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Soliton や chaos といった非線型性の特徴を踏まえ 
物理系の研究のあらたなパラダイムを構築することを 
目標としている。

soliton  ->    可積分性 
chaos ->  統計性

Well paid and free from the academic pressure to teach and publish !

https://cnls.lanl.gov/external/History.php 2023.3.31



James Glick  (1954~  ) 

1987年出版のベストセラー
Chaos に関しては今読んでも最良の　’啓蒙書’ .  
これとE. Ghys の「Chaos」 の movieを見れば 
数式を使わずに何が本質なのか分かる． 

　ある人物の夜間の奇行から話は始まる…  

New York Post のScience writer.  
”Chaos” を始めとし  “Information" の 
将来を的確に予言している．cf. The 
Information: A History, a Theory, a 
Flood (2011).

“Chaos: Making A New Science” James Gleick, London: Heinemann, 1987

Wikipedia



Mitchell J. Feigenbaum 

<latexit sha1_base64="rBy8wnmFAnQUriEQvAg/L97OnPU="></latexit>

yk+1 = a yk(1� yk) Logistic map
a を変化させていったときに平衡点が次々に’倍化していく． 
倍化が起こる a に注目すると
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Gleick の  Chaos  によると

レーザー核融合に取り込むこと、 
素粒子のスピン、カラー、フレーバーを解明すること、 
宇宙開闢の時間を決定すること、

などは物理学者が行うべき由緒正き（legitimate) 問題である． 
Feigenbaum はこれらの問題は有能な物理学者が集中して考え、計算すれば解ける容易い（obvious) 問題で 
あると言うであろう． 





Michel FaigenbaumMitchell J. FeigenbaumBrosl  Hasslacher

和達三樹先生

あなたは後進の研究者にlegitemate とは言えない研究を奨励しますよね？

Feigenbaum に

と直接聞いてみた。

He said, 
“…  I was lucky.  “



物理屋の思考方法 相⼿に物を投げて反応を⾒る．

弾性散乱
応答関数，Green核

（深部）⾮弾性散乱

衝突軌道，特異点，ブローアップ

衝突問題
三体問題の⾮可積分性 （吉⽥春夫先⽣）



流体における衝突
点渦

Burgers 渦（引き伸ばされた渦）

渦⽷

複素平⾯

z1
z2

z3z4
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�k :  渦の強さ（循環）

渦管＋外部淀み点流
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の定常解



点渦系の自己相似解 I
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変数分離
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: fixed point
: rigid rotation
: straight collision
: collapse, expansion

時間関数：



点渦系の自己相似解 II
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(剛体回転解）

正三⾓形解

Lagrange 解
(円分多項式）

⼀直線解 ???=0 : 衝突条件
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正三⾓形の頂点におかれた3つの渦点は強さによらず
重⼼の周りを剛体回転する.



同種点渦系の平衡直線解 ー Stieltjesの解
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P 00
N (x) � 2xP 0

N (x) = � 2NPN (x) :  Hermite ⽅程式

について

が成りたつ．これより直線上のHermite 多項式で与えられる位置にあるN個の
同種の点渦は平衡解となる.  （Stieltjes, 1885)    

⻘本和彦：直交多項式⼊⾨（数学書房）

先の⼀直線解において G1 =  G2 =  G3 = G とおいてもHermite ⽅程式にならない．



曲面上の渦運動

Vortex motion on surfaces with
constant curvature

By Yoshifumi Kimura
Graduate School of Mathematics, Nagoya University,

Furo-cho, Chikusa-ku, Nagoya 464-8602, Japan
and National Center for Atmospheric Research, P.O. Box 3000,

Boulder, CO 80307-3000, USA

Received 22 September 1997; accepted 9 April 1998

Vortex motion on two-dimensional Riemannian surfaces with constant curvature
is formulated. By way of the stereographic projection, the relation and difference
between the vortex motion on a sphere (S2) and on a hyperbolic plane (H2) can
be clearly analysed. The Hamiltonian formalism is presented for the motion of point
vortices on S2 and H2. The set of first integrals for each Hamiltonian shows a corre-
sponding algebraic property in terms of the Poisson bracket defined, respectively, for
S2 and H2. As an example of analytic solutions, the motion of a vortex pair (dipole)
is considered. It is shown that a dipole draws a geodesic curve as its trajectory on
S2 and H2.

Keywords: vortex motion; hyperbolic plane; geodesic;
sphere; Hamiltonian; Laplacian

1. Introduction

Topologically, two-dimensional Riemann surfaces with constant (Gaussian) curvature
K are classified into three categories: Euclid spheres, S2 (K > 0); Euclid planes, E2

(K = 0); and hyperbolic planes H2 (K < 0) (Singer & Thorpe 1976). Among them,
S2 and E2 are of more familiarity and practical importance than H2 in various fields.
For example, fluid mechanics on S2 provides a model of global planetary atmosphere
and, on E2, its local approximation. In mathematics, on the other hand, the study
of hyperbolic geometry has a long history as a realization of non-Euclid geometry.
Close ties have been developed with other mathematical subjects such as complex
analysis and group theory.

Even in physics, hyperbolic geometry sometimes plays an important role. If we
turn our attention towards cosmology, for example, and in particular if we look at
the Robertson–Walker metric for the homogeneous isotropic universe, the spatial
curvature may either be positive, zero or negative according to whether the space
is closed, flat or open, respectively. Within this model it is not unreasonable to say
that hyperbolic geometry is of equal importance with other geometries in the universe
(Misner et al . 1973).

The objective of the present paper is to formulate the vortex motion mainly on
S2 and H2, and by comparing with E2, to characterize the vortex motion on curved
surfaces. Not only we are motivated mathematically to complete the picture of vortex
motion on two-dimensional Riemannian surfaces, but we are also interested in making

Proc. R. Soc. Lond. A (1999) 455, 245–259
Printed in Great Britain 245

c© 1999 The Royal Society
TEX Paper



可積分な運動の例

vortex dipole 平⾯内では直進運動をする。球⾯、双曲⾯上では
どうか？

conjecture: ２次元曲⾯上でvortex dipoleの軌跡は測地線を描く

x

y
(0,1)に漸近H2

変数変換によって

⼤円S2
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渦対の軌跡 I
JOURNAL OF GEOMETRIC MECHANICS doi:10.3934/jgm.2018007
c�American Institute of Mathematical Sciences
Volume 10, Number 2, June 2018 pp. 189–208

VORTEX PAIRS ON A TRIAXIAL ELLIPSOID

AND KIMURA’S CONJECTURE

Adriano Regis Rodrigues

Departamento de Matemática
Universidade Federal Rural de Pernambuco

Recife, PE CEP 52171-900 Brazil

César Castilho⇤

Departamento de Matemática
Universidade Federal de Pernambuco
Recife, PE CEP 50740-540 Brazil

Jair Koiller

Departamento de Matemática
Universidade Federal de Juiz de Fora

Juiz de Fora, MG CEP 36036-900 Brazil

(Communicated by James Montaldi)

Abstract. We consider the problem of point vortices moving on the surface
of a triaxial ellipsoid. Following Hally’s approach, we obtain the equations
of motion by constructing a conformal map from the ellipsoid into the sphere
and composing with stereographic projection. We focus on the case of a pair of
opposite vortices. Our approach is validated by testing a prediction by Kimura
that a (infinitesimally close) vortex dipole follows the geodesic flow. Poincaré
sections suggest that the global flow is non-integrable.

1. Introduction. The equations describing the motion of N -point vortices on an
ideal planar fluid were introduced in 1867 by Helmholtz [15] and described as an
Hamiltonian system in 1876 by Kirchho↵ [23]. Equations for point vortices on
the two dimensional sphere were derived independently by I. Gromeka [13] and
by E. Zermelo [38] and rediscovered in 1977 by Bogomolov [2]. In 1999 Kimura
[22] studied all complete surfaces with constant curvature. Kimura conjectured that

on any surface a pair of infinitesimally close opposite vortices would move along a

geodesic. For the hyperbolic plane a recent study was carried out by Montaldi [29].
In 1980 D. Hally [14] wrote the equations for the point vortex dynamics on

a simply connected compact surface (i.e, surfaces di↵eomorphic to spheres) using
isothermal coordinates. For such a surface with metric ds2 = h2(z, z)|dz|2 where
z 2 C[1 represents stereographic coordinates on the sphere, Hally’s equations are

żn = h�2(zn, zn)

2

4
NX

k 6=n

�i
�k

zn � zk
+ i�n

@

@zn
ln
�
h(zn, zn)

�
3

5 , n = 1, 2, ..., N ; (1)

2010 Mathematics Subject Classification. Primary: 76B47, 34C28; Secondary: 53Z05.
Key words and phrases. Fluid Dynamics, vortex dynamics, point vortices, Riemann surfaces.
⇤ Corresponding author.
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渦対の軌跡 II
Points of discussion :

(1)  dipole and dipole limit (in a hyperbolic situation).

(2)  local(geodesic) and global (vortex motion via Greenʼs fn.).



classical fluids
quantum fluidsKleckner, D. & Irvine, W.T.M. 

Creation and dynamics of knotted 
vortices.
Nature Physics 9, 253258. (2013)
doi: 10.1038/nphys2560.

Bewley, G.P., Paoletti, M.S., Sreenivasan, K.R., 
& Lathrop, D.P.: Characterization of 
reconnecting vortices in superfluid helium 
Proc. Natl. Acad. Sci. 105, 13707 (2008).

Courtesy :  T. Matsumoto 

３次元の渦衝突 ー vortex reconnection



Regularization of Euler’s equation 

Euler’s eq.

Navier-Stokes eq.

regularization by
viscosity

Gross-Pitaevskii eq.

regularization by
sound waves

for viscous fluidsfor quantum fluids（BEC）

for perfect fluids

（conservation of Helicity 
-> no reconnection）



Tent model of reconnection

The integral is calculated by a sum, and the singular
term is removed (The cut-off method)           

u(xi) = −
Γ

4π

n−1∑

j=0

j "=i

tj × (xi − xj)

|xi − xj |3
dsj (i = 0, 1, · · · , n − 1)
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cf.
De Waele, A.T.A.M. & Aarts, R.G.K.M.
Route to vortex reconnection. 
Phys. Rev. Lett.  72 (1994) 482-485. 

Y. Kimura & H.K. Moffatt,   A tent model of vortex reconnection under Biot-Savart evolution. 
Journal of Fluid Mechanics 834 (2018) R1.

Biot-Savart integral
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|x(s)� x(s0)|3 ds0

discretization





Mathematical theories for a singularity of the NS eq.  

Moffatt, H.K. & Y. K.,  
Towards a finite-time singularity of the Navier-Stokes equations Part 1. Derivation and analysis of dynamical system
J. Fluid Mech. (2019) 861 930-967.

(1) Beale, Kato & Majda (1984)

(2) Seregin & Šverák (2002)
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0
sup|!(x, t)|x2R3dt = 1

Need a vortex-stretching mechanism to sustain the emergence of a singularity.

If a finite-time singularity occurs at t = tc (for the NS), the pressure field  p(x,t) becomes 
unbounded below.

Consistent with the situation that a singularity appears in the  core of a vortex.

(3) Caffarelli, Kohn & Nirenberg (1982)
If a singularity occurs then the space‒time Hausdorff dimension of the singularity is point-like. 

The above mechanism should  have  the effect of localization as well as amplification.



Strain around vortices

Biot-Savart integral

deformation tensor

rate of strain tensor
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Similarity with non-axisymmetric Burgers vortex

l1

l3

l2＞０

Eigenvalues and eigenvectors
of the strain field

local strain field

Non-axisymmetric Burgers vortex

l2＞０

l2＞０

stretching

y

x

z
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Tilted hyperbolae  à Tilted vortex rings
Then at the tipping point T1

v1 = ��0�
4�

[ log(1/�0�) + � ] b
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tipping points

circles of curvature

R

tilted hyperbolae

G2

G1

T1 T2 (self-induced velocity)

v2(xT1) =
�
4�

�

�2

dx� � (xT1 � x�)
|xT1 � x�|3
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can be evaluated in terms of 
elliptic integrals analytically

k0 = 1/R : curvature
b =  0.8283 for Gaussian core
b =  1.136  for uniform vorticity core

(Saffman 1970) 

velocity rate of strain tensor
analytically

v = v1 + v2
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binormal unit vec.



Dynamical system describing the state near the tipping point

The tipping point dynamics is determined completely by 
s(t):  1/2 of the minimum separation of vortices
k(t):  curvature at the tipping points
d(t):  core radius  
g(t):  = Gs/G =  (surviving) circulation/ original circulation

t = (G/R2)t (dimensionless time)

ds

d�
= �� cos �

4�

�
log

�s

�

�
+ �1

�
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� cos � sin�

4�s2
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expression of velocity 

Vortex Reynolds number

� = 1/R�
<latexit sha1_base64="N5Mj/J6cndDhbBcknttyYJaSSA0="></latexit>

R� = �/�
<latexit sha1_base64="y1XzD0seS+t09AHbFPNBye0U1Zw="></latexit>

expression of curvature 

NS eq (Burgers type vortex)
+  similarity assumption

contour integration of velocity



Growth of maximum vorticity ωm(τ) during the 
small time interval  around the time τc when a 
maximum is attained.

Our dynamical system :

s(0)=0.05 
 δ(0)=10-5

 ε=10-15

ωmax(τc) ~4.6 x 108
s(0)=0.05 
 δ(0)=10-5

 ε=10-20

ωmax(τc) ~3 x 1020

s(0)=0.1 
 δ(0)=0.01
 ε=10-6

ωmax(τc) ~1.6 x 105

Near singularity
— but not quite!

Reconnection cut-off (abscissa not resolved)
Δτ



基礎的な問題

超高レイノルズ数乱流における

・エネルギー散逸のメカニズムは何か

・特徴的な流れ構造は何か



エネルギー散逸率

が の極限でも有限に留まる？

速度勾配，シアー，歪み

Y. Kaneda et.al.
Phys. Fluids (2003) 
15, L21-L24. 

速度勾配が発散する？



超高レイノルズ数乱流におけるエネルギー散逸の主体は
vortex reconnection（渦の衝突）

である．



やったこと

多元数理棟１階廊下
（⾶⽥先⽣寄贈の絵）



諸先輩および同僚の先⽣⽅、またスタッフの皆さんのお陰でこれまでやって
こられました。⼼から感謝いたします。

本当にどうもありがとうございました。


