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~ JAMES GLEICK

MAKING A NEW SCIENCE

“Chaos: Making A New Science " James Gleick, London: Heinemann, 1987
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JamEs GLEICK was born in New York City and
lives there with his wife, Cynthia Crossen. Since
1978, he has been an editor and reporter at the
New York Times.

James Glick (1954~ )

New York Post M Science writer.
"Chaos” =& L “Information" @
FFRZzmEICTFE L TWS, cf. The
Information: A History, a Theory, a
Flood (2011).
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Yr+1 = a Yr(1 — yx) Logistic map
a ZZ LSV e & FICTFEHRMNRRICFEHE LTV,

BN D a IFETSE

lim —k+L— %% 5
k—oo Q1o — Ak41
§ DIEIX § =4.6692--- EHEET D, (1975)

https://digitalcommons.rockefeller.edu/faculty-members/103/ 2023.3.31
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Journal of the Physical Society of Japan
Vol. 56, No. 6, June, 1987, pp. 2024-2030

Similarity Solution of Two-Dimensional Point Vortices

Yoshifumi KIMURA

Department of Physics, Faculty of Science,
Tokyo University, Hongo, Bunkyo-ku, Tokyo 113

(Received December 11, 1986)
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Fk ) df — [/ Fk
Zﬁ J=123,--) 53’% —gz ¢
Kty 4 R ktj ST K
G = 1,2,3,--)
f(t) = r(t) explit(t)] 255
2
S A O
B | J ~df -
C = A + B R S — '
v i B o= C = A + B
dt — r2 N
_ = i I'g
Cé=— > ——
= 0 :fi ' 2 T
0 : fixed point r(t) = VAL T 1 T oy &5 &k
# 0 :rigid rotation B .
= 0 :straight collision  g(y) — 54 l0g(24t + 1) (A #0) N U = 123)
+ ( :collapse, expansion Bt + 0(0) (A=0)
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REMRROFEEHERE  — StieltjesDiE

Py(z) = [J(@—=;) 1zouT

j=1
Py(z) — 2wxPy(xz) = —2NPyn(x) : Hermite 525
AN 722, &) EREDOHermite ZIERX TEZ O NAUEICH ANED

RIfED 2B IL PR S 425, (Stieltjes, 1885)
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Vortex motion on surfaces with
constant curvature

By YOosHIFUMI KIMURA

Graduate School of Mathematics, Nagoya University,
Furo-cho, Chikusa-ku, Nagoya 464-8602, Japan
and National Center for Atmospheric Research, P.O. Box 3000,
Boulder, CO 80307-3000, USA

Received 22 September 1997; accepted 9 April 1998

Vortex motion on two-dimensional Riemannian surfaces with constant curvature
is formulated. By way of the stereographic projection, the relation and difference
between the vortex motion on a sphere (S?) and on a hyperbolic plane (H?) can
be clearly analysed. The Hamiltonian formalism is presented for the motion of point
vortices on S? and H?. The set of first integrals for each Hamiltonian shows a corre-
sponding algebraic property in terms of the Poisson bracket defined, respectively, for
S? and H?. As an example of analytic solutions, the motion of a vortex pair (dipole)
is considered. It is shown that a dipole draws a geodesic curve as its trajectory on
S? and H?.
Keywords: vortex motion; hyperbolic plane; geodesic;
sphere; Hamiltonian; Laplacian
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JOURNAL OF GEOMETRIC MECHANICS d0i:10.3934/jgm.2018007
©American Institute of Mathematical Sciences
Volume 10, Number 2, June 2018 pp. 189-208

VORTEX PAIRS ON A TRIAXIAL ELLIPSOID
AND KIMURA’S CONJECTURE

ADRIANO REGIS RODRIGUES

Departamento de Matematica
Universidade Federal Rural de Pernambuco
Recife, PE CEP 52171-900 Brazil

CESAR CASTILHO*

Departamento de Matematica
Universidade Federal de Pernambuco
Recife, PE CEP 50740-540 Brazil

JAIR KOILLER

Departamento de Matematica
Universidade Federal de Juiz de Fora
Juiz de Fora, MG CEP 36036-900 Brazil

(Communicated by James Montaldi)

ABSTRACT. We consider the problem of point vortices moving on the surface
of a triaxial ellipsoid. Following Hally’s approach, we obtain the equations
of motion by constructing a conformal map from the ellipsoid into the sphere
and composing with stereographic projection. We focus on the case of a pair of
opposite vortices. Our approach is validated by testing a prediction by Kimura
that a (infinitesimally close) vortex dipole follows the geodesic flow. Poincaré
sections suggest that the global flow is non-integrable.
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Points of discussion :
(1) dipole and dipole limit (in a hyperbolic situation).

(2) local(geodesic) and global (vortex motion via Green’s fn.).



RITDEEZE — vortex reconnection

404 ms

classical fluids w0y R N
Kleckner, D. & Irvine, W.T.M. qguantum fluids
Creation and dynamics of knotted _ _
vortices. Bewley, G.P., Paoletti, M.S., Sreenivasan, K.R.,
Nature PhySiCS 9’ 253258. (2013) & Lathrop, D.P.: Characterization of
doi: 10.1038/nphys2560. reconnecting vortices in superfluid helium

Proc. Natl. Acad. Sci. 105, 13707 (2008).
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Courtesy : T. Matsumoto



Regularization of Euler’s equation

(conservation of Helicity
Euler’s eaq. -> no reconnection)

for perfect fluids
regularization by regularization by
sound waves viscosity
Gross-Pitaevskii eq. Navier-Stokes eq.

for quantum fluids (BEC) for viscous fluids
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Tent model of reconnection

Y. Kimura & H.K. Moffatt, A tent model of vortex reconnection under Biot-Savart evolution.
Journal of Fluid Mechanics 834 (2018) R1.

C(t) coshpcosf
( (C(t)/m)sinhp )
—(C(t)/m) coshpsinf

—C(t) coshpcos 6
( C(t)/m)sinhp
—(C(t)/m) coshpsin @

cf.

De Waele, A.T.A.M. & Aarts, R.G.K.M.
Route to vortex reconnection.

Phys. Rev. Lett. 72 (1994) 482-485.
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T ) X (x(9) = x()
n) e xR

Biot-Savart integral

U

discretization

I ik tj X (X@' —Xj)

47’(’ ' ‘Xz‘ —Xj‘?’

ds; (i=0,1,---,n—1)

The integral is calculated by a sum, and the singular
term is removed (The cut-off method)




(b)

/\

FIGURE 3. Tent-model configuration and velocity vectors at points on the vortices I and
I (im=0.35,¢=0.1,0 =n/4, n=19202); (a) t=0.449646; (b) t=0.449716.



Mathematical theories for a singularity of the NS eq.

(1) Beale, Kato & Majda (1984)
If a finite-time singularity occurs at ¢= ¢ (for the Euler), the vorticity w = V x u must be unbounded

as t->t, i.e. te
/ sup|lw(x,t)|xerzdt = o
0
———  Need a vortex-stretching mechanism to sustain the emergence of a singularity.

(2) Seregin & Sverak (2002)

If a finite-time singularity occurs at ¢= ¢ (for the NS), the pressure field p(x,r) becomes
unbounded below.

———  (Consistent with the situation that a singularity appears in the core of a vortex.

(3) Caffarelli, Kohn & Nirenberg (1982)
If a singularity occurs then the space—time Hausdorff dimension of the singularity is point-like.

——— [he above mechanism should have the effect of localization as well as amplification.

Moffatt, HK. & Y. K.,

Towards a finite-time singularity of the Navier-Stokes equations Part 1. Derivation and analysis of dynamical system
J. Fluid Mech. (2019) 861 930-967.



Strain around vortices
I [ (x(q) —x(p)) x X'(p) dp

u(q) = ——
A J oo x(q) — x(p)’
Biot-Savart integral
LT[ [3( @) [(x — x(p) x dx(p)] dz(p)
o) = 1 | [ x— x(p)|° T ()P
deformation tensor
1 T
e = §(Vv +(Vv)")
rate of strain tensor
Three eigenvalues of € : A1 < Ay < A3
Because of incompressibility : A1 + Ao 4+ A3 = 0

)\1§0, )\320 >\2‘?



Similarity with non-axisymmetric Burgers vortex

A >0

stretching

Non-axisymmetric Burgers vortex
Eigenvalues and eigenvectors

of the strain field U = (M, A2y, A\32) Ap>0
M <A<A3, A 4+Xd+A3=0

local strain field



Tilted hyperbolae = Tilted vortex rings

tipping points

tilted hyperbolae Ez;

'hen at the tipping point T
vV = Vi T+ V3

"0 1 log(1/m0d) + 8] b,
T v

(self-induced velocity)  binormal unit vec.

V1 =

circles of curvature

analytically
_—

velocity

Ko = I/R : curvature

B = 0.8283 for Gaussian core

B = 1.136 for uniform vorticity core
(Saffman 1970)

F d / _ /
vo(xp, ) = j{ X A (xy — X))
I's

T Ar xp, —x'|3

can be evaluated in terms of
elliptic integrals analytically

rate of strain tensor



Dynamical system describing the state near the tipping point

The tipping point dynamics is determined completely by
(1): 1/2 of the minimum separation of vortices
(1): curvature at the tipping points

A O

5(t): core radius
At): =T/T = (surviving) circulation/ original circulation
1 = (I'/R?)t (dimensionless time)

: : ds K COS Qv S
expression of velocity —  — = — [log (—) + 61}
dr 47 )
: drk ~ Kcosasina
expression of curvature — = e =1/Rp
dr 4782
, Rr =T/v
NS eq (Burgers type vortex) do= ,_ fCosa Vortex Reynolds number
+ similarity assumption dr A7s
d S
contour integration of velocity ——— g ! eXp[—SQ/ 452]

dr _62ﬁ53



Our dynamical system :

ds 'chosa[ ( ) ] d« ykcosasina  dé? ykcose , dy sy 2 a2
s lo s bl y —€— ———§6, —=- exp[—s“/46°].
dr A dr 4rs? ar ¢ 4rs dr € 2763 pl=s7/467]
200000
150000 omax(te) ~1.6 X 105 Growth of maximum vorticity om(t) during the
: small time interval around the time tc when a
1000001 5(0)=0.1 maximum is attained.

50000

5(0)=0.01

0253511 0253511 0253511 0253511

(Dmax(’l?c) ~4.6 x 108

$(0)=0.05
5(0)=10"

e=10"15 J_

0.043731 0.043731 0.043731 0.043731 0.043731]

Reconnection cut-off (abscissa not resolved)

100000,
| (Drnax(Tc) ~3 x 10%°
RO000 -
_— $(0)=0.05
: 6(0)=10" Near singularity
40000 =102 — but not quite!
20000 - J

0.0434515 0.0434515 0.0434515 0.0434515 0.0434515
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1 I I I I

08 I Ry, =471 7
Run1024-1 Run256-1
Run512-1 / Ry = 167 1

- Y. Kaneda et.al.
3 . e e Phys. Fluids (2003)
D=(eLju= oty 15, L21-124,

Run2048-1
Ry, =732
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vortex reconnaezction CRoDEZR)
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