑎  with respect to 𝑃𝑃3 by using the 
relationship

Then, Find the electric field intensity 𝑬𝑬1 and 𝑬𝑬2
at 𝑃𝑃1 and 𝑃𝑃2 by using

𝑬𝑬𝑖𝑖 = −∇𝑉𝑉𝑖𝑖  (𝑖𝑖 = 1, 2).

Infinite 
cylinder

𝑎𝑎

𝑫𝑫1
𝒂𝒂𝑟𝑟

𝑟𝑟1

𝑫𝑫 =
 
𝜌𝜌𝑟𝑟
2
𝒂𝒂𝑟𝑟 (𝑟𝑟 ≤ 𝑎𝑎)

𝜌𝜌𝑎𝑎2

2𝑟𝑟
𝒂𝒂𝑟𝑟 (𝑎𝑎 ≤ 𝑟𝑟)

𝑫𝑫2𝒂𝒂𝑟𝑟𝑟𝑟2

𝑫𝑫𝟑𝟑𝒂𝒂𝑟𝑟𝑟𝑟3

𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑉𝑉𝑖𝑖𝑖 = −�
𝑃𝑃3

𝑃𝑃𝑖𝑖
𝑬𝑬 � 𝑑𝑑𝒓𝒓  𝑖𝑖 = 1, 2 .



Exercise 4.2.3 (Answer)

𝜌𝜌 [C/m3]

Infinite 
cylinder

𝑎𝑎

𝑫𝑫1
𝒂𝒂𝑟𝑟

𝑟𝑟1 𝑫𝑫2𝒂𝒂𝑟𝑟𝑟𝑟2

𝑫𝑫𝟑𝟑𝒂𝒂𝑟𝑟𝑟𝑟3

𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑉𝑉23 = −�
𝑃𝑃3

𝑃𝑃2
𝑬𝑬 � 𝑑𝑑𝒓𝒓 = −�

𝑟𝑟3

𝑟𝑟2 𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟
𝒂𝒂𝑟𝑟 � 𝑑𝑑𝒓𝒓

= −
𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln 𝑟𝑟

𝑟𝑟3

𝑟𝑟2
=
𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln
𝑟𝑟3
𝑟𝑟2

𝑉𝑉13 = −�
𝑃𝑃3

𝑃𝑃1
𝑬𝑬 � 𝑑𝑑𝒓𝒓

= −�
𝑎𝑎

𝑟𝑟1 𝜌𝜌𝑟𝑟
2𝜀𝜀
𝒂𝒂𝑟𝑟 � 𝑑𝑑𝒓𝒓 +

𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln
𝑟𝑟3
𝑎𝑎

= −
𝜌𝜌𝑟𝑟2

4𝜀𝜀 𝑎𝑎

𝑟𝑟1
+
𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln
𝑟𝑟3
𝑎𝑎

=
𝜌𝜌 𝑎𝑎2 − 𝑟𝑟12

4𝜀𝜀
+
𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln
𝑟𝑟3
𝑎𝑎

𝑉𝑉𝑉𝑉𝑉



𝜌𝜌 [C/m3]

Infinite 
cylinder

𝑎𝑎

𝑫𝑫1
𝒂𝒂𝑟𝑟

𝑟𝑟1 𝑫𝑫2𝒂𝒂𝑟𝑟𝑟𝑟2

𝑫𝑫𝟑𝟑𝒂𝒂𝑟𝑟𝑟𝑟3

𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑉𝑉𝑟𝑟𝑟 =
𝑎𝑎2𝜌𝜌
2𝜀𝜀

ln
𝑟𝑟3
𝑟𝑟

𝑥𝑥

𝑦𝑦

𝑧𝑧

The 𝑧𝑧 − axis of Cartesian coordinate system is 
chosen as the cylinder axis.
           𝑟𝑟 = 𝑥𝑥2 + 𝑦𝑦2

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑥𝑥

=
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜌𝜌𝑎𝑎2

2𝜀𝜀 ln 𝑟𝑟3 − ln 𝑟𝑟 = −
𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟
𝑥𝑥
𝑟𝑟

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑦𝑦

= −
𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟
𝑦𝑦
𝑟𝑟

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑧𝑧 = 0

𝑬𝑬 = −∇𝑉𝑉𝑟𝑟𝑟
= −

𝜕𝜕𝑉𝑉𝑟𝑟3
𝜕𝜕𝑥𝑥 𝒂𝒂𝑥𝑥 −

𝜕𝜕𝑉𝑉𝑟𝑟3
𝜕𝜕𝑦𝑦 𝒂𝒂𝑦𝑦 −

𝜕𝜕𝑉𝑉𝑟𝑟3
𝜕𝜕𝑧𝑧 𝒂𝒂𝑧𝑧

=
𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟
𝑥𝑥
𝑟𝑟 𝒂𝒂𝑥𝑥 +

𝑦𝑦
𝑟𝑟 𝒂𝒂𝑦𝑦

=
𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟
𝒓𝒓
𝑟𝑟 =

𝜌𝜌𝑎𝑎2

2𝜀𝜀𝑟𝑟 𝒂𝒂𝑟𝑟

(𝑟𝑟 ≥ 𝑎𝑎)

𝑉𝑉𝑉𝑉𝑉

Exercise 4.2.3 (Answer)



𝜌𝜌 [C/m3]

Infinite 
cylinder

𝑎𝑎

𝑫𝑫1
𝒂𝒂𝑟𝑟

𝑟𝑟1 𝑫𝑫2𝒂𝒂𝑟𝑟𝑟𝑟2

𝑫𝑫𝟑𝟑𝒂𝒂𝑟𝑟𝑟𝑟3

𝑃𝑃1

𝑃𝑃2

𝑃𝑃3

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑥𝑥

= −
𝜌𝜌𝑥𝑥
2𝜀𝜀

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑦𝑦

= −
𝜌𝜌𝑦𝑦
2𝜀𝜀

𝜕𝜕𝑉𝑉𝑟𝑟𝑟
𝜕𝜕𝑧𝑧

= 0

𝑬𝑬 = −∇𝑉𝑉𝑟𝑟𝑟
= −

𝜕𝜕𝑉𝑉𝑟𝑟2
𝜕𝜕𝑥𝑥 𝒂𝒂𝑥𝑥 −

𝜕𝜕𝑉𝑉𝑟𝑟2
𝜕𝜕𝑦𝑦 𝒂𝒂𝑦𝑦

=
𝜌𝜌

2𝜀𝜀 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦

=
𝜌𝜌𝑟𝑟
2𝜀𝜀
𝒓𝒓
𝑟𝑟 =

𝜌𝜌𝑟𝑟
2𝜀𝜀 𝒂𝒂𝑟𝑟

𝑉𝑉𝑟𝑟𝑟 =
𝜌𝜌 𝑎𝑎2 − 𝑟𝑟2

4𝜀𝜀

+
𝜌𝜌𝑎𝑎2

2𝜀𝜀
ln
𝑟𝑟3
𝑎𝑎

(𝑟𝑟 ≤ 𝑎𝑎)

𝑉𝑉𝑉𝑉𝑉

Exercise 4.2.3 (Answer)



Exercise 4.2.4 (Homework)

Exercise 4.2.4 (Homework)



Exercise 4.2.4 (Homework)

𝑃𝑃1 

Suppose that charge is uniformly distributed over an infinite 𝑥𝑥 − 𝑦𝑦 plane 𝑆𝑆. The 
charge density is  𝜌𝜌𝑠𝑠 [C/m2]. In Homework 3.4.6, the potential 𝑉𝑉𝑧𝑧 at 𝑃𝑃 with respect 
to 𝑃𝑃1 was derived as

 Find the electric field intensity 𝑬𝑬 at 𝑃𝑃 by applying the following relationship:

                                    𝑬𝑬 = −∇𝑉𝑉.

𝑧𝑧1[m]

𝑆𝑆

𝜌𝜌𝑠𝑠 [C/m2]

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑉𝑉𝑧𝑧 =
𝜌𝜌𝑠𝑠
2𝜖𝜖 𝑧𝑧1 − 𝑧𝑧 .

𝑃𝑃 
z[m]



Exercise 4.2.4 (Answer)

𝑃𝑃1 

𝑧𝑧1[m]

𝑆𝑆

𝜌𝜌𝑠𝑠 [C/m2]

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑉𝑉𝑧𝑧 =
𝜌𝜌𝑠𝑠
2𝜖𝜖 𝑧𝑧1 − 𝑧𝑧 .

𝑃𝑃 
z[m]

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑥𝑥

= 0

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑧𝑧

= −
𝜌𝜌𝑠𝑠
2𝜀𝜀

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑦𝑦

= 0

𝑬𝑬 = −∇𝑉𝑉𝑧𝑧
= −

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑥𝑥 𝒂𝒂𝑥𝑥 −

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑦𝑦 𝒂𝒂𝑦𝑦 −

𝜕𝜕𝑉𝑉𝑧𝑧
𝜕𝜕𝑧𝑧 𝒂𝒂𝑧𝑧

=
𝜌𝜌𝑠𝑠
2𝜀𝜀 𝒂𝒂𝑧𝑧



Exercise 4.3.2 (Homework)

Exercise 4.3.2 (Homework)



Exercise 4.3.2 (Homework)

𝑃𝑃1(1, 0, 0) 

1 [nC]

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑃𝑃1(0, 0, 0) 

1 [nC]

Two identical point charges 𝑄𝑄 = 1 [nC] are 
placed at points 𝑃𝑃1 0, 0, 0 and 𝑃𝑃2 1, 0, 0  [m]. 
The relative permittivity 𝜀𝜀𝑟𝑟 ≈ 1. 

Find the energy stored in this electric field.



Exercise 4.3.2 (Answer)

𝑃𝑃2(1, 0, 0) 

1 [nC]

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑃𝑃1(0, 0, 0) 

1 [nC]

𝑉𝑉1 = 𝑉𝑉12 =
𝑄𝑄

4𝜋𝜋𝜋𝜋𝑟𝑟12

= 9 × 109 ×
10−9

1
= 9 [V]

𝑉𝑉2 = 𝑉𝑉21 =
𝑄𝑄

4𝜋𝜋𝜋𝜋𝑟𝑟21

= 9 × 109 ×
10−9

1 = 9 [V]

𝑊𝑊𝑇𝑇 =
1
2�
𝑖𝑖=1

2

𝑄𝑄𝑉𝑉𝑖𝑖 = 9 [nJ]



Exercise 5.1 (Homework)

Exercise 5.1 (Homework)



Exercise 5.1 (Homework)

𝜌𝜌 [C/m3]

𝑉𝑉

Charge is distributed with a constant density 
𝜌𝜌 [C/m3] throughout an infinite cylinder 𝑉𝑉 of 
radius 𝑎𝑎 [m]. In Exercise 2.3.2, the flux density 
inside and outside the cylinder was obtained as 
follows:

Find the charge inside and outside the cylinder 
using the following relationship:

Infinite 
cylinder

𝑎𝑎
𝑫𝑫

𝒂𝒂𝑟𝑟
𝑟𝑟 𝑫𝑫 =

𝑟𝑟𝜌𝜌
2
𝒂𝒂𝑟𝑟 (𝑟𝑟 ≤ 𝑎𝑎)

 
𝑎𝑎2𝜌𝜌
2𝑟𝑟 𝒂𝒂𝑟𝑟 𝑎𝑎 ≤ 𝑟𝑟 .

∇ � 𝑫𝑫 = 𝜌𝜌.



Exercise 5.1 (Answer)

𝑫𝑫 =
𝑟𝑟𝜌𝜌
2 𝒂𝒂𝑟𝑟 =

𝜌𝜌
2 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦

∇ � 𝑫𝑫 =
𝜕𝜕𝐷𝐷𝑥𝑥
𝜕𝜕𝑥𝑥 +

𝜕𝜕𝐷𝐷𝑦𝑦
𝜕𝜕𝑦𝑦 =

𝜌𝜌
2 1 + 1 = 𝜌𝜌

𝑎𝑎 ≤ 𝑟𝑟
𝒓𝒓 = 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦
𝑟𝑟 = 𝑥𝑥2 + 𝑦𝑦2

𝒂𝒂𝑟𝑟 =
𝒓𝒓
𝑟𝑟

𝜌𝜌 [C/m3]

𝑉𝑉

Infinite 
cylinder

𝑎𝑎
𝑫𝑫

𝒂𝒂𝑟𝑟
𝑟𝑟

𝑥𝑥

𝑦𝑦

𝑧𝑧

The 𝑧𝑧 − axis is chosen as the axis of the cylinder.



Exercise 5.1 (Answer)

𝑫𝑫 =
𝑎𝑎2𝜌𝜌
2𝑟𝑟

𝒂𝒂𝑟𝑟 =
𝜌𝜌

2𝑟𝑟2 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦

∇ � 𝑫𝑫 =
𝜕𝜕𝐷𝐷𝑥𝑥
𝜕𝜕𝑥𝑥 +

𝜕𝜕𝐷𝐷𝑦𝑦
𝜕𝜕𝑦𝑦

=
𝜌𝜌
2

𝑟𝑟2 − 2𝑥𝑥2

𝑟𝑟4 +
𝑟𝑟2 − 2𝑦𝑦2

𝑟𝑟4

=
𝜌𝜌
2

2𝑟𝑟2 − 2 𝑥𝑥2 + 𝑦𝑦2

𝑟𝑟4

=
𝜌𝜌
2

2𝑟𝑟2 − 2𝑟𝑟2

𝑟𝑟4
= 0

𝑟𝑟 ≤ 𝑎𝑎
𝒓𝒓 = 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦
𝑟𝑟 = 𝑥𝑥2 + 𝑦𝑦2

𝒂𝒂𝑟𝑟 =
𝒓𝒓
𝑟𝑟𝜌𝜌 [C/m3]

𝑉𝑉

Infinite 
cylinder

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑎𝑎
𝑫𝑫

𝒂𝒂𝑟𝑟
𝑟𝑟
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𝜌𝜌

Charge is distributed with a constant density 
𝜌𝜌 [C/m] throughout an infinite line. This line is 
placed on the central axis of an infinite hollow 
cylindrical conductor. The radius of the inner 
surface of the conductor is 𝑎𝑎1 [m], and the 
radius of the outer surface is 𝑎𝑎2 [m]. Find the 
static electric field intensity 𝑬𝑬 and the potential 
𝑉𝑉 at 𝑟𝑟 ≤ 𝑎𝑎1, 𝑎𝑎1 < 𝑟𝑟 < 𝑎𝑎2, and 𝑎𝑎2 ≤ 𝑟𝑟, where 𝑟𝑟
is the distance from the central axis. The 
potential should be determined with respect to 
the point 𝑃𝑃 at 𝑟𝑟 = 𝑎𝑎3 > 𝑎𝑎2.

𝑎𝑎1 𝑎𝑎2

Infinite line 
charge

𝑎𝑎3

Exercise 5.2.3 (Homework)

𝑃𝑃

Infinite hollow 
cylindrical 
conductor 



𝜌𝜌

𝑎𝑎1
𝑎𝑎2

Exercise 5.2.3 (Answer)

𝑬𝑬 = 0
𝑉𝑉 =

𝜌𝜌
2𝜋𝜋𝜋𝜋

ln
𝑟𝑟3
𝑎𝑎2

𝑬𝑬 =
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟 𝒂𝒂𝑟𝑟

𝑉𝑉 =
𝜌𝜌

2𝜋𝜋𝜋𝜋 ln
𝑎𝑎1
𝑟𝑟 +

𝜌𝜌
2𝜋𝜋𝜋𝜋 ln

𝑟𝑟3
𝑎𝑎2

(𝑎𝑎1 < 𝑟𝑟 < 𝑎𝑎2) 

(𝑟𝑟 ≤ 𝑎𝑎1) 

(𝑎𝑎2 ≤ 𝑟𝑟) 𝑬𝑬 =
𝜌𝜌

2𝜋𝜋𝜋𝜋𝑟𝑟
𝒂𝒂𝑟𝑟

𝑉𝑉 =
𝜌𝜌

2𝜋𝜋𝜋𝜋
ln
𝑟𝑟3
𝑟𝑟
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According to the result of Exercise 1.6.3, the electric 
field intensity 𝑬𝑬 due to an infinite plane charge on 
the 𝑥𝑥 − 𝑦𝑦 plane with a constant 𝜌𝜌 [C/m2] is given by

𝑬𝑬 =
𝜌𝜌

2𝜖𝜖
𝒂𝒂𝑧𝑧

where 𝒂𝒂𝑧𝑧 is a unit vector parallel to the 𝑧𝑧 −axis and 
normal to the plane.

If the plane is made of a conductor and the surface 
charge density is 𝜌𝜌 [C/m2], then the electric field 
intensity 𝑬𝑬 is 

𝑬𝑬 =
𝜌𝜌
𝜖𝜖 𝒂𝒂𝑧𝑧.

Explain the reason for the difference.

𝑥𝑥

𝑦𝑦

𝑧𝑧
𝒂𝒂𝑧𝑧 𝑬𝑬

Infinite plane 
charge

𝜌𝜌 [C/m2]

Exercise 5.3 (Homework)



Exercise 5.3 (Answer)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑧𝑧 𝑬𝑬

Infinite plane 
conductor

𝜌𝜌 [C/m2]

𝒂𝒂𝑧𝑧 𝑬𝑬

𝑥𝑥

𝑦𝑦

𝑧𝑧

−𝒂𝒂𝑧𝑧𝑬𝑬

Infinite plane 
charge

𝜌𝜌 [C/m2]

𝒂𝒂𝑧𝑧 𝑬𝑬

− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +
− +

− +
− +

Electric field lines 
from 𝜌𝜌 go only in 
the +𝑧𝑧 direction. 
Thus

𝑬𝑬 =
𝜌𝜌
𝜖𝜖 𝒂𝒂𝑧𝑧

Electric field lines 
from 𝜌𝜌 go in both 
the +𝑧𝑧 and −𝑧𝑧
directions. 
Thus

𝑬𝑬 =
𝜌𝜌

2𝜖𝜖 𝒂𝒂𝑧𝑧
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Exercise 6.1.2 (Homework)

Metallic Plate

Dielectric Plate
(Ceramic: BaTiO3)

Multi-Layer Ceramic Capacitor (MLCC)

𝑑𝑑 = 1[μm]

𝐿𝐿 = 1[mm]
𝑊𝑊 =
1[mm]

Layer

No. of Layers
= 100

Find the capacitance 
of MLCC.

𝜀𝜀𝑟𝑟 = 1000



Multi-Layer Ceramic Capacitor

Metallic plate
 Length 𝐿𝐿 = 1 [mm]
 Width  𝑊𝑊 =1 [mm]
Dielectrics
 Thickness 𝑑𝑑 = 1 [μm]
 Relative Permittivity   𝜀𝜀𝑟𝑟 = 1000
No of Layers
        𝑛𝑛 = 100

𝐶𝐶 = 𝑛𝑛
𝜀𝜀𝑟𝑟𝜀𝜀0𝐴𝐴
𝑑𝑑 = 100 ×

1000 × 8.854 × 10−12 × 10−6

10−6 ≈ 0.89 [μF]

𝐴𝐴 = 10−6 [m2]

Exercise 6.1.2 (Answer) 
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𝑎𝑎1
𝑎𝑎2

Exercise 6.1.3 (Homework) 

(𝑎𝑎1 ≤ 𝑟𝑟 ≤ 𝑎𝑎2) 

𝑉𝑉𝑟𝑟𝑟 =
𝑎𝑎1𝜌𝜌
𝜀𝜀 ln

𝑎𝑎2
𝑟𝑟 .

+𝜌𝜌 [C/m2]

−𝜌𝜌 [C/m2]

This is a coaxial cable. The length of cable 
is infinite. There are two concentric  
cylindrical conductors inside the cable. 
One is the conductor of radius 𝑎𝑎1 [m], 
and the other is the hollow cylinder of 
inner radius 𝑎𝑎2 [m]. 

𝜀𝜀𝑟𝑟
Dielectrics

𝑎𝑎1 = 1 mm ,𝑎𝑎2 = 4[mm].
The radii are 

The dielectrics is polyethylene. Its 
relative permittivity 𝜀𝜀𝑟𝑟 = 2.2.

Find the capacitance per unit length.

Show that If the charge on the surface of 
inner conductor is +𝜌𝜌 [C/m2], then



𝑎𝑎1 = 1[mm]

Exercise 6.1.3 (Answer) 

𝑉𝑉𝑟𝑟𝑟 = −�
𝑎𝑎2

𝑟𝑟
𝑬𝑬 � 𝑑𝑑𝒓𝒓 =

𝑎𝑎1𝜌𝜌
𝜀𝜀 ln

𝑎𝑎2
𝑟𝑟

+𝜌𝜌 [C/m2]

−𝜌𝜌 [C/m2]

𝜀𝜀𝑟𝑟 = 2.2
Dielectrics

𝐶𝐶 =
𝑄𝑄
𝑉𝑉12

=
2𝜋𝜋𝑎𝑎1𝑙𝑙𝜌𝜌
𝑎𝑎1𝜌𝜌
𝜀𝜀 ln𝑎𝑎2𝑎𝑎1

=
2𝜋𝜋𝜀𝜀𝑟𝑟𝜀𝜀0𝑙𝑙

ln𝑎𝑎2𝑎𝑎1

=
2𝜋𝜋 × 2.2 × 8.854 × 10−12 × 1

ln 4
1

= 88[pF/m]

�
𝐶𝐶𝑆𝑆
𝜺𝜺𝑬𝑬 � 𝑑𝑑𝑺𝑺 = �

𝑉𝑉
𝜌𝜌𝑑𝑑𝑑𝑑

2𝜋𝜋𝑟𝑟𝑟𝑟𝜀𝜀𝐸𝐸 = 2𝜋𝜋𝑎𝑎1𝑙𝑙𝜌𝜌
𝑬𝑬 =

𝑎𝑎1𝜌𝜌
𝜀𝜀𝑟𝑟

𝒂𝒂𝑟𝑟

𝑟𝑟 Then

According to Gauss’s Law, on the 
surface of cylinder of radius 𝑟𝑟, length 𝑙𝑙,

𝑎𝑎2 = 4[mm]

𝑙𝑙 𝑬𝑬𝒂𝒂𝑟𝑟

(𝑙𝑙 = 1 m )
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Exercise 6.2.2 (Homework)

𝑉𝑉0

A voltage 𝑉𝑉0 is applied to a capacitor with air as shown in the figure below on the left. 
The facing surface area is 𝐴𝐴 [m2], and the distance between the conductors is 𝑑𝑑 m . 
Charges of ±𝑄𝑄0 [C] are stored on the surfaces of the conductors. Find the capacitance 
if a dielectric material with permittivity 𝜀𝜀𝑟𝑟 and thickness 𝑑𝑑/2 [m] is inserted between 
the conductors as in the figure below on the right.

𝑑𝑑 [𝑚𝑚]
𝜀𝜀𝑟𝑟

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

−𝑄𝑄

+𝑄𝑄

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

𝑑𝑑/2 [𝑚𝑚]

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

−𝑄𝑄

+𝑄𝑄



Exercise 6.2.2 (Answer)

𝜀𝜀𝑟𝑟

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

−𝑄𝑄

+𝑄𝑄

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

𝑑𝑑/2 [𝑚𝑚]

𝐸𝐸 =
𝑄𝑄

𝜀𝜀𝑟𝑟𝜀𝜀0𝐴𝐴
 [V/m]

𝐸𝐸𝟎𝟎 =
𝑄𝑄
𝜀𝜀0𝐴𝐴

 [V/m]

𝑬𝑬

𝑬𝑬0

𝐶𝐶 =
𝑄𝑄
𝑉𝑉

=
𝜀𝜀0𝐴𝐴
𝑑𝑑

2

1 + 1
𝜀𝜀𝑟𝑟

 [F]

𝑉𝑉 = 𝐸𝐸
𝑑𝑑
2

+ 𝐸𝐸0
𝑑𝑑
2

=
𝑄𝑄𝑑𝑑

2𝜀𝜀0𝐴𝐴
1 +

1
𝜀𝜀𝑟𝑟

 [V]
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Exercise 6.2.3 (Homework)

𝑉𝑉0

−𝑄𝑄

+𝑄𝑄

− −− −− −− −−− −− −− −−

+ ++ ++ ++ +++ ++ ++ ++

A voltage 𝑉𝑉0 is applied to a capacitor with air as shown in the figure below on the left. 
The facing surface area is 𝐴𝐴 [m2], and the distance between the conductors is 𝑑𝑑 m . 
Charges of ±𝑄𝑄0 [C] are stored on the surfaces of the conductors. What will change when 
the voltage source of 𝑉𝑉0 is removed, and then the dielectric material with permittivity 𝜀𝜀𝑟𝑟 
and area 𝐴𝐴/2 [m2] is inserted between the conductors as in the figure below on the 
right? Find the capacitance.

𝑑𝑑 [𝑚𝑚] 𝜀𝜀𝑟𝑟



Exercise 6.2.4 (Answer)

𝜀𝜀𝑟𝑟 𝑬𝑬𝑬𝑬0

𝐸𝐸 =
𝜌𝜌
𝜀𝜀𝑟𝑟𝜀𝜀0

 [V/m]

𝐸𝐸𝟎𝟎 =
𝜌𝜌0
𝜀𝜀0

 [V/m]

𝑑𝑑 [𝑚𝑚]

𝑉𝑉 = 𝐸𝐸0𝑑𝑑 = 𝐸𝐸𝐸𝐸
=
𝜌𝜌0
𝜀𝜀0
𝑑𝑑 =

𝜌𝜌
𝜀𝜀𝑟𝑟𝜀𝜀0

𝑑𝑑 V .

A conductor surface is equipotential.

−𝜌𝜌0 −𝜌𝜌

+𝜌𝜌0 +𝜌𝜌

𝜌𝜌0: charge density on the left 
half surface of conductor

𝜌𝜌: charge density on the right 
half surface of conductor

𝑄𝑄 = 𝜌𝜌0
𝐴𝐴
2 + 𝜌𝜌

𝐴𝐴
2 =

𝜀𝜀0𝑉𝑉
𝑑𝑑 +

𝜀𝜀𝑟𝑟𝜀𝜀0𝑉𝑉
𝑑𝑑

𝐴𝐴
2 C .

Thus

Then

Thus

𝐶𝐶 =
𝑄𝑄
𝑉𝑉 =

𝜀𝜀0𝐴𝐴
𝑑𝑑

1 + 𝜀𝜀𝑟𝑟
2  F .

𝜌𝜌
𝜌𝜌0

= 𝜀𝜀𝑟𝑟 .
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Exercise 6.3.2 (Homework)

−𝑄𝑄 

+𝑄𝑄 + + + + + + + +

− − − − − − − −

𝑫𝑫

𝒂𝒂𝑙𝑙

−𝑄𝑄 

+𝑄𝑄 + + + + + + + + + + + + + + +

− − − − − − − − − − − − − − −

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

𝑫𝑫

𝒂𝒂𝑙𝑙

In a dielectric material, the 
electric flux density is given by

where 𝜌𝜌(= 𝑄𝑄/𝐴𝐴) is the charge 
density on the surface of the 
conductor. 𝑄𝑄 [C] is the charge on 
the surface, and 𝐴𝐴 [m2] is the 
surface area. 

Due to the dipoles, some charges 
are canceled as shown in the 
bottom figure.  

Show that even in this situation, 
𝑫𝑫 = 𝜌𝜌𝒂𝒂𝑙𝑙  remains unchanged, by 
applying Gauss’s law.

𝑫𝑫 = 𝜌𝜌𝒂𝒂𝑙𝑙  [C/m2]



−𝑄𝑄 

+𝑄𝑄 + + + + + + + + + + + + + + +

− − − − − − − − − − − − − − −

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

�
𝐶𝐶𝑆𝑆
𝐷𝐷 � 𝑑𝑑𝑑𝑑 = �

𝑉𝑉𝑉𝑉𝑉𝑉
𝜌𝜌𝑑𝑑𝑑𝑑

Gauss’s Law+
−

+
−

Hint: you can set a volume 𝑉𝑉𝑉𝑉𝑉𝑉, 
closed surface 𝐶𝐶𝐶𝐶 as in the left 
figure. 

𝑉𝑉𝑉𝑉𝑉𝑉,𝐶𝐶𝐶𝐶

𝑫𝑫

Exercise 6.3.2 (Homework)



−𝑄𝑄 

+𝑄𝑄 + + + + + + + +

− − − − − − − −

𝑫𝑫

𝒂𝒂𝑙𝑙

Exercise 6.3.2 (Answer)

�
𝐶𝐶𝑆𝑆
𝐷𝐷 � 𝑑𝑑𝑑𝑑 = �

𝑉𝑉𝑉𝑉𝑉𝑉
𝜌𝜌𝑑𝑑𝑑𝑑

Gauss’s Law

The volume for the integral can be  
set as in the top figure. Vol is a 
cylinder .

On the bottom surface of the 
cylinder, some positive charges of 
electric dipoles appear without 
being cancelled.

+ +

−𝑄𝑄 

+𝑄𝑄 + + + + + + + + + + + + + + +

− − − − − − − − − − − − − − −

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

+
−

𝑉𝑉𝑉𝑉𝑉𝑉,𝐶𝐶𝐶𝐶

+
−

+
−

𝑫𝑫
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𝑎𝑎1
𝑎𝑎2

This is a coaxial cable. The length of the cable is 
infinite. Inside the cable, there are two 
concentric  cylindrical conductors. One is the 
conductor with a radius of 𝑎𝑎1 [m], and the other 
is the hollow cylinder with an inner radius of 𝑎𝑎2 
[m]. From  According to Exercise 6.1.3, the 
capacitance per unit length of this concentric 
cylindrical conductors is 

𝜀𝜀𝑟𝑟
Dielectric

Exercise 6.4.3 (Homework)

Show that the integral of

𝑤𝑤𝑒𝑒 =
1
2 𝜀𝜀𝐸𝐸

2 [J/m3]

over the gap meets the energy 

𝑊𝑊𝑇𝑇 =
1
2𝐶𝐶𝑉𝑉

2 [J/m].

𝐶𝐶 =
2𝜋𝜋𝜋𝜋

ln𝑎𝑎2𝑎𝑎1
 [F/m]

Conductor



Suppose that +𝜌𝜌 [C/m2] is charged on the 
surface of inner conductor. From 
Homework 6.1.3, 

and by definition

Then, 

𝑬𝑬 =
𝑎𝑎1𝜌𝜌
𝜀𝜀𝑟𝑟

𝒂𝒂𝑟𝑟

𝑎𝑎1

+𝜌𝜌 [C/m2]

−𝜌𝜌 [C/m2]

𝜀𝜀𝑟𝑟
Dielectrics

𝑟𝑟
𝑎𝑎2

𝑬𝑬𝒂𝒂𝑟𝑟

Exercise 6.4.3 (Answer)

2𝜋𝜋𝑎𝑎1𝑙𝑙𝜌𝜌 = 𝐶𝐶𝐶𝐶𝐶𝐶 𝑙𝑙: length

𝑊𝑊𝑇𝑇 = �
𝑉𝑉𝑜𝑜𝑜𝑜

1
2 𝜀𝜀𝐸𝐸

2𝑑𝑑𝑑𝑑

= �
𝑎𝑎1

𝑎𝑎2 1
2 𝜀𝜀

𝐶𝐶𝐶𝐶
2𝜋𝜋𝜀𝜀𝑟𝑟

2

2𝜋𝜋𝑟𝑟𝑑𝑑𝑟𝑟

=
𝐶𝐶2𝑉𝑉2

4𝜋𝜋𝜋𝜋 ln
𝑎𝑎2
𝑎𝑎1

=
1
2𝐶𝐶𝑉𝑉

2 [J/m]

(𝑉𝑉𝑉𝑉𝑉𝑉: gap region
      per unit length)

𝑙𝑙



Exercise 7.1.2 (Homework) 

Exercise 7.1.2 (Homework)



Exercise 7.1.2 (Homework) 

Pause the video and answer the problem.

Find the electric field intensity 𝐸𝐸 and current density 𝐽𝐽,  if a drift velocity

in an n-type silicon semiconductor.  For n-type silicon semiconductor , the 
conductivity 𝜎𝜎 = 2.0 × 102 [S/m] and the mobility 𝜇𝜇 = 1.5 × 10−1 [m2/Vs].

Find the current 𝐼𝐼 flowing through the semiconductor in the circuit below. You 
can neglect the voltage drop by the connecting wires.

𝑈𝑈 = 1.5 × 10−2 [𝑚𝑚/s]

𝑙𝑙 = 1.0 [m]

𝑑𝑑 = 1 [mm]

𝑉𝑉 = 0.10 [V]

N-type silicon semiconductor

𝐼𝐼



Exercise 7.1.2 (Answer) 

𝑙𝑙 = 1.0 [m]

𝑑𝑑 = 1 [mm]

𝑉𝑉 = 0.10 [V] 𝐸𝐸 = 1.0 × 10−1 [V/m]

𝐽𝐽 = 𝜎𝜎𝐸𝐸 = 2.0 × 102 × 1.0 × 10−1 = 2.0 × 101 [A/m2]

𝐸𝐸 =
𝑈𝑈
𝜇𝜇 =

1.5 × 10−2

1.5 × 10−1 = 1.0 × 10−1 [V/m]

𝐼𝐼 = 𝐽𝐽𝐽𝐽 = 2.0 × 101 × 𝜋𝜋 × (0.5 × 10−3)2 = 16 [μA]

N-type silicon semiconductor

𝐼𝐼



Exercise 7.2.2 (Homework) 

Exercise 7.2.2 (Homework)



There are two concentric cylindrical 
conductors. One is a conductor of radius 𝑎𝑎1 =
1 [mm], and the other is a hollow cylinder of 
inner radius 𝑎𝑎2 = 2 [mm]. The length of 
cylinder 𝑙𝑙 = 5 cm . The gap between the 
two conductors is filled with a resistor of 
conductivity 𝜎𝜎 = 2.0 × 102 [S/m].  

Find the resistance between the two 
conductors. You can neglect the resistances 
of the conductors.

Exercise 7.2.2 (Homework)

𝑎𝑎2 = 2.0 [cm]

𝑎𝑎1 = 1.0 [cm]

𝐼𝐼 [A]

𝑙𝑙 =
5 [cm]

Note: the conductance of the air is in the 
order of 10−15 [S/m]. No fringing effect 
exists.

Conductor Semiconductor
𝜎𝜎 = 2.0 × 102 [S/m]



𝑙𝑙 =
5 [cm]

𝑎𝑎1 = 1.0 [cm]

𝐼𝐼 [A]

Exercise 7.2.2 (Answer)

Semiconductor
𝜎𝜎 = 2.0 × 102 [S/m]

On the spherical surface of radius 𝑟𝑟,

𝑽𝑽 = −�
𝑎𝑎2

𝑎𝑎1
𝐸𝐸 � 𝑑𝑑𝒓𝒓 =

𝐼𝐼
2𝜋𝜋𝜋𝜋𝑙𝑙

ln
𝑎𝑎2
𝑎𝑎1

 [V]

𝑱𝑱 = 𝜎𝜎𝑬𝑬,

Thus  

𝑱𝑱 =
𝐼𝐼

2𝜋𝜋𝑟𝑟𝑟𝑟
𝒂𝒂𝑟𝑟 [A/m2]

From 

𝑬𝑬 =
𝐼𝐼

2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟
𝒂𝒂𝑟𝑟 [V/m]

Then  

𝑹𝑹 =
𝑉𝑉
𝐼𝐼 =

1
2𝜋𝜋𝜋𝜋𝑙𝑙

ln
𝑎𝑎2
𝑎𝑎1

=
1

2𝜋𝜋 × 2.0 × 102 × 5 × 10−2
ln

2.0 × 10−2

1.0 × 10−2

= 1.1 × 10−2 [Ω]

𝑟𝑟
𝑱𝑱𝒂𝒂𝑟𝑟

𝑎𝑎2 = 2.0 [cm]



Exercise 7.3.3 (Homework) 
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Exercise 7.3.3 (Homework)

𝑉𝑉 [V]

There are two concentric spherical conductors. 
One is a ball of radius 𝑎𝑎1, and the other is a 
shell of inner radius 𝑎𝑎2 surrounding the ball. 
The gap between the two conductors is filled 
with a semiconductor of conductivity 𝜎𝜎.  

𝐼𝐼 [A]

𝐽𝐽

𝑎𝑎2

𝑎𝑎1

𝜎𝜎

Show that 

∇ � 𝑱𝑱 = 0

where 𝑱𝑱 is a current density in the 
semiconductor.

Conductor
Semiconductor



Exercise 7.3.3 (Answer)

𝑉𝑉 [V]

𝐼𝐼 [A]

𝐽𝐽

𝑎𝑎2

𝑎𝑎1

𝜎𝜎

From Section 5.1

𝑱𝑱 = 𝜎𝜎𝑬𝑬, 𝑬𝑬 =
𝐼𝐼

4𝜋𝜋𝜋𝜋𝑟𝑟2
𝒂𝒂𝑟𝑟 [V/m]

∇ � 𝑱𝑱 = ∇ � 𝜎𝜎
𝐼𝐼

4𝜋𝜋𝜋𝜋𝑟𝑟2 𝒂𝒂𝑟𝑟

From Exercise 7.2.2

∇ �
1
𝑟𝑟2 𝒂𝒂𝑟𝑟 = ∇ �

1
𝑟𝑟2
𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦 + 𝑧𝑧𝒂𝒂𝑧𝑧

𝑟𝑟

=
𝑟𝑟2 − 3𝑥𝑥2

𝑟𝑟5 +
𝑟𝑟2 − 3𝑦𝑦2

𝑟𝑟5 +
𝑟𝑟2 − 3𝑧𝑧2

𝑟𝑟5

=
3𝑟𝑟2 − 3 𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2

𝑟𝑟5

=
3𝑟𝑟2 − 3𝑟𝑟2

𝑟𝑟5
= 0

Then

Conductor
Semiconductor



Exercise 7.4 (Homework)

Exercise 7.4 (Homework)



𝑖𝑖

𝑣𝑣𝑣𝑣

The source voltage is sinusoidal, expressed as 
follows:

𝑣𝑣 = 𝑉𝑉𝑚𝑚 sin𝜔𝜔𝑡𝑡  V

where 𝑉𝑉𝑚𝑚 is the amplitude, and 𝜔𝜔 is the 
angular frequency. The capacitance of the 
capacitor is 𝐶𝐶 [F]. Find the current 𝑖𝑖.

Note that the current 𝑖𝑖 and voltage 𝑣𝑣 are 
time-varying variables, so they are denoted by 
lowercase letters.

𝐶𝐶

Exercise 7.4 (Homework)



Exercise 7.4 (Answer)

𝑖𝑖

𝑣𝑣𝑣𝑣

𝑖𝑖 = 𝐶𝐶
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐶𝐶
𝑑𝑑𝑉𝑉𝑚𝑚 sin𝜔𝜔𝑡𝑡

𝑑𝑑𝑑𝑑
= 𝜔𝜔𝐶𝐶𝑉𝑉𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A]

𝐶𝐶



Exercise 8.2.2 (Homework)
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Exercise 8.2.2 (Homework)

A magnetic point charge 𝑚𝑚1 is placed near a magnet of 𝑚𝑚2 and 𝑚𝑚3 as 
below. 𝑚𝑚1 = 𝑚𝑚2 = 4.0 𝜋𝜋 μWb and 𝑚𝑚3 = −4.0 𝜋𝜋 μWb . 𝜇𝜇𝑟𝑟 ≈ 1.0. 𝑟𝑟 =
1.0 × 101 𝑐𝑐m  and 𝑑𝑑 = 5.0 [cm]. Find the force 𝑭𝑭 on 𝑚𝑚1 due to 𝑚𝑚2 and 
𝑚𝑚3. 

𝑟𝑟 = 10 [cm]

𝑚𝑚1 = 4𝜋𝜋 [μWb] 𝑚𝑚2 = 4𝜋𝜋 [μWb]

𝑑𝑑 = 5.0 [cm]

𝑚𝑚3 = −4𝜋𝜋 [μWb]𝑥𝑥

𝑦𝑦



Exercise 8.2.2 (Answer)

𝑚𝑚1 = 4𝜋𝜋 [μWb]

𝑥𝑥

𝑭𝑭12
𝑭𝑭13𝐹𝐹

𝐹𝐹12 =
𝑚𝑚1𝑚𝑚2

4𝜋𝜋𝜇𝜇0𝑟𝑟2
=

4𝜋𝜋 × 10−6 × 4𝜋𝜋 × 10−6

4𝜋𝜋 × 4𝜋𝜋 × 10−7 × 10 × 10−2 2 = 1.0 [mN]

𝑦𝑦

𝑭𝑭12 = −1.0 𝒂𝒂𝑦𝑦 [mN]

𝐹𝐹13 =
𝑚𝑚1𝑚𝑚3

4𝜋𝜋𝜇𝜇0 𝑟𝑟2 + 𝑑𝑑2

=
4𝜋𝜋 × 10−6 × 4𝜋𝜋 × 10−6

4𝜋𝜋 × 4𝜋𝜋 × 10−7 × 0.01 + 0.0025
= 0.80 [mN]

𝑭𝑭13 = 𝐹𝐹13 sin𝜑𝜑  𝒂𝒂𝑥𝑥 + 𝐹𝐹13 cos𝜑𝜑  𝒂𝒂𝑦𝑦

= 𝐹𝐹13
𝑑𝑑

𝑟𝑟2 + 𝑑𝑑2
𝒂𝒂𝑥𝑥 + 𝐹𝐹13

𝑟𝑟
𝑟𝑟2 + 𝑑𝑑2

𝒂𝒂𝑦𝑦
= 0.36𝒂𝒂𝑥𝑥 + 0.72𝒂𝒂𝑦𝑦 [mN]

𝜑𝜑

𝑭𝑭 = 𝑭𝑭12 + 𝑭𝑭13 = 0.36𝒂𝒂𝑥𝑥 − 0.28𝒂𝒂𝑦𝑦 [mN]



Exercise 8.5.2 (Homework)

Exercise 8.5.2 (Homework)



𝑃𝑃1  + 𝑚𝑚2 [Wb]

𝒂𝒂𝑙𝑙  

𝑟𝑟1

+𝑚𝑚1 [Wb]

𝑯𝑯1 =
𝑚𝑚1

4𝜋𝜋𝜋𝜋𝑟𝑟12
𝒂𝒂𝑟𝑟 [A/m]

𝑃𝑃2

𝑟𝑟2

𝑯𝑯2 =
𝑚𝑚1

4𝜋𝜋𝜋𝜋𝑟𝑟22
𝒂𝒂𝑟𝑟 

𝒂𝒂𝑟𝑟 

𝑙𝑙2 = 𝑟𝑟1 − 𝑟𝑟2

𝑑𝑑𝒓𝒓𝑑𝑑𝒍𝒍

0

𝑙𝑙 = 𝑟𝑟1 − 𝑟𝑟𝑟𝑟

Exercise 8.5.2 (Homework)

𝑉𝑉21 = −�
0

𝑙𝑙2
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = −�

𝑟𝑟1

𝑟𝑟2
𝑯𝑯 � 𝑑𝑑𝒓𝒓

Show that The potential 𝑉𝑉21 at 𝑃𝑃2 with respect to 𝑃𝑃1 is given by the line integral of 
−𝑯𝑯 � 𝑑𝑑𝒓𝒓 from 𝑟𝑟1 to 𝑟𝑟2 as below.    Hint: Section 3.2



Homework 8.5.2 (Answer) 

𝑃𝑃1  + 𝑚𝑚2 [Wb]

𝒂𝒂𝑙𝑙  

𝑟𝑟1

+𝑚𝑚1 [Wb]

𝑯𝑯1 =
𝑚𝑚1

4𝜋𝜋𝜋𝜋𝑟𝑟12
𝒂𝒂𝑟𝑟 [A/m]

𝑃𝑃2

𝑟𝑟2

𝑯𝑯2 =
𝑚𝑚1

4𝜋𝜋𝜋𝜋𝑟𝑟22
𝒂𝒂𝑟𝑟 

𝑉𝑉21 = −�
0

𝑙𝑙2
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = �

0

𝑙𝑙2 𝑚𝑚1
4𝜋𝜋𝜇𝜇 𝑟𝑟1 − 𝑙𝑙 2 𝑑𝑑𝑑𝑑

𝒂𝒂𝑟𝑟 

𝑙𝑙2 = 𝑟𝑟1 − 𝑟𝑟2

𝑑𝑑𝒓𝒓𝑑𝑑𝒍𝒍

0

𝑙𝑙 = 𝑟𝑟1 − 𝑟𝑟

= −�
𝑟𝑟1

𝑟𝑟2 𝑚𝑚1
4𝜋𝜋𝜇𝜇𝑟𝑟2 𝑑𝑑𝑟𝑟 = −�

𝑟𝑟1

𝑟𝑟2 𝑚𝑚1
4𝜋𝜋𝜇𝜇𝑟𝑟2 𝒂𝒂𝑟𝑟 � 𝑑𝑑𝒓𝒓

= −�
𝑟𝑟1

𝑟𝑟2
𝑯𝑯 � 𝑑𝑑𝒓𝒓

𝑙𝑙 = 𝑟𝑟1 − 𝑟𝑟𝑟𝑟

𝑑𝑑𝑑𝑑 = −𝑑𝑑𝑑𝑑,  If 𝑙𝑙 = 0 then 𝑟𝑟 = 𝑟𝑟1
                     If 𝑙𝑙 = 𝑙𝑙2 then 𝑟𝑟 = 𝑟𝑟2

Change of variable



Exercise 8.5.3 (Homework)
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Exercise 8.5.3 (Homework)

𝑉𝑉21 = −�
𝑟𝑟1

𝑟𝑟2
𝑯𝑯 � 𝑑𝑑𝒓𝒓

Show that the magnetic potential 𝑉𝑉21 at 𝑃𝑃2 with respect to 𝑃𝑃1 due to a magnetic point 
charge +𝑚𝑚 at 𝑃𝑃0 is conservative.    Hint: Section 3.3

+𝑚𝑚

𝑃𝑃2

𝑃𝑃1

𝑃𝑃0 𝑟𝑟1

𝑟𝑟2



Exercise 8.5.3 (Answer) 

+𝑚𝑚

𝑃𝑃2

𝑃𝑃1

𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑃𝑃0

𝑃𝑃3

Straight Path

𝑉𝑉21 = −�
𝑃𝑃𝑃𝑃𝑃𝑃𝑃1

𝑯𝑯 � 𝑑𝑑𝒓𝒓 = −�
𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑯𝑯 � 𝑑𝑑𝒓𝒓 = −�
𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑃𝑃𝑃𝑃𝑃𝑃𝑃

𝑯𝑯 � 𝑑𝑑𝒓𝒓 =
𝑚𝑚1

4𝜋𝜋𝜇𝜇
1
𝑟𝑟2
−

1
𝑟𝑟1

 [V]

𝑃𝑃𝑃𝑃𝑃𝑃𝑃2

𝑉𝑉21 does not depend on the path. The field is conservative.



Exercise 9.2.1 (Homework)
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Exercise 9.2.1 (Homework)

𝑃𝑃3
𝑚𝑚3 [Wb]

𝑃𝑃2
𝑚𝑚2 [Wb]

𝑃𝑃1
𝑚𝑚1 [Wb]

Find the work 𝑊𝑊𝑇𝑇  necessary to bring 
the magnetic point charges in reverse 
order: 𝑚𝑚3, 𝑚𝑚2, and 𝑚𝑚1.

Then show that the energy 𝑊𝑊𝑇𝑇 
stored in the magnetic field 
generated by m1, m2, and m3 is 
given by

Where 𝑉𝑉1,𝑉𝑉2, and 𝑉𝑉3 are the potential 
at 𝑚𝑚1,𝑚𝑚2, and 𝑚𝑚3, respectively.

𝑊𝑊𝑇𝑇 =
1
2�
𝑖𝑖=1

𝑛𝑛

𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖



Exercise 9.2.1 (Answer)

𝑊𝑊3 = 0, 𝑊𝑊2 = 𝑚𝑚2𝑉𝑉23. 𝑊𝑊1 = 𝑚𝑚1𝑉𝑉12 + 𝑚𝑚1𝑉𝑉13

𝑊𝑊𝑇𝑇 = 𝑊𝑊1 + 𝑊𝑊2 + 𝑊𝑊3
= 𝑚𝑚1𝑉𝑉12 + 𝑚𝑚1𝑉𝑉13 + 𝑚𝑚2𝑉𝑉23

The work 𝑊𝑊𝑇𝑇  necessary to bring the magnetic point charges in reverse order: 𝑚𝑚3, 
𝑚𝑚2, and 𝑚𝑚1.

𝑊𝑊𝑇𝑇 = 𝑚𝑚2𝑉𝑉21 + 𝑚𝑚3𝑉𝑉31 + 𝑚𝑚3𝑉𝑉32

The work 𝑊𝑊𝑇𝑇  necessary to bring the charges in the order: 𝑚𝑚1, 𝑚𝑚2, and 𝑚𝑚3.  

𝑊𝑊𝑇𝑇 =
1
2�
𝑖𝑖=1

𝑛𝑛

𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖

𝑚𝑚3𝑉𝑉3𝑚𝑚2𝑉𝑉2𝑚𝑚1𝑉𝑉1

2𝑊𝑊𝑇𝑇 = 𝑚𝑚1 𝑉𝑉12 + 𝑉𝑉13 + 𝑚𝑚2 𝑉𝑉21 + 𝑉𝑉23 + 𝑚𝑚3 𝑉𝑉31 + 𝑉𝑉32

the work done against 
the fields of 𝑚𝑚2 and 𝑚𝑚3 

Then 



Exercise 9.5.2 (Homework)

Exercise 9.5.2 (Homework)



𝑉𝑉

𝑎𝑎
𝑯𝑯𝒂𝒂𝜑𝜑

𝑟𝑟

A current density 𝑱𝑱 = 𝐽𝐽𝒂𝒂𝑧𝑧 [A/m2] flows 
throughout an infinite cylinder 𝑉𝑉 of radius 
𝑎𝑎 [m]. According to Exercise 10.2.2, 

𝑯𝑯 =
 
𝑟𝑟𝐽𝐽
2
𝒂𝒂𝜑𝜑 (𝑟𝑟 ≤ 𝑎𝑎)

𝑎𝑎2𝐽𝐽
2𝑟𝑟

𝒂𝒂𝜑𝜑 𝑎𝑎 ≤ 𝑟𝑟 .

𝑱𝑱 

𝑯𝑯
𝒂𝒂𝜑𝜑

𝑟𝑟

𝑦𝑦

𝑧𝑧

𝑥𝑥
𝒂𝒂𝑟𝑟 𝒂𝒂𝜑𝜑

𝒂𝒂𝑧𝑧

Exercise 9.5.2 (Homework)

Show that 

The relative permeability 𝜇𝜇𝑟𝑟 = 1.

∇ � 𝑩𝑩 = 𝟎𝟎.



Exercise 9.5.2 (Answer)

𝑎𝑎 ≤ 𝑟𝑟

𝑉𝑉

𝑎𝑎
𝑯𝑯𝒂𝒂𝜑𝜑

𝑟𝑟

𝑱𝑱 

𝑯𝑯
𝒂𝒂𝜑𝜑

𝑟𝑟

𝑦𝑦

𝑧𝑧

𝑥𝑥
𝒂𝒂𝑟𝑟 𝒂𝒂𝜑𝜑

𝒂𝒂𝑧𝑧

(𝑟𝑟 ≤ 𝑎𝑎)

∇ � 𝑩𝑩 =
𝜇𝜇𝐽𝐽
2
∇ � 𝑟𝑟𝒂𝒂𝜑𝜑 =

𝜇𝜇𝐽𝐽
2
∇ � −𝑦𝑦𝒂𝒂𝑥𝑥 + 𝑥𝑥𝒂𝒂𝑦𝑦

∇ � 𝑟𝑟𝒂𝒂𝜑𝜑 =
𝜕𝜕
𝜕𝜕𝑥𝑥

−𝑦𝑦 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝑥𝑥 = 0

∇ � 𝑩𝑩 =
𝜇𝜇𝑎𝑎2𝐽𝐽

2 ∇ �
1
𝑟𝑟 𝒂𝒂𝜑𝜑

∇ �
1
𝑟𝑟 𝒂𝒂𝜑𝜑 =

𝜕𝜕
𝜕𝜕𝑥𝑥 −

𝑦𝑦
𝑟𝑟2 +

𝜕𝜕
𝜕𝜕𝑦𝑦

𝑥𝑥
𝑟𝑟2

=
2𝑦𝑦𝑥𝑥
𝑟𝑟4 −

2𝑥𝑥𝑦𝑦
𝑟𝑟4

= 0



Exercise 10 .1.4. This is your homework. 

Exercise 10.1.4 (Homework)

Exercise 10.1.4 (Homework)



V

𝐼𝐼 [A]

𝑑𝑑𝑯𝑯

𝑅𝑅

𝑎𝑎 [m]

𝑥𝑥

𝑧𝑧

𝜃𝜃
𝑑𝑑𝜃𝜃

𝐼𝐼𝐼𝐼𝐼𝐼𝜽𝜽

𝑎𝑎𝑅𝑅

A current 𝐼𝐼 [A] flows on a circular line 
conductor of radius 𝑎𝑎 [m] and 
thickness 0 [m]. The conductor lies in 
the  𝑥𝑥 − 𝑦𝑦 plane.

Find the magnetic field strength at 
𝑧𝑧 = 𝑧𝑧1 [m].

𝑦𝑦

𝑧𝑧1 [m]

Hint
You can start with a differential 
current 𝐼𝐼𝐼𝐼𝐼𝐼𝜃𝜃. 𝜃𝜃 is the angle from 
the 𝑥𝑥 −axis.

Exercise 10.1.4 (Homework)



𝐼𝐼 [A]

𝑑𝑑𝑯𝑯
𝑑𝑑𝑯𝑯 sin𝜑𝜑 =

𝐼𝐼𝐼𝐼𝐼𝐼𝜽𝜽 × 𝒂𝒂𝑅𝑅
4𝜋𝜋𝑅𝑅2 sin𝜑𝜑  [A/m]

𝑧𝑧 𝑅𝑅

=
𝐼𝐼𝑎𝑎𝑑𝑑𝜃𝜃

4𝜋𝜋 𝑧𝑧2 + 𝑎𝑎2
2

𝑎𝑎
𝑧𝑧2 + 𝑎𝑎2

=
𝐼𝐼𝑎𝑎2𝑑𝑑𝜃𝜃

4𝜋𝜋 𝑧𝑧2 + 𝑎𝑎2 3/2

𝑯𝑯 = �
0

2𝜋𝜋
𝑑𝑑𝑯𝑯 sin𝜑𝜑 𝒂𝒂𝑧𝑧 𝑑𝑑𝜃𝜃

=
𝐼𝐼𝑎𝑎2𝒂𝒂𝑧𝑧

4𝜋𝜋 𝑧𝑧2 + 𝑎𝑎2 3/2 𝜃𝜃 0
2𝜋𝜋

=
𝐼𝐼𝑎𝑎2𝒂𝒂𝑧𝑧

2 𝑧𝑧2 + 𝑎𝑎2 3/2

𝑎𝑎 [m]
𝑥𝑥

𝑧𝑧

𝜃𝜃
𝑑𝑑𝜃𝜃

𝐼𝐼𝐼𝐼𝐼𝐼𝜽𝜽

𝑎𝑎𝑅𝑅

𝜑𝜑

𝑑𝑑𝑯𝑯 sin φ
𝜑𝜑

Exercise 10.1.4 (Answer)



Exercise 10.2.4 (Homework)

Exercise 10.2.4 (Homework)



There are two infinite concentric pipe-
shaped conductors 𝑆𝑆1 and 𝑆𝑆2. The radii of 
𝑆𝑆1 and 𝑆𝑆2 are 𝑎𝑎1 [m] and 𝑎𝑎2 [m], 
respectively. The thickness of each 
conductor is zero. A current density 𝑱𝑱1 =
𝐽𝐽𝒂𝒂𝑧𝑧 [A/m] flows on the surface of 𝑆𝑆1, and 
𝑱𝑱2 = −𝐽𝐽𝒂𝒂𝑧𝑧 [A/m] on the surface of 𝑆𝑆2. 

Show that 

𝑯𝑯 =

0 𝑟𝑟 ≤ 𝑎𝑎1  
𝑎𝑎1𝐽𝐽
𝑟𝑟 𝒂𝒂𝜑𝜑 (𝑎𝑎1 ≤ 𝑟𝑟 ≤ 𝑎𝑎2)

0 𝑎𝑎2 ≤ 𝑟𝑟  

𝑎𝑎1 𝑯𝑯
𝒂𝒂𝜑𝜑𝑟𝑟

𝑱𝑱𝟏𝟏

𝑦𝑦

𝑧𝑧

𝑥𝑥
𝒂𝒂𝑟𝑟 𝒂𝒂𝜑𝜑

𝒂𝒂𝑧𝑧

𝑎𝑎2

𝑱𝑱𝟐𝟐

𝑆𝑆2 𝑆𝑆1

Exercise 10.2.4 (Homework)



Exercise 10.2.4 (Answer)

𝑎𝑎1 𝑯𝑯
𝒂𝒂𝜑𝜑𝑟𝑟

𝑱𝑱𝟏𝟏

𝑎𝑎2

𝑱𝑱𝟐𝟐

𝑆𝑆2 𝑆𝑆1

�
𝐶𝐶𝑃𝑃
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = �

𝑆𝑆
0 � 𝑑𝑑𝑺𝑺

2𝜋𝜋𝑟𝑟𝑟𝑟 = 0

2𝜋𝜋𝑟𝑟𝑟𝑟 = 2𝜋𝜋𝑎𝑎1𝐽𝐽

2𝜋𝜋𝑟𝑟𝑟𝑟 = 0

𝑯𝑯 =
𝑎𝑎1𝐽𝐽
𝑟𝑟 𝒂𝒂𝜑𝜑

(𝑎𝑎1 ≤ 𝑟𝑟 ≤ 𝑎𝑎2)

(𝑟𝑟 ≤ 𝑎𝑎1)

𝑯𝑯 = 0

(𝑎𝑎2 ≤ 𝑟𝑟)

𝑯𝑯 = 0



Exercise 11.1 .3. This is your homework. 

Exercise 11.1.3 (Homework)

Exercise 11.1.3 (Homework)



Pause the video, and answer the problem. Find the curl of H both inside and outside of 
the infinite cylinder V.

Exercise 11.1.3 (Homework)

𝑉𝑉

𝑎𝑎
𝑯𝑯𝒂𝒂𝜑𝜑

𝑟𝑟

A current of density 𝑱𝑱 = 𝐽𝐽𝒂𝒂𝑧𝑧 [A/m2] flows 
throughout an infinite cylinder 𝑉𝑉 of radius 
𝑎𝑎 [m]. The answer to  Exercise 10.2.2 was 

Find ∇ × 𝑯𝑯 in both regions of 0 < 𝑟𝑟 ≤ 𝑎𝑎 
and 𝑎𝑎 ≤ 𝑟𝑟. 

𝑯𝑯 =
 
𝑟𝑟𝐽𝐽
2
𝒂𝒂𝜑𝜑 (0 < 𝑟𝑟 ≤ 𝑎𝑎)

𝑎𝑎2𝐽𝐽
2𝑟𝑟

𝒂𝒂𝜑𝜑 𝑎𝑎 ≤ 𝑟𝑟 . 

𝑱𝑱 

𝑯𝑯
𝒂𝒂𝜑𝜑

𝑟𝑟



Exercise 11.1.3 (Answer)

𝑉𝑉

𝑎𝑎
𝑯𝑯𝒂𝒂𝜑𝜑

𝑟𝑟

𝑱𝑱 

𝑯𝑯
𝒂𝒂𝜑𝜑

𝑟𝑟

𝑎𝑎 ≤ 𝑟𝑟

0 < 𝑟𝑟 ≤ 𝑎𝑎

𝛻𝛻 × 𝑯𝑯 = 0 (refer to Exercise 11.1.1)

𝑯𝑯 =
𝑟𝑟𝑟𝑟
2
𝒂𝒂𝜑𝜑

=
𝑟𝑟𝑟𝑟
2

− sin𝜑𝜑𝒂𝒂𝑥𝑥 + cos𝜑𝜑𝒂𝒂𝑦𝑦

=
𝐽𝐽
2
−𝑦𝑦𝒂𝒂𝑥𝑥 + 𝑥𝑥𝒂𝒂𝑦𝑦

𝛻𝛻 × 𝑯𝑯

=
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑦𝑦

−
𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝑧𝑧

𝒂𝒂𝑥𝑥 +
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑥𝑥

𝒂𝒂𝑦𝑦

=
𝐽𝐽
2 0𝒂𝒂𝑥𝑥 + 0𝒂𝒂𝑦𝑦 + 1 + 1 𝒂𝒂𝑧𝑧

= 𝐽𝐽𝒂𝒂𝑧𝑧

+
𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑦𝑦

𝒂𝒂𝑧𝑧



Exercise 11.2 (Homework)

Exercise 11.2 (Homework)



𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆1

0
𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆2 𝒂𝒂𝑦𝑦

𝑑𝑑𝑑𝑑𝑑𝑑2

𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑯𝑯 � 𝒂𝒂𝑦𝑦 =
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑥𝑥

.

Show that 

Exercise 11.2 (Homework)



Exercise 11.2 (Answer)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆1

0
𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆2 𝒂𝒂𝑦𝑦

𝐶𝐶𝐶𝐶2

𝑑𝑑𝑑𝑑 3

4

2

1
𝐻𝐻𝑥𝑥𝒂𝒂𝑥𝑥

𝐻𝐻𝑥𝑥′ 𝒂𝒂𝑥𝑥

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑯𝑯 � 𝒂𝒂𝑦𝑦 ≡
∮𝑑𝑑𝑑𝑑𝑑𝑑2 𝑯𝑯 � 𝑑𝑑𝒍𝒍

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

�
1

2
𝑯𝑯 � 𝑑𝑑𝒍𝒍

�
3

4
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = 𝐻𝐻𝑥𝑥 +

𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑧𝑧

𝑑𝑑𝑑𝑑 𝑑𝑑𝑥𝑥

= −𝐻𝐻𝑥𝑥𝑑𝑑𝑥𝑥

�
4

1
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = − 𝐻𝐻𝑧𝑧 +

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑥𝑥 𝑑𝑑𝑥𝑥 𝑑𝑑𝑧𝑧

�
2

3
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = 𝐻𝐻𝑧𝑧𝑑𝑑𝑧𝑧

𝐻𝐻𝑧𝑧𝒂𝒂𝑧𝑧

𝐻𝐻𝑧𝑧′𝒂𝒂𝑧𝑧

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑯𝑯 � 𝒂𝒂𝑦𝑦 =
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑧𝑧 −

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑥𝑥



Exercise 11.3 (Homework)

Exercise 11.3 (Homework)



Exercise 11.3 (Homework)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑎𝑎

𝜌𝜌 [C/m3]

𝑉𝑉𝑉𝑉𝑉𝑉

𝑟𝑟
𝑃𝑃

𝑬𝑬
𝒂𝒂𝑟𝑟

Charge is distributed with a constant density 
𝜌𝜌 [C/m3] throughout a spherical volume 𝑉𝑉𝑉𝑉𝑉𝑉 of 
radius 𝑎𝑎 [m]. The relative permittivity 𝜀𝜀𝑟𝑟 ≈ 1. 

𝑬𝑬 =  

𝜌𝜌𝑟𝑟
3𝜀𝜀 𝒂𝒂𝑟𝑟 (𝑟𝑟 ≤ 𝑎𝑎)

𝜌𝜌𝑎𝑎3

3𝜀𝜀𝑟𝑟2 𝒂𝒂𝑟𝑟 𝑎𝑎 ≤ 𝑟𝑟 .

According to Exercise 2.3.1, the 
electric field intensity 𝑬𝑬 was 

Show that ∇ × 𝑬𝑬 = 𝟎𝟎 both inside 
and outside of 𝑉𝑉𝑉𝑉𝑉𝑉. 



Exercise 11.3 (Answer)

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑬𝑬 =
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑦𝑦

−
𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑧𝑧

𝒂𝒂𝑥𝑥 +
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑥𝑥

𝒂𝒂𝑦𝑦 +
𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑦𝑦

𝒂𝒂𝑧𝑧

(𝑟𝑟 ≤ 𝑎𝑎)

𝑬𝑬 =
𝜌𝜌𝑟𝑟
3𝜀𝜀 𝒂𝒂𝑟𝑟 =

𝜌𝜌
3𝜀𝜀 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦 + 𝑧𝑧𝒂𝒂𝑧𝑧 = 𝐸𝐸𝑥𝑥𝒂𝒂𝑥𝑥 + 𝐸𝐸𝑦𝑦𝒂𝒂𝑦𝑦 + 𝐸𝐸𝑧𝑧𝒂𝒂𝑧𝑧

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑬𝑬 = 0

𝑎𝑎 ≤ 𝑟𝑟
𝑬𝑬 =

𝜌𝜌𝑎𝑎3

3𝜀𝜀𝑟𝑟2 𝒂𝒂𝑟𝑟 =
𝜌𝜌𝑎𝑎3

3𝜀𝜀𝑟𝑟3 𝑥𝑥𝒂𝒂𝑥𝑥 + 𝑦𝑦𝒂𝒂𝑦𝑦 + 𝑧𝑧𝒂𝒂𝑧𝑧 = 𝐸𝐸𝑥𝑥𝒂𝒂𝑥𝑥 + 𝐸𝐸𝑦𝑦𝒂𝒂𝑦𝑦 + 𝐸𝐸𝑧𝑧𝒂𝒂𝑧𝑧

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑦𝑦 −

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑧𝑧 =

𝜌𝜌𝑎𝑎3

3𝜀𝜀
𝜕𝜕
𝜕𝜕𝑦𝑦

𝑧𝑧
𝑟𝑟3
−
𝜕𝜕
𝜕𝜕𝑧𝑧

𝑦𝑦
𝑟𝑟3

=
𝜌𝜌𝑎𝑎3

3𝜀𝜀
−3𝑧𝑧𝑧𝑧
𝑟𝑟5

−
−3𝑦𝑦𝑦𝑦
𝑟𝑟5

= 0

𝑟𝑟 = 𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑧𝑧 −

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑥𝑥 = 0

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑥𝑥 −

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑦𝑦 = 0

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑬𝑬 = 0



Exercise 12.1.2 (Homework)

Exercise 12.1.2 (Homework)



𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑩𝑩 = 𝐵𝐵𝒂𝒂𝑥𝑥 [T] +𝑄𝑄 [𝐶𝐶]

𝑼𝑼 = 𝑈𝑈𝒂𝒂𝑦𝑦 [m/s]

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧
+

Exercise 12.1.2 (Homework)

Show that the radius 𝑟𝑟 [m] of 
the circle is 1.1 [m], and the 
time 𝑡𝑡 s  needed for one 
revolution is 69 [μs], for the 
ionized carbon atom in 
Exercise 12.1.1

𝑭𝑭 [𝐍𝐍]



𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑩𝑩 = 𝐵𝐵𝒂𝒂𝑥𝑥 [T] +𝑄𝑄 [𝐶𝐶]

𝑼𝑼 = 𝑈𝑈𝒂𝒂𝑦𝑦 [m/s]

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑭𝑭

+

Exercise 12.1.2 (Answer)

𝑟𝑟 =
𝑚𝑚𝑚𝑚
𝑄𝑄𝑄𝑄

=
1.7 × 10−27 × 100 × 103

1.6 × 10−19 × 10−3
= 1.1 [m]

𝑡𝑡 =
2𝜋𝜋𝑟𝑟
𝑈𝑈

=
2𝜋𝜋 × 1.1

100 × 103
= 69 [μs]



Exercise 12.3.2 (Homework)

Exercise 12.3.2 (Homework)



Exercise 12.3.2 (Homework)

𝐼𝐼 [A] 𝐼𝐼 [A]

𝑟𝑟 [m]

𝑭𝑭2 𝑭𝑭1

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

Hint: Exercise 10.1.2

There are two infinite line conductors placed 
parallel to the 𝑧𝑧 − axis. The distance between 
the conductors is 𝑟𝑟 m . The thicknesses of 
conductors are assumed to be zero. In each 
conductor, a current of 𝐼𝐼 [A] flows to the 𝑧𝑧 − 
direction. The relative permeability 𝜇𝜇𝑟𝑟 = 1.

Show that the force 𝑭𝑭1 on the right hand side 
conductor per unit length is given by

𝑭𝑭𝟏𝟏 = −
𝜇𝜇0𝐼𝐼2

2𝜋𝜋𝑟𝑟 𝒂𝒂𝑦𝑦



Exercise 12.3.2 (Answer)

According to Exercise 10.1.2, the magnetic 
field strength 𝐻𝐻 at the right-hand side 
conductor is

Then

Thus, the force per unit length is

𝐼𝐼 [A] 𝐼𝐼 [A]
𝑯𝑯 = −

𝐼𝐼
2𝜋𝜋𝑟𝑟

𝒂𝒂𝑥𝑥.

𝑩𝑩 = 𝜇𝜇0𝑯𝑯 = −
𝜇𝜇0𝐼𝐼
2𝜋𝜋𝑟𝑟 𝒂𝒂𝑥𝑥.

𝐹𝐹𝟏𝟏 =
𝐼𝐼𝑳𝑳 × 𝑩𝑩
𝐿𝐿 = −

𝜇𝜇0𝐼𝐼2

2𝜋𝜋𝑟𝑟 𝒂𝒂𝑦𝑦 .

𝐹𝐹 𝑭𝑭1
× 𝑩𝑩

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑟𝑟 [m]



Exercise 12.4.2 (Homework) 

Exercise 12.4.2 (Homework)



Exercise 12.4.2 (Homework)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑩𝑩 = −𝐵𝐵𝒂𝒂𝑦𝑦 [T]

𝑰𝑰 [A]

𝑰𝑰

𝜃𝜃

𝑰𝑰 [A]

𝑰𝑰 [A]

The torque of this coil does not 
include the forces generated on 
the conductors shown in red in 
this figure. 

Explain why.



Exercise 12.4.2 (Answer)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑩𝑩 = −𝐵𝐵𝒂𝒂𝑦𝑦 [T]

𝑰𝑰 [A]

𝑰𝑰

𝜃𝜃

𝑰𝑰 [A]

𝑰𝑰 [A]

𝑭𝑭 = 𝐼𝐼𝑳𝑳 × 𝑩𝑩

𝑭𝑭 = 𝐼𝐼𝑳𝑳 × 𝑩𝑩



Exercise 13.2.3 (Homework)

Exercise 13.2.3 (Homework)



Exercise 13.2.3 (Homework)

𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A]

𝑟𝑟 𝑑𝑑𝑑𝑑

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑙𝑙 [m]𝑑𝑑[m]

𝑙𝑙 [m] 𝑣𝑣

A current 𝑖𝑖 is flowing on an infinite 
straight line placed parallel to the 𝑧𝑧 − 
axis. 𝑖𝑖 is given by

𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  A .

Find the voltage 𝑣𝑣 induced on a right 
triangle conductor. The triangle and the 
infinite line are on the same 𝑦𝑦 − 𝑧𝑧 plane. 
The distance from the infinite line to the 
left vertex of the triangle is 𝑑𝑑 [m]. The 
base and height of the triangle are 𝑙𝑙 [m]. 
The relative permeability 𝑟𝑟𝑠𝑠 ≈ 1.   

Hint: Express the height 𝑧𝑧 as a function of 𝑟𝑟. 
The differential area is 𝑧𝑧𝑧𝑧𝑧𝑧.

𝑧𝑧
𝑧𝑧𝑧𝑧𝑧𝑧



Exercise 13.2.3 (Answer)

𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A] 𝑩𝑩 = −
𝜇𝜇0𝑖𝑖
2𝜋𝜋𝑟𝑟

𝒂𝒂𝑥𝑥[Wb/m2]

𝑧𝑧 = 𝑟𝑟 − 𝑑𝑑

𝑑𝑑Φ = 2𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

=
𝜇𝜇0𝑖𝑖
2𝜋𝜋𝑟𝑟

(𝑟𝑟 − 𝑑𝑑)𝑑𝑑𝑑𝑑 [Wb]

Φ = �
𝑑𝑑

𝑑𝑑+𝑙𝑙 𝜇𝜇0𝑖𝑖
2𝜋𝜋𝑟𝑟

(𝑟𝑟 − 𝑑𝑑)𝑑𝑑𝑑𝑑

=
𝜇𝜇0𝑖𝑖
2𝜋𝜋 𝑟𝑟 − 𝑑𝑑 ln 𝑟𝑟 𝑑𝑑

𝑑𝑑+𝑙𝑙

=
𝜇𝜇0𝑖𝑖
2𝜋𝜋 𝑙𝑙 − 𝑑𝑑 ln

𝑑𝑑 + 𝑙𝑙
𝑑𝑑  

𝑟𝑟

𝑧𝑧𝑑𝑑𝑑𝑑

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑙𝑙 [m]𝑑𝑑[m]

𝑙𝑙 [m] 𝑣𝑣

× 𝑩𝑩

𝑧𝑧

𝑣𝑣 = −
𝑑𝑑Φ
𝑑𝑑𝑑𝑑

=
𝜇𝜇0
2𝜋𝜋 𝑙𝑙 − 𝑑𝑑 ln

𝑑𝑑 + 𝑙𝑙
𝑑𝑑  𝜔𝜔𝐼𝐼𝑚𝑚 sin𝜔𝜔𝑡𝑡  [V]

𝑑𝑑𝑑𝑑



Exercise 13.3.2 (Homework) 

Exercise 13.3.2 (Homework)



Exercise 13.3.2 (Homework)

𝑩𝑩 = 𝐵𝐵𝑚𝑚 cos𝜔𝜔𝑡𝑡 𝒂𝒂𝑧𝑧[Wb/m2]

𝑥𝑥

𝑦𝑦𝑬𝑬

𝑟𝑟

𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦
𝒂𝒂𝑧𝑧

𝒂𝒂𝑟𝑟
𝒂𝒂𝜑𝜑

Using the result 𝑬𝑬 of Exercise 13.3.1, 
show that 

∇ × 𝑬𝑬 = −
𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

Hint: Exercise 11.1.3 



Exercise 13.3.2 (Answer) 

𝑩𝑩 = 𝐵𝐵𝑚𝑚 cos𝜔𝜔𝑡𝑡 𝒂𝒂𝑧𝑧[Wb/m2]

𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦
𝒂𝒂𝑧𝑧

𝒂𝒂𝑟𝑟
𝒂𝒂𝜑𝜑

𝑬𝑬 =
𝑟𝑟
2
𝜔𝜔𝐵𝐵𝑚𝑚 sin𝜔𝜔𝑡𝑡 𝒂𝒂𝜑𝜑.

∇ × 𝑯𝑯 = 𝐽𝐽𝒂𝒂𝑧𝑧.

We can apply the following result of 
Homework 11.1.3:

𝑯𝑯 =
𝑟𝑟𝑟𝑟
2 𝒂𝒂𝜑𝜑

According to Exercise 13.3.1

∇ × 𝑬𝑬 = 𝜔𝜔𝐵𝐵𝑚𝑚 sin𝜔𝜔𝑡𝑡 𝒂𝒂𝑧𝑧
= −

𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

Thus
𝑥𝑥

𝑦𝑦𝑬𝑬

𝑟𝑟



Exercise 13.3.3 (Homework) 

Exercise 13.3.3 (Homework)



𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A]

𝑑𝑑 [m]

𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦
𝒂𝒂𝑧𝑧

𝑩𝑩
𝑬𝑬 = 𝐸𝐸𝒂𝒂𝜑𝜑

𝒂𝒂𝑟𝑟
𝒂𝒂𝜑𝜑

𝑟𝑟

A current 𝑖𝑖 expressed as

        𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A]

flows through an infinite line 
conductor to the direction of 𝑥𝑥 − axis. 
A circle conductor of radius 𝑟𝑟 [m] is set 
parallel to the 𝑥𝑥 − 𝑦𝑦 plane with its 
center being 𝑑𝑑 m  away from the 
infinite line.  

Find the electric field intensity 𝑬𝑬 on 
the circle conductor. You can assume 
that the radius 𝑟𝑟 is short so that 𝑩𝑩 is 
uniform within the circle.

Find ∇ × 𝑬𝑬.

Exercise 13.3.3 (Homework)



Exercise 13.3.3 (Answer) 

�
𝐶𝐶𝑃𝑃
𝑬𝑬 � 𝑑𝑑𝒍𝒍 = −

𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑆𝑆
𝑩𝑩 � 𝑑𝑑𝑺𝑺

Thus

𝑖𝑖 = 𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡  [A]

𝑑𝑑 [m]

𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦
𝒂𝒂𝑧𝑧

𝑩𝑩
𝑬𝑬 = 𝐸𝐸𝒂𝒂𝜑𝜑

𝒂𝒂𝑟𝑟
𝒂𝒂𝜑𝜑

𝑩𝑩 =
𝜇𝜇0𝐼𝐼𝑚𝑚 cos𝜔𝜔𝑡𝑡

2𝜋𝜋𝑑𝑑
𝒂𝒂𝑧𝑧 Wb/m2 .

2𝜋𝜋𝑟𝑟𝑟𝑟 = −
𝑑𝑑
𝑑𝑑𝑑𝑑 𝐵𝐵𝜋𝜋𝑟𝑟

2

𝑬𝑬 =
𝑟𝑟
2
𝜇𝜇0

2𝜋𝜋𝑑𝑑𝜔𝜔𝐼𝐼𝑚𝑚 sin𝜔𝜔𝑡𝑡 𝒂𝒂𝜑𝜑

𝑟𝑟

∇ × 𝑬𝑬 =
𝜇𝜇0

2𝜋𝜋𝑑𝑑𝜔𝜔𝐼𝐼𝑚𝑚 sin𝜔𝜔𝑡𝑡 𝒂𝒂𝑧𝑧

= −
𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

According to Exercise 13.2.2

Faraday’s Law



Exercise 13.4.3 (Homework)

Exercise 13.4.3 (Homework)



Exercise 13.4.3 (Homework)

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑩𝑩 = 𝐵𝐵𝒂𝒂𝑦𝑦 [T]

𝜃𝜃 = 𝜔𝜔𝑡𝑡 [rad]

𝑙𝑙1

𝑙𝑙2

𝜔𝜔 [rad/s]

This problem has the same setup as in 
Exercise 13.4.2.

Find the induced voltage 𝑣𝑣 [V] by 
applying Faraday’s law:

where Φ is the magnetic flux through 
the rectangular conductor.

𝑣𝑣

𝑣𝑣 = −
𝑑𝑑Φ
𝑑𝑑𝑑𝑑



Exercise 13.4.2 (Answer)

𝑼𝑼

×
𝑽𝑽 [V]

𝑩𝑩 = 𝐵𝐵𝒂𝒂𝑦𝑦 [T]

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝜃𝜃 = 𝜔𝜔𝑡𝑡
 [rad]

Φ = 𝐵𝐵𝑙𝑙1𝑙𝑙2 sin𝜃𝜃
= 𝐵𝐵𝑙𝑙1𝑙𝑙2 sin𝜔𝜔𝑡𝑡 [Wb]

𝑣𝑣 = −
𝑑𝑑Φ
𝑑𝑑𝑑𝑑

= −𝐵𝐵𝑙𝑙1𝑙𝑙2𝜔𝜔 cos𝜔𝜔𝑡𝑡
= −Φ𝑚𝑚𝜔𝜔 cos𝜔𝜔𝑡𝑡  [V]

𝑙𝑙2 sin θ

𝑙𝑙2[m]

𝑣𝑣 [V]+
−

Φ𝑚𝑚 = 𝐵𝐵𝑙𝑙1𝑙𝑙2 [Wb]



Exercise 13.5.2 (Homework)

Exercise 13.5.2 (Homework)



Exercise 13.5.2 (Homework)

𝑆𝑆

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝜃𝜃 = 𝜔𝜔2𝑡𝑡 [rad]

𝑙𝑙1 [m]

𝑙𝑙2 [m]

𝑣𝑣 [V]

𝑩𝑩 = −𝐵𝐵𝑚𝑚 cos𝜔𝜔1𝑡𝑡 𝒂𝒂𝑦𝑦

𝜔𝜔2 [rad/s]

In Exercise 13.5.1, Find 𝑣𝑣 if

𝑩𝑩 = −𝐵𝐵𝑚𝑚 cos𝜔𝜔1𝑡𝑡 𝒂𝒂𝑦𝑦

And
 

𝜔𝜔1 = 𝜔𝜔2 = 𝜔𝜔.



Exercise 13.5.2 (Answer)

𝑆𝑆

𝑥𝑥

𝑦𝑦

𝑧𝑧

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝜃𝜃 = 𝜔𝜔2𝑡𝑡 [rad]

𝑙𝑙1 [m]

𝑙𝑙2 [m]

𝑣𝑣 [V]

𝜔𝜔2 [rad/s]

𝑣𝑣1 = −�
𝑆𝑆

𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

� 𝑑𝑑𝑺𝑺

= −
𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

× 𝑙𝑙1𝑙𝑙2 sin𝜔𝜔2𝑡𝑡
= −Φ𝑚𝑚𝜔𝜔1 sin𝜔𝜔1𝑡𝑡 sin𝜔𝜔2𝑡𝑡

Φ𝑚𝑚 = 𝐵𝐵𝑚𝑚𝑙𝑙1𝑙𝑙2

𝑣𝑣2 = −�
𝐶𝐶𝑃𝑃
𝑩𝑩 � 𝑼𝑼 × 𝑑𝑑𝒍𝒍

= Φ𝑚𝑚𝜔𝜔2 cos𝜔𝜔1𝑡𝑡 cos𝜔𝜔2𝑡𝑡

𝑣𝑣 = Φ𝑚𝑚(−𝜔𝜔1 sin𝜔𝜔1𝑡𝑡 sin𝜔𝜔2𝑡𝑡
                       +𝜔𝜔2 cos𝜔𝜔1𝑡𝑡 cos𝜔𝜔2𝑡𝑡)

if 𝜔𝜔1 = 𝜔𝜔2 = 𝜔𝜔,

𝑣𝑣 = 𝜔𝜔Φ𝑚𝑚 cos2𝜔𝜔𝑡𝑡 − sin2𝜔𝜔𝑡𝑡
= 𝜔𝜔Φ𝑚𝑚 cos 2𝜔𝜔𝑡𝑡

𝑩𝑩 = −𝐵𝐵𝑚𝑚 cos𝜔𝜔1𝑡𝑡 𝒂𝒂𝑦𝑦



Exercise 14.2.2 (Homework)

Exercise 14.2.2 (Homework)



Exercise 14.2.2 (Homework)

𝑟𝑟 [m]

Find the inductance of the solenoid coil per 
unit length in the left figure, where 𝑟𝑟 = 1 cm . 
The number of turns within a unit length 𝑛𝑛 =
100. Assume 𝜇𝜇𝑟𝑟 = 1.

Find also the internal inductance of the 
solenoid coil per unit length.



Exercise 14.2.2 (Answer)

𝑟𝑟 [m]

𝐿𝐿 = 𝜇𝜇𝑛𝑛2𝜋𝜋𝑟𝑟2
= 4𝜋𝜋 × 10−7 × 1002 × 𝜋𝜋 × 10−2 2  
= 3.9 [μH/m]

𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
𝜇𝜇

8𝜋𝜋
× 2𝜋𝜋𝑟𝑟𝑟𝑟

=
4𝜋𝜋 × 10−7

8𝜋𝜋 × 2𝜋𝜋 × 10−2 × 100
= 0.31 [μH/m]
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Exercise 14.2.3 (Homework)

𝑟𝑟1 [m]

𝑟𝑟 [m]

𝑖𝑖 [A]

Find 𝑯𝑯, the flux linkage of one turn Φ, and the 
self-inductance of the ring coil. You can neglect the 
internal inductance of the conductor.

𝑯𝑯𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

𝑯𝑯 

𝑟𝑟1
𝑟𝑟2

𝑟𝑟2 [m]

ℎ

Hint: Apply Ampere’s law to the closed path of 
radius 𝑟𝑟, and find a differential flux linkage 
𝑑𝑑Φ through the area of ℎ𝑑𝑑𝑑𝑑. 

𝑟𝑟 𝑑𝑑𝑑𝑑

A coil is wound around a tube ring. The cross-
sectional view of the ring is rectangular, as shown 
in the figure below on the left. The inner and outer 
radii of the ring are 𝑟𝑟1[m] and 𝑟𝑟2 [m], respectively. 
The height of the rectangular tube is ℎ [m]. The 
number of turns of the coil is 𝑁𝑁. Assume that a 
leakage flux 𝑯𝑯𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 is negligible, and most of the 
magnetic flux lines are contained within the tube. 
Note that 𝑯𝑯 is not uniform within the cross-
sectional area of the rectangular tube. A current of 
𝑖𝑖 [A] flows in the coil.
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𝑟𝑟1 [m]

𝑟𝑟 [m]

𝑖𝑖 [A]

𝑯𝑯 

𝑟𝑟1
𝑟𝑟2

𝑟𝑟2 [m]

ℎ

𝑟𝑟 𝑑𝑑𝑑𝑑

𝑑𝑑Φ =
𝜇𝜇𝑁𝑁𝑁𝑁
2𝜋𝜋𝑟𝑟

ℎ𝑑𝑑𝑑𝑑

𝑯𝑯 = −
𝑁𝑁𝑁𝑁

2𝜋𝜋𝑟𝑟
𝒂𝒂𝜑𝜑 [A/m]

𝑩𝑩 = −
𝜇𝜇𝑁𝑁𝑁𝑁
2𝜋𝜋𝑟𝑟

𝒂𝒂𝜑𝜑 [T]

Φ = �
𝑟𝑟1

𝑟𝑟2 𝜇𝜇𝑁𝑁𝑖𝑖
2𝜋𝜋𝑟𝑟

ℎ𝑑𝑑𝑑𝑑 =
𝜇𝜇𝑁𝑁𝑖𝑖𝑖

2𝜋𝜋 ln
𝑟𝑟2
𝑟𝑟1

 [Wb]

𝐿𝐿 =
𝑁𝑁Φ
𝑖𝑖 =

𝜇𝜇𝑁𝑁2ℎ
2𝜋𝜋 ln

𝑟𝑟2
𝑟𝑟1

 [H]
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Exercise 14.3.3 (Homework)

𝑅𝑅 [m]

𝑟𝑟 [m]

𝑖𝑖 [A]

The black toroidal coil is the same as in Exercise 
14.2.1. The red coil is wound around the toroidal 
coil as shown in the figure. The number of turns of 
the black toroidal coil is 𝑁𝑁1, and that of the red coil 
is 𝑁𝑁2. 

Find the mutual inductance.



Exercise 14.3.3 (Answer)

𝑅𝑅 [m]

𝑟𝑟 [m]

𝑖𝑖1 [A]

Φ1 =
𝜇𝜇𝑁𝑁1𝑖𝑖1
2𝜋𝜋𝑅𝑅

𝜋𝜋𝑟𝑟2

=
𝜇𝜇𝑁𝑁1𝑖𝑖1𝑟𝑟2

2𝑅𝑅
 [Wb].

Thus 

𝑁𝑁2Φ21 = 𝑁𝑁2Φ1

𝑀𝑀 =
𝑁𝑁2Φ21
𝑖𝑖1

=
𝜇𝜇𝑁𝑁1𝑁𝑁2𝑟𝑟2

2𝑅𝑅 [H]

The flux linkage Φ1 across the cross sectional 
area of the black coil is 

The flux linkage of the red coil is 
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Exercise 14.3.4 (Homework)

𝑅𝑅 [m]

𝑟𝑟 [m]

Ferromagnetic material

𝑁𝑁2 𝑣𝑣2𝑣𝑣1

𝑣𝑣1 = 𝐿𝐿1
𝑑𝑑𝑖𝑖1
𝑑𝑑𝑑𝑑

𝑣𝑣2 = 𝑀𝑀
𝑑𝑑𝑖𝑖1
𝑑𝑑𝑑𝑑

The toroidal coils in this figure are 
the same as in Section 14.3. The 
relative permeability of the  
ferromagnetic core 𝜇𝜇𝑟𝑟 is very large, 
so the leakage flux outside the 
core is negligible.

Find the ratio of 𝑣𝑣2/𝑣𝑣1.

Hint:

𝑖𝑖1 [A]

𝑁𝑁1

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶1



Exercise 14.3.4 (Answer)

𝑣𝑣1 = 𝐿𝐿1
𝑑𝑑𝑖𝑖1
𝑑𝑑𝑑𝑑

𝑣𝑣2 = 𝑀𝑀
𝑑𝑑𝑖𝑖1
𝑑𝑑𝑑𝑑

𝑣𝑣1
𝑣𝑣2

=
𝐿𝐿1
𝑀𝑀 =

𝑁𝑁1
𝑁𝑁2

.

𝐿𝐿1 =
𝜇𝜇𝑁𝑁12𝑟𝑟2

2𝑅𝑅 .

𝑀𝑀 =
𝜇𝜇𝑁𝑁1𝑁𝑁2𝑟𝑟2

2𝑅𝑅 .

Thus

According to Exercise 14.2.1,

In Section 14.3,𝑅𝑅 [m]

𝑟𝑟 [m]

Ferromagnetic material

𝑁𝑁2 𝑣𝑣2𝑣𝑣1

𝑖𝑖1 [A]

𝑁𝑁1

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶1
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Exercise 14.4 (Homework)

𝑅𝑅 [m]

𝑟𝑟 [m]

𝑖𝑖 [A]

𝑯𝑯 
𝐿𝐿 =

𝜇𝜇𝑁𝑁2𝑟𝑟2

2𝑅𝑅
,

According to Exercise 14.2, the inductance 𝐿𝐿 of this 
toroidal coil is given by

where 𝑁𝑁 represents the number of turns in the 
coil.

Derive the energy stored in this toroidal coil by 
using the energy per unit volume, and 
determine the inductance of this coil so that it 
satisfies the above equation.



Exercise 14.4 (Answer)

𝐸𝐸 =
1
2 𝐿𝐿𝑖𝑖

2.

𝑅𝑅 [m]

𝑟𝑟 [m]

𝑖𝑖 [A]

𝑯𝑯 𝐸𝐸 = �
𝑉𝑉𝑜𝑜𝑜𝑜

1
2
𝜇𝜇𝐻𝐻2 𝑑𝑑𝑑𝑑

≈
1
2
𝜇𝜇

𝑁𝑁𝑁𝑁
2𝜋𝜋𝑅𝑅

2
2𝜋𝜋𝑅𝑅 × 𝜋𝜋𝑟𝑟2

=
1
2
𝜇𝜇𝑁𝑁2𝑟𝑟2

2𝑅𝑅
𝑖𝑖2.

𝐿𝐿 =
𝜇𝜇𝑁𝑁2𝑟𝑟2

2𝑅𝑅 .

The energy stored in the toroidal coil is

Thus, 

Since, 
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1. Find the electric flux density 𝑫𝑫 at the 
central point 𝑃𝑃 between the two point 
charges.

2. Find the magnetic field strength 𝑯𝑯 along a 
closed path 𝐶𝐶𝐶𝐶 of radius 𝑟𝑟 [m]. The center 
of 𝐶𝐶𝐶𝐶 is at 𝑃𝑃, and the surface 𝑆𝑆 bounded 
by 𝐶𝐶𝐶𝐶 is perpendicular to the 𝑧𝑧 − axis. You 
can assume that 𝑫𝑫 is constant on S.

3. Find the curl of 𝑯𝑯.
𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑣𝑣 [V] +
−

+𝑄𝑄 [C]

−𝑄𝑄 [C]

𝑑𝑑/2

𝑑𝑑/2

𝑃𝑃 𝑟𝑟
𝐻𝐻𝐶𝐶𝐶𝐶

𝑆𝑆

Two point charges are placed on the 𝑧𝑧 − axis 
with a distance of 𝑑𝑑 [m]. An AC voltage 𝑣𝑣 [V] is 
applied across the points, and the charges ±𝑄𝑄 
[C] vary as follows:

𝑄𝑄 = 𝑄𝑄𝑚𝑚 cos𝜔𝜔𝑡𝑡 .

The dielectric material in the space has a 
permittivity of 𝜀𝜀. 

Exercise 15.1.3 (Homework)



Exercise 15.1.3 (Answer)

1. 

2.  

𝒂𝒂𝑥𝑥
𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧

𝑣𝑣 [V] +
−

+𝑄𝑄 [C]

−𝑄𝑄 [C]

𝑑𝑑/2

𝑑𝑑/2

𝑃𝑃 𝑟𝑟𝑆𝑆

𝑫𝑫 = −
2𝑄𝑄

4𝜋𝜋 𝑑𝑑
2

2 𝒂𝒂𝑧𝑧 = −
2𝑄𝑄
𝜋𝜋𝑑𝑑2 𝒂𝒂𝑧𝑧

�
𝐶𝐶𝑃𝑃
𝑯𝑯 � 𝑑𝑑𝒍𝒍 = �

𝑆𝑆

𝑑𝑑𝑫𝑫
𝑑𝑑𝑑𝑑

� 𝑑𝑑𝑺𝑺

2𝜋𝜋𝑟𝑟𝑟𝑟 = 𝜋𝜋𝑟𝑟2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝐻𝐻𝐶𝐶𝐶𝐶

𝑯𝑯 = −
𝑟𝑟
2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝒂𝒂𝜑𝜑

=
𝑟𝑟
𝜋𝜋𝑑𝑑2 𝜔𝜔𝑄𝑄𝑚𝑚 sin𝜔𝜔𝑡𝑡 𝒂𝒂𝜑𝜑



𝒂𝒂𝑥𝑥

𝒂𝒂𝑦𝑦
𝒂𝒂𝑧𝑧

𝑥𝑥

𝑦𝑦

𝜑𝜑
𝑯𝑯

𝐻𝐻𝑦𝑦 = 𝑯𝑯 cos𝜑𝜑 = 𝑯𝑯
𝑥𝑥
𝑟𝑟

=
𝑥𝑥
𝜋𝜋𝑑𝑑2 𝜔𝜔𝑄𝑄𝑚𝑚 sin𝜔𝜔𝑡𝑡 .

𝐻𝐻𝑥𝑥 = − 𝑯𝑯 sin𝜑𝜑 = − 𝑯𝑯
𝑦𝑦
𝑟𝑟

=
−𝑦𝑦
𝜋𝜋𝑑𝑑2 𝜔𝜔𝑄𝑄𝑚𝑚 sin𝜔𝜔𝑡𝑡

∇ × 𝑯𝑯 =

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦 𝒂𝒂𝑧𝑧
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝐻𝐻𝑥𝑥 𝐻𝐻𝑦𝑦 𝐻𝐻𝑧𝑧

=
𝜔𝜔𝑄𝑄𝑚𝑚 sin𝜔𝜔𝑡𝑡

𝜋𝜋𝑑𝑑2
1 + 1 𝒂𝒂𝑧𝑧

=
2𝜔𝜔𝑄𝑄𝑚𝑚 sin𝜔𝜔𝑡𝑡

𝜋𝜋𝑑𝑑2 𝒂𝒂𝑧𝑧

= −
2
𝜋𝜋𝑑𝑑2

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝒂𝒂𝑧𝑧

=
𝑑𝑑𝑫𝑫
𝑑𝑑𝑑𝑑 .

𝜑𝜑

Thus,

The 𝑥𝑥,𝑦𝑦 components of 𝑯𝑯 are 

3. 

Exercise 15.1.3 (Answer)
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Exercise 15.3 (Homework)

𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧
𝒂𝒂𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑥𝑥

𝑬𝑬 = 𝐸𝐸𝑚𝑚 cos𝜔𝜔
𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑥𝑥

𝑯𝑯 = −𝐻𝐻𝑚𝑚 cos𝜔𝜔
𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑦𝑦

Show that the equations below also satisfy 
both Ampere’s law and Faraday’s law.  

Find the direction of propagation of 𝐸𝐸 and 
𝐻𝐻.

𝑬𝑬

𝑯𝑯



Exercise 15.3 (Answer)

𝒂𝒂𝑦𝑦

𝒂𝒂𝑧𝑧
𝒂𝒂𝑥𝑥

𝑦𝑦

𝑧𝑧

𝑥𝑥

𝑬𝑬 = 𝐸𝐸𝑚𝑚 cos𝜔𝜔
𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑥𝑥

𝑯𝑯 = −𝐻𝐻𝑚𝑚 cos𝜔𝜔
𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑦𝑦

𝑬𝑬

𝜀𝜀0
𝑑𝑑𝑬𝑬
𝑑𝑑𝑑𝑑

= −𝜀𝜀0𝜔𝜔𝐸𝐸𝑚𝑚 sin𝜔𝜔
𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑥𝑥

∇ × 𝑯𝑯 =

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦 𝒂𝒂𝑧𝑧
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

0 𝐻𝐻𝑦𝑦 0

= −
𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝑧𝑧

𝒂𝒂𝑥𝑥

= −
𝜔𝜔
𝑐𝑐
𝐻𝐻𝑚𝑚 sin𝜔𝜔

𝑧𝑧
𝑐𝑐

+ 𝑡𝑡 𝒂𝒂𝑥𝑥

−𝜇𝜇0
𝑑𝑑𝑯𝑯
𝑑𝑑𝑑𝑑 = −𝜇𝜇0𝜔𝜔𝐻𝐻𝑚𝑚 sin𝜔𝜔

𝑧𝑧
𝑐𝑐 + 𝑡𝑡 𝒂𝒂𝑦𝑦

∇ × 𝑬𝑬 =

𝒂𝒂𝑥𝑥 𝒂𝒂𝑦𝑦 𝒂𝒂𝑧𝑧
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝐸𝐸𝑥𝑥 0 0

=
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑧𝑧 𝒂𝒂𝑥𝑥

= −
𝜔𝜔
𝑐𝑐 𝐸𝐸𝑚𝑚 sin𝜔𝜔

𝑧𝑧
𝑐𝑐 + 𝑡𝑡 𝒂𝒂𝑥𝑥

𝑯𝑯

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑐𝑐𝜔𝜔

𝑧𝑧
𝑐𝑐 + 𝑡𝑡 = 0

Direction of 
propagation
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