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Chapter 6

Fundamentals of Numerical
Analysis

In Chap. 5, covering several boundary value problems of elliptic partial
differential equations, we saw that the existence of their unique solutions could
be guaranteed using solutions of the weak form. These will be referred to as the
exact solutions. Exact solutions can be found analytically if the shape of the
domain is somewhat simple such as a rectangle or an ellipse. However, difficulties
arise for domains whose shape may have arbitrarily moved as examined in this
book. In order to solve a shape optimization problem, even if an exact solution
is not possible, one can resort to a numerical analysis method to obtain an
approximate solution.

This chapter looks at how to obtain an approximate solution to such
boundary value problems. The Galerkin method is considered first in this
chapter. In the Galerkin method, approximate functions with respect to the
solution function and an arbitrarily selected variational function (test function)
are constructed with linear combinations of given basis functions multiplied by
undetermined multipliers which are determined by substituting the approximate
functions into the weak form. The characteristics of this method are not only its
clarity but also the fact that the unique existence of the approximate solution
is guaranteed by the Lax—Milgram theorem shown in Chap. 5. However,
constraints due to the shape of the domain may come into play depending on
the choice of basis function.

In order to remove such constraints, the finite element method is introduced
to devise an appropriate selection of the basis function. Furthermore, error
analysis is possible for approximate solutions using the finite element method.
These results show that the finite element method is flexible for domain
shape approximation and provides a good method for reliably guaranteeing the
convergence to an exact solution if the divisions into elements are increased.



4 Chapter 6 Fundamentals of Numerical Analysis

6.1 Galerkin Method

Here, we examine how the Galerkin method can be applied to approximate a
solution for a boundary problems of elliptic partial differential equation. This
will be illustrated by solving a one-dimensional Poisson problem and a d €
{2, 3}-dimensional Poisson problem.

6.1.1 One-Dimensional Poisson Problem

Consider the following one-dimensional Poisson problem with a mixed boundary
condition.

Problem 6.1.1 (One-Dimensional Poisson problem) Let the functions
b:(0,1) - R, pn € R and up : (0,1) — R be given. Find w : (0,1) — R
such that

d?u du
_S Yy 1 1) = = .
dx2 b in (07 )7 dz ( ) DN, U(O) Up (0)
g
With respect to Problem 6.1.1, set
U={veH ((0,1);R) | v(0)=0}. (6.1.1)
Moreover, with respect to u,v € U, let
1
du dv
= —— 6.1.2
auo)= [ T (6.1.2)
1
I(v) = / bvdz + pnv (1). (6.1.3)
0

The weak form of this problem is as follows.

Problem 6.1.2 (Weak form of 1D Poisson problem) Let a(-, ) and
1(-) be given by Eq. (6.1.2) and Eq. (6.1.3), respectively. For given functions
be L?((0,1);R), px € R and up € H' ((0,1);R), obtain u — up € U satisfying

a(u,v) =1(v) (6.1.4)
with respect to an arbitrary v € U. O

In the Galerkin method, approximate functions are constructed in the
following way with respect to Problem 6.1.2.

Definition 6.1.3 (Set of approximate functions) Let ¢ =
(¢f1,.. .,(bm)—r € U™ be m € N known linearly independent functions. Let
the set of approximate functions for U be

Up =1 v (o) = Z o =a-¢ | acR™

i€{l,...,m}
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#1 (z) %

#2 (z)

#s3 ()

0 1

Fig. 6.1: An example of up and basis functions ¢.

with a = (0;); € R™ as undetermined multipliers. In this case, ¢ is called a
basis function. O

Figure 6.1 shows an example of up and ¢. By using up and U}, defined in
this way, the approximate functions of u — up € U and v € U can be supposed
to be up — up € Uy, and vy, € Uy. If using Definition 4.2.6, this can be written
as

up = up + span ¢,

vy, = span ¢.

In this case, U, becomes a linear subspace (linear space) containing ¢.
Furthermore, if the inner product defined with respect to H' ((0,1);R) is
used, U, becomes a Hilbert space. Here, the number of vectors which can
be independently selected within U is m. In this case, Uy is a Hilbert space
with m dimensions.

We have just defined the set of approximate functions U, and up. Hence,
using these functions we can now define the Galerkin method with respect to
Problem 6.1.2 in the following way.

Definition 6.1.4 (Galerkin method) Let up and U, be as in Definition
6.1.3. If up () —up € Uy, and vy, (B) € Uy, are substituted into u —up € U and
v € U of Eq. (6.1.4), simultaneous linear equations with a« € R™ as an unknown
vector can be obtained. Using the solution a to these equations, the method for
obtaining the approximate solution of Problem 6.1.2 using uj () = up + ¢ -
is known as the Galerkin method. 0O

From the fact that U, is a Hilbert space, if the Lax—Milgram theorem
is applied, the solution by the Galerkin method wuj () can be said to exist
uniquely. Actually, it is because a (-, -) is bounded, a(-, ) is coercive on
Uy, x Uy, since Uy, satisfies the homogeneous boundary condition, and [ (-) such
as Exercise 5.2.5 is included in U}. Furthermore, a (-, -) is also symmetric. The
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symmetry and coerciveness of a (-, -) will appear later as the symmetry and
positive definitiveness of coefficient matrix in simultaneous linear equations.

Let us look at how we can actually solve Problem 6.1.2 using the Galerkin
method. Use up and Uy, of Definition 6.1.3 to substitute u;, — up € U, and
vp, € Uy, into the weak form (Eq. (6.1.4)) and seek to find uy, such that

a (up,v) =1 (vp) (6.1.5)

is satisfied with respect to an arbitrary vy, € Uy. Both sides of Eq. (6.1.5) are
respectively given by

! duh d’l)h
— = dz,
o dz dz

1
l(vp) = / bup, dz + pnup (1) .
0

a(up,vp) =

The terms in the integrand of a (up,vy) are given by

ag
dup _dup  dé  _ dup , (do, g
de ~ dz dz  dx dz dz ’
Qm,
b1
%_%. _ d¢1 d¢m .
de  dz 7 \dz = dzx
Hence, a (up,vp) becomes
1
duhdvh
= — d
@ (un, vn) o dzr dz .
a1
1 dx a1
d
:/ (51 ﬂm) £)+((i;bl d:f”) dx
0 g ’ 7 \am
dx
1
[ s
0
Ao doy  doy don dup dgn
dz dx dz dz a1 dz dzx
x L SR da
dpmdr b dém | \am/) | dup dém
dr dx dr dx dz dx
=B - Bu)
a(pi,¢1) -+ a(d1,dm) a1 a(up, ¢1)
« ) . ) . )

@(6mid1) - aldmom)) \am)  \a(up,dm)
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=3 - (Aa+ap).

Here, we wrote A = (aij)(ij)e{l my2 and ap = (aDi)ic(i,...,my> and let

' dg; do,

0y = a(0udy) = [ T e, (616
! duD d(ﬁ,

aDi—a(uD,q’)i)—/O Az dr dx. (6.1.7)

One the other hand, I (v;) becomes

1
l(vh) = / bu, dx + pnop (1)
0

L P ¢1(1)
:/b(ﬁl Bm) dCE+pN(ﬁ1 Bm)
’ bm om (1)
L(¢1)
— 3 - Ba)| =Bt
L(ém)
Here, we let I = (li);cq1,. my and
1
=160 = [ b da o (1), (6.18)

Therefore, Eq. (6.1.5) can be written as

B-(Aa+ap)=p0-L
Here, consider an arbitrary 3 € R™ to get

Aa=1—-ap=1. (6.1.9)
For confirmation, write the elements of vector and matrix of Eq. (6.1.9) to get

a(p,¢1) - a(o1,dm) a1 1(¢1) — a(up, 1)

0 (G d1) o albmdm)) \am) I (6m) = (up, ém)

A is referred to as a coefficient matrix and I is a known term vector. A is
symmetric from a (¢, ¢;) = a(¢j,¢;). Moreover, due to the coerciveness of
a(-, ) at Uy, there exists some ¢o > 0 and

B-(AB) = a(vn,vn) > co |83
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holds with respect to an arbitrary 3 € R™. Therefore, A becomes a positive
definite symmetric matrix (hence a regular matrix) and the inverse matrix of A
can be taken to calculate o by

a=A"". (6.1.10)
The approximate solution uy can be obtained via
up, =up +¢- (6.1.11)

by using this a.
Based on the detail above, basis function up and ¢ should be selected so that

the calculation of / (d¢i/dzx) (d¢,/dz) dz is easily possible. Furthermore, if

selection can be maé)e so that the derivatives of the basis function are mutually
orthogonal, A becomes a diagonal matrix and the calculation of the inverse
matrix becomes simple.

We solve the following problem using the Galerkin method.

Exercise 6.1.5 (Galerkin method for 1D Dirichlet problem) Let the
basis functions be

d= (1 - rbm)T = (sin(lmz) --- sin (mwx))T

and use the Galerkin method in order to obtain the approximate solution wy, :
(0,1) — R satisfying

d?u .
_wzl in (0,1), u(0)=0, wu(1l)=0.

Answer Let U = Hj ((0,1);R) and write the weak form of this problem as
a(u,v) =1l (v)

with respect to an arbitrary v € U. Here, let a (-, -) be Eq. (6.1.2) and I, (-) be I ()
on Eq. (6.1.3) when b = 1 and p = 0. Let the approximate function with respect to
o, 3 €R™ be

up =o-@(z), v =pB-P(x).
Substituting these into the weak form gives
B-(Aa) =3-1.
Here, let A = (aij); jyeqr,.. . my2 @0d I = (l1i) ;1 tO get

l . .
dei de; 4 _

aij = a(¢i, ¢5) = 9 de

1
ij7r2/ cos (imz) cos (jrz) dx
0

1
— %m?/ lcos {(i + j) ma} + cos {(i — j) 7} dz = %m?aij,
0
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m=1 u
0.10 — m=3 ™M =5
Uh
0.05 —
0 |
0 0.5 1.0
x

Fig. 6.2: Exact and approximate solutions of Exercise 6.1.5.

1 Cqyitl
li = /0 sin (irz) doe = % [~ cos (imz)]) = (l)iiﬂ—’_l,
where
s _J1i=1
ij = .,
0 (i #J)
represents the Kronecker delta. Hence, Aax = l; becomes
10 0 0\ /o 2
o a0 0] a 20
= lo 0 9 0 las|_1 /3
2 . ™ :
: _1\ym+1
00 0 m?) \am D™+l
m

Solving these simultaneous linear equations gives

2{(-1)"" +1}
i 3373 ’

Therefore, an approximate solution becomes

up = Z W sin (imx) .

ie{1,...,m}

On the other hand, the exact solution is

1
uzix(x—l).

Figure 6.2 shows the comparison between the approximate solution and the exact

solution.

O



10 Chapter 6 Fundamentals of Numerical Analysis

6.1.2 d-Dimensional Poisson Problem
Next, to think about solving the d € {2,3}-dimensional Poisson problem using

the Galerkin method, we revisit Problem 5.1.1.

Problem 6.1.6 (d-Dimensional Poisson problem) When b: Q — R, px :
I'v = R and up : 2 — R are given, obtain u : 2 — R which satisfies

—Au="b inQ, %:pN onl'y, w=wup onlp.
g
With respect to Problem 6.1.6, let
U={ueH (QR)|u=00onTp}. (6.1.12)
Moreover, with respect to u,v € U, let
a(u,v) = /Q Vu-Vudz, (6.1.13)
l(v) = / bv dx —|—/ pnoudy. (6.1.14)
Q I

The weak form of this problem becomes as follows.

Problem 6.1.7 (Weak form of d-Dimensional Poisson problem) Given
be L?(QR), py € L?(I'x;R) and up € H! (2;R), obtain v — up € U such
that

a(u,v) =1(v) (6.1.15)

is satisfied with respect to an arbitrary v € U. O

Construct approximate functions with respect to Problem 6.1.6 in the
following way. Let m be a natural number.

Definition 6.1.8 (Set of approximate functions) Let ¢ =
(f1,..., qﬁm)T € U™ be m known functions of linear independence. Let

Up={ vn(a) = Z api=a-¢| aeR”
i€{1,...,m}

be the set of approximate functions with respect to U with a = (a); € R™ as
unknown multipliers. Here, ¢ is called basis functions. O
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Comparing Definition 6.1.3 and Definition 6.1.8 shows that the same
expression is being used other than the defined domain of the function being
changed. Hence, the same set of equations used for the one-dimensional Poisson
problem can be used for the d-dimensional Poisson problem. This is confirmed
as follows. When u;, —up € Uy, and vy, € U, with up and Uj, in Definition 6.1.8
are substituted into the weak form (Eq. (6.1.15)),

a (up,vp) =1 (vp) (6.1.16)
becomes the same as Eq. (6.1.5). Here, the definitions of a (-,, -) and [ (-) are
replaced by

a(up,vy) = / Vuy, - Vg dx,
Q

Z(Uh) = / buy, dx +/ pnop d.
Q I'n

After this, the same expansion of equations used for the one-dimensional Poisson
problem can be performed to obtain

Aa=1l—ap=1 (6.1.17)

which coincides with Eq. (6.1.9), where A = (aij)(z’j)e{l...m}2> ap =

(@pi)ieqn,...my a0d 1= (li)je 1, my are changed by

0y = a(0.05) = [ Voo Vo da, (6.118)
ap; = a (up, ;) = /QVUD -V, dz, (6.1.19)

respectively. Since A becomes a positive definite symmetric matrix, and the
inverse matrix of A can be taken, Eq. (6.1.10) and Eq. (6.1.11) remain in effect.

We solve in the following exercise a two-dimensional Dirichlet problem using
the Galerkin method with respect to a square domain. Looking at this it is
apparent that the notations of Eq. (6.1.10) and Eq. (6.1.11) are established
( [3, Exercise 3.2, p. 30]).

Exercise 6.1.9 (Galerkin method for 2D Dirichlet problem) Setting
basis functions as

& = (i (%) ; jyeqr,...myz = (sin(imz1) sin (722)) ; jyeqa,..m)2 >

use the Galerkin method in order to obtain the approximate solution uy :
(0,1)* — R which satisfies

—Au=1 inQ=(0,1°, u=0 ond.
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Answer Let U= H} ((O, 1)2 ; R) and denote the weak form of this problem as
a(u,v) =1l (v)

with respect to an arbitrary v € U, where we let a(-, -) be as in Eq. (6.1.13) and
li(-)bel(-)in Eq. (6.1.14) when b = 1 and p = 0. Let the approximate functions be

up = a- @ (x) = > aijdij (),

(i,5)€{1,...,m}?2

=0 ¢ ()= > Bt (x)

(i,5)€{1,...,m}?

with respect to a and 3 € R™*™. Substituting u; and v, into the weak form gives
B-(Aa)=6-1..
Here, if we write A = (a(®ij, k1)) (i j ryeqn,..myt a0d b = (L (9i5)) ; jyeqr,. my2>
1 1
O0dij Opri | O¢ij Odr
iy = dzid
a (¢ J ¢)kl) /0 A ( dx1 011 + Oz 072 r1dT2

11
= / / {kiw2 cos (kmz1) sin (Irx2) cos (imz1) sin (jrxe)
o Jo

+lim? sin (kmay) cos (Imzs) sin (imz;) cos (jrwe)} daidw,

7_(_2

= Z (k’l —+ l]) 5)”'513',

I (¢35) = /01 /01 sin (imx1) sin (jraze) dzides
{(—1)1'+1 + 1} {(—1)7”rl + 1}

igm?

is obtained. Then Aa = l; becomes

Z LZ(M*”)‘SM&-O,, _ {(—1)i+1+1}{(_1)j+1+1}
4 ety |

S a2

(k,)E{,...,m}2 I

Solving these simultaneous first-order equations gives
4 {(—1)1'+1 n 1} {(—1)3'+1 n 1}

@ = iJ @+ j2)

with respect to 4,j € {1,...,m}. Therefore, the approximate solution u; becomes
4 {(71)1'+1 + 1} {(4)]’+1 + 1}
up = Z T sin(imz) sin(jmz). (6.1.21)

(i,5)€{1,...,m}?

g
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6.1.3 Ritz Method

In the Galerkin method, an approximate function was substituted into the weak
form. However, the same approximate solution can also be obtained when an
approximate function is substituted into a minimization problem. This method
is called the Ritz method.

Take a look at the next problem rewriting Problem 6.1.7 as a minimization
problem. a(-, ), I(-), up and U are taken to be the same as those used in
Problem 6.1.7.

Problem 6.1.10 (Minimization problem of dD Poisson problem)
With respect to b € L? (;R), py € L? (I'x;R) and up € H* (€;R), obtain a u
which satisfies

min {f(u):;a(u,u)—l(u)}.

u—up €U

The Ritz method is defined as follows with respect to Problem 6.1.10.

Definition 6.1.11 (Ritz method) Let U, be as in Definition 6.1.8. If
up () — up € Uj is substituted into v — up € U in Problem 6.1.10, the
stationary condition of f(u) with respect to a variation of a € R™ can be
obtained as simultaneous linear equations with respect to . The method for
obtaining an approximate solution of Problem 6.1.10 using the solution a via
up, (@) = up + ¢ - ¢ is called the Ritz method. O

We solve Problem 6.1.10 using the Ritz method. Substituting wuy, into f (up,)
gives

f(uh):%{G(UD,UD)—FOA-(Aa)+2a-aD}—(l(uD)+a-l),

where A, ap and [ are Eq. (6.1.18), Eq. (6.1.19) and Eq. (6.1.20) respectively.
From the minimum conditions of f (uy),

of (un)
Ja

is obtained. This equation matches Eq. (6.1.17) of the Galerkin method.

The fact that the Ritz method just requires the construction of an
approximate function with respect to u means it has an advantage in a sense
that the theory can be compactly contained. However, compared with the
Galerkin method, it should be noted that its use is limited to when the boundary
value problem of elliptic partial differential equation can be rewritten as a
minimization problem, namely a(-, -) is symmetric, as seen in Section 5.2.
Moreover, when a(-, -) is symmetric, the two methods can be put together
because the equation obtained from the Galerkin method is the same as that of
the Ritz method, and referred to as the Ritz—Galerkin method.

= Aa+ap — 1 = Ogn
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6.1.4 Basic Error Estimation

The existence of a unique solution wup () by the Galerkin method was
guaranteed by the Lax-Milgram theorem from the fact that the set of
approximate functions Uj, is a Hilbert space. Furthermore, if using the norm
of the Hilbert space containing the exact solution, clear results can be obtained
regarding the stability and errors of the approximate solution.

Here, with respect to Problem 6.1.1,

V=H'((0,1);R),
U={veV|wv(0)=0},
U(p)={veV|v—upeU, up €V}

is set. With respect to Problem 6.1.6, let

V=H'(%R),
U={veV]|v=0onTIp},
U(up)={veV]|v—upelU, upeV}.

Let V' be the dual space of V. Moreover, the set of approximate functions Uy, is
as per Definition 6.1.3 with respect to Problem 6.1.1 and Definition 6.1.8 with
respect to Problem 6.1.6. Furthermore, the approximate function of up has not
been thought about but here, its approximate function is set to be up, and
written as

Uh(uDh) :{uh €V| hh—uDh GUh}.

One of the results is like the one below relating to the effect that the error
in the given functions has on the approximate solution (cf. [1, Remark 1.2,
p. 30, [2, Theorem 2.3, p. 34]).

Theorem 6.1.12 (Stability of approximate solution) Let a : V xV — R
be a bounded and coercive bilinear form. Let upy, up2 € Up, (upr) C U (up) be
the approximate solutions by the Galerkin method of Problem 6.1.2 or Problem
6.1.7 with respect to arbitrary ly,ls € V' respectively. In this case,

1
lunt — unz|ly, < > = L2|ly

is established. Here, @ > 0 is a constant representing the coerciveness of a( -, -)
(Definition 5.2.1). O

The other result shows that the approximate solution of the Galerkin method
is the best (closest to the exact solution) element among the set of approximate
solutions Uy, (upp). Here, the distance between the exact solution u € U (up)
and up € Uy (upp) will be measured with \/a (u — up,u —up) or the norm
|l — unll,, in V. The result is called Cea’s lemma (cf. [1, Theorem 13.1, p. 113],
[5, Lemma 2.3, p. 54], [2, Theorem 2.4, p. 42]).
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Theorem 6.1.13 (Basic error estimation) Let u € U (up) be the solution
to Problem 6.1.2 or Problem 6.1.7 with respect to an arbitrary [ € V', and
up, € Up (upp) be the approximate solution from the Galerkin method. In this
case,

a(u—up,u—up) < inf a(u—vp,u—up),
v €Un (upn)

lal . [lall
U— U <3/ — inf u— + {1+ — | |lup —u
|| h||v = QO wneUs (upn) || h||V o H D Dh”v

is established. Here, |la|| is the norm of bilinear operator (Section 4.4.4) and
a > 0 is a constant providing the coerciveness of a( -, ). O

Theorem 6.1.13 shows that the approximate solution from the Galerkin
method is the best one out of U;. Hence, it indicates that in order to reduce
the error of approximate solution from the Galerkin method, it is effective
to keep the approximate functions with the ability to be close to the exact
solution within Ujp. This result is also used when conducting error estimation
of numerical analyses based on the Galerkin method. The error estimation with
respect to finite element methods is examined in detail in Sect. 6.6.

6.2 One-Dimensional Finite Element Method

An approximate function is constructed as a linear combination of basis
functions in the Galerkin method and the undetermined multipliers are found
by substituting them into the weak form. Let us consider how to choose the
basis function without changing this framework.

In the Galerkin method seen in Sect. 6.1, the basis functions were selected
from the functions defined across the whole domain. In Exercise 6.1.9, as
the basis functions, (sin (imz1)sin (j7@2)); jeq1,.. ,my> Were chosen. These

functions have the support on the domain = (0, 1)2 of the boundary value
problem of partial differential equation. As long as the basis functions are chosen
in this way, the shape of the domain on which the boundary value problem is
defined will be limited to be a rectangle as shown in Fig. 6.3 (a), or an ellipse.

In contrast, think about constructing Uj using basis functions which have
supports on simple triangular domains {{;}, which are formed by splitting
a polygon domain  such as the one in Fig. 6.3 (b). This may enable an
approximate solution of the boundary value problem defined over an arbitrary
polygon shape to be obtained just by changing the way the basis functions are
chosen without the need to change the framework of the Galerkin method. The
Galerkin method obtained with these principles is the finite element method.
The simple domain chosen in this case is called a finite element.

This section examines in detail the process for solving a one-dimensional
Poisson problem using the finite element method. First, define the approximate
functions used in the finite element method within the framework of the Galerkin
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(a) Q: Galerkin method in Sect. 6.1.  (b) {€2},: Finite element method.

Fig. 6.3: Supports of approximate functions.

zo=0x1 - Tic1 X Tiy1 v Tm—1Tp =1

Fig. 6.4: Finite elements and nodes within a one-dimensional domain © = (0, 1).

method. Then suppose these approximate functions are defined for the split
domains of each finite element. From this, the integration of the weak form can
be replaced by the sum of integrations for each finite element domain.

6.2.1 Approximate Functions in Galerkin Method

Consider the finite element method with respect to a one-dimensional Poisson
problem (Problem 6.1.1 and its weak form Problem 6.1.2). In the finite element
method, the domain © = (0, 1) is split into (g, x1), (z1,22), -+, (Tm—1,Tm)
as in Fig. 6.4. Here, xg, x1, ... , T, are called nodes and (xg,x1), (z1,22),
.y (®m-1,2m) are called one-dimensional finite elements or the domains of
finite elements. The finite elements are numbered and their set represented as
& = {1,...,m}. Moreover, nodes are also numbered and the set of numbers
expressed as N = {0,...,m}.
Select the basis functions in the one-dimensional finite element method with
respect to Problem 6.1.1 as a pyramid-shaped function with unit height such as
in Fig. 6.5 and defined as

T — T .
¢0($)_{ 1 — 7o m (O,l‘l) ,

0 in (z1,1)
T —Ti—1
P in (zi_1,x;)
¢i(r)=q Fir1 "% (24, 2i41) , foriec W,
Ti41 — X4
0 m (0,.131'_1) U (1‘1‘4_1, 1)
T — Tm—1 .
—— in (zpm-1,1
Pm (CL') = Tm — Tm—1 ( ! ) .
0 in (0,2;,-1)

Approximate functions are constructed as

un (W) = uodo + > Ui = (gi) : <£12> =u- ¢, (6.2.1)

ie{l,...,m}
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$o () 1 3i

zo=021 - Tic1 Xy Tyl v Tm—1Tym =1
Q
#1 (x) n
C O O O O O O O O T
zo=021 - Tic1 T Tigr v Tmo1Tm =1
#i (x) .
O O O Cr O O O O O xT
ro=02z1 - Tic1 Ty Tiyl v Tpo1Tm =1
¢m (x) |
!
I,
x
Ty = 0z o Ti—1 Ty Tigl ot Tm—1Tp = 1
Fig. 6.5: Basis functions ¢y, ..., ¢, used in the one-dimensional finite element

method.

vn (B) =vodo + D> Vi = <gi> : (Zi) =v- ¢, (6.2.2)

i€{l,...,m}

_ _ _ T
where ug = 4p = up and vog = Up = 0. Here, un = (u1,...,uy) and
_ T . RT . . -
oN = (v1,...,Uy) are undetermined multipliers. In this expression, (-) was

included to indicate a vector, but up and op are one-dimensional vectors for
Problem 6.1.1 in which the fundamental boundary condition was given at one
node.

Take a look at the characteristics of the approximate functions defined above.
First, the fact that the basis functions are continuous functions means that those
are included in H' (;R) (Sobolev embedding theorem (Theorem 4.3.14)) and
satisfy the requirements for substituting into the weak form. The fact that those
are first-order polynomials in the finite elements represents that the evaluation
of derivatives of ¢; and ¢; which appear in a (¢;, ¢;) becomes easier. Moreover,
the basis functions defined for each node will have the supports only on the finite
elements adjacent to the node, hence the domain of integration of a (¢;, ¢;) is
limited to each of their finite elements. Furthermore, the unknown multiplier
u; with respect to basis function ¢; which is 1 at the node i € N matches
the node value of approximate function as in Fig. 6.6. From this, @ and v
are called nodal value vectors. In this book, the elements w and v are split
into two types, up = ug and Up = vy providing the fundamental boundary
condition, called Dirichlet-type nodal value vectors (real numbers in this case)
and un = (uq,..., um)T and vx = (v1,. .., vm)T, called Neumann-type nodal
value vectors.
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zo=021 - Ti1 X Tig1 v Tmo1T,m =1

Fig. 6.6: Node value vector @ in the 1D finite element method.

Ui—1 = Ui(1)
up
™, — .
} \\\ U; = 11,,(2)
N >
/

Sﬂi(l)(IH > o S ;Hr%(z) (z)

\\
/
/ s
. \
/ Q; S

Ti—1 = T4(1) Ti = Tj(2)

x

Fig. 6.7: Basis functions ¢;(1), ¥i(2) on a finite element in the 1D finite element
method.

6.2.2 Approximate Functions in Finite Element Method

So far, based on the awareness that the finite element method is one form of
the Galerkin method, the domain of an approximate function has been taken
to be Q. However, if we focus on the set of basis functions with support on the
domain Q; = (z;_1, z;) for the finite element i € £, two basis functions ¢; 1 (x)
and ¢; () with respect to nodes i —1 € A and i € N such as those shown in
Fig. 6.7 can be used by rewriting as

xi(g) — T

o (@) = ¢y g (2) = — DL 6.2.3
@iy () = di1 (2) o) — (6.2.3)
Tr — Z‘Z(l)
gpi €Tr) = ¢7{ €Tr) = ——, 6.24
(@) = i) = T (6:2.0
to define the approximate function as

i) = (o , RUCHR RPN 6.2.5
up () = (i) i) (%(2)) P; - Ui, (6.2.5)

75.) — ) ) Vi) | _ 5. )
o (0:) = (@i1)  @i(2)) viy) ;- U; (6.2.6)

on §2; with respect to all i« € £. In this case, @, (x) = (pi—1 (), p; (z))T =
(gpi(l) (), ic2) (:E))T is referred to as basis functions in a finite element.
Moreover, in technical books on the finite element method, ¢, (z) is generally
referred to as a shape function or an interpolation function. However, given
that the main topic of this book is the shape optimization problem, the term
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shape function may bring some confusion. Hence, in this book ¢, (z) will be
referred to as a basis function in the finite element or basis function when there
is no danger of confusion. Moreover, in Eq. (6.2.5) and Eq. (6.2.6),

o — <Uz1> _ (Ui(l)) B = <w1> _ <m(1)>
Uj Ui(2) ’ Vi Vi(2)

is called the element nodal value vector of u and v with respect to finite element
i € €. Hereafter, by using notation (- );(,) as a function or a value corresponding
to the local node number a € {1,2} at the finite element i € &, u;,) and
Vi(a) Will be referred to as a local node number expression of the finite element
i € €. In addition, since up (@;) and vy (0;) of Eq. (6.2.5) and Eq. (6.2.6)
are functions Q; — R, then note that they can be written as uy, (@;) (z) and
vp, (0;) (x) with respect to = € ;. However, the reason that the notations
up, (w;) and vy, (0;) are used here is because undetermined multipliers @; and
©; are variables in the finite element formulation. On the other hand, the basis
functions ¢; (z) = (giq) (@), vi2) (:10))—r in the finite element are functions of
x € Q; and are constructed using

() -2)
T Ti(2)
Z; in this case is called the element node vector with respect to the finite element

ief.
The basis functions on the finite element defined in this way satisfy

Pi(a) (Ti(8)) = dap (6.2.7)

with respect to «, 8 € {1,2}. Moreover, the equation

> i (@) =1 (6.2.8)

ae{l,2}

holds for all x € Q; with respect to all i € £. Equation (6.2.7) is a condition
for the undetermined multipliers u; and v; to represent the node values of the
approximate functions. Moreover, Eq. (6.2.8) is a condition for expressing u = 1
exactly over €; using @; = (1,1)".

In order to relate functions uy, (w;) and vy, (v;) on Q; = (x;—1,x;) defined on

Eq. (6.2.5) and Eq. (6.2.6) with the total node value vectors @ = (uq, . . . , tn) "
and © = (v, ... ,vm) |, a matrix Z; € R3(m+1) yged as
Uo
~ 0 - 1 0 --- 0\ [|wu_
up (i) = (901'(1) 901'(2)) (0 T T 0) ;l

Um
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ﬁ |

(6.2.9)
(6.2.10)

_Soz(

Z;
vp (0;) =@, - (Z;

d |
S~—

is introduced. Such a Z; is called Boolean matrix.

6.2.3 Discretized Equations

The approximate functions for each finite element were constructed as
Eq. (6.2.9) and Eq. (6.2.10). Therefore, it is possible to substitute these into
the weak form (Problem 6.1.2) of the one-dimensional Poisson problem and to
obtain the discretized equation with uyn as an unknown.

Substituting uy, (@) and vy, (0) of Eq. (6.2.1) and Eq. (6.2.2) into the weak
form, we get

a (up (@), vy (D)) =1 (vg (V). (6.2.11)

Here, the left-hand side of Eq. (6.2.11) can split the domain of integration for
each element and can be written as

a (up (@) ,vp (V) = Z /wl@) dUh (ilvx}'L (v;) do

ie{l,.. Ti(1)
= Z a; (up (@) ,vp (9;)) . (6.2.12)
i€{l,...,m}

Each term on the right-hand side of Eq. (6.2.12) can be summarized using
up, (@;) and vy, (0;) of Eq. (6.2.9) and Eq. (6.2.10) as
a; (un (;) , vn ()
= (v vi)
i) de;1y de; i de;1y de;
/ pi) dPi) / v P
x T

, dx dx dx dx u
« 1) (1) i(1)
/ 1@ dp;(2) dps() dz / @ dpi(2) dpi(z) 4o | \Hie
iy de dz 2ty de dz
_ (%‘(1) Ui(2)) <ai E%u),%u); a; E%u)’%(z);) <Ui(1)>
a; (Pi(2), Pi(1) a; (Pi(2) Pi(2) Ui (2)
=v; (Aiw;) =0~ (ZIAJm) = (Am) : (6.2.13)

Here, A; = (ai(aﬂ))aﬁ € R?*2 is called the coefficient matrix of the finite

element i € £. Let A; € RUmH1D)x(m+1) be 4 matrix which has been expanded
with zero added to go with the total nodal value vectors. It should be noted that
in contrast to the element nodal value vectors w; and v; of the finite element

i € € being elements of R2, the total nodal value vectors @ and ¥ are elements
of R™+1,
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If Eq. (6.2.3) and Eq. (6.2.4) are used to calculate A;, one obtains

Ti(2) d i d i 1 Ti(2)
aj(11) = 20 T gy — (-1)* da
an dr dz 2
Ti(1) (331‘(2) - 33¢(1)) Ti(1)
1
B Li(2) — Ii(1)’
Ti2) d i d i 1 Ti(2)
aj(12) = 2 CA) gy 1-(—-1) dz
) Ti(1) dz dz (1‘1‘(2) - 33i(1))2 Ti(1)
-1

Ti2) = Ti(1)
Q;(21) = Gi(12)s
Ti2) d;9y de; 1 Ti(2)
Gj(22) = Pi2) i) gy = 12 dz
v v dz (22 _xi(l))2 Ti(1)
1

Ti(2) — Ti(1)

and

A, - (az‘m) ai<12)> - ( L _1> . (6.2.14)
@i(21) Q4(22) Ti(2) — Ti(1) -1 1
On the other hand, the right-hand side of Eq. (6.2.11) can also be split into

each element as

l(vh (’T))) = Z /%1(2) buy, (’l_Jl) dz + pnop, (’l_)m)

ie{l,...,m} "~ i)

= Y Li(va(w). (6.2.15)

ie{l,...,m}

Here, for the finite element i € {1,...,m — 1} and m, let

Ti(2)

bpi1y dx B
Li (o (0:) = (vir) i) | 7 pi = (vi) Vi) (Bzv(l)>
/ bSD’L(Q ‘)

—o =9 (Zﬁi) =51 (6.2.16)

bN
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ij(1) ﬁmu)))
(@) ((bm@)) i (ﬁmm)
Uy - (Bm +i)m) =v- {Z;; (Em +f)m)} =v- (Bm +i)m)

= By Ly =D - (Z;im) =5 I, (6.2.17)

|
—

<
3
=

respectively. Here, with respect to i € & = {1,...,m}, l; is called the known
term vector of the finite element i. b; and p; represent the components of the

known term vector constructed from b and py respectively. l;, b; and p, are l;,
b; and p; respectively expanded by adding in 0 to match the total nodal value
vectors.

When b is a constant function, b; = (b;(1), Ei(g))T is calculated as

_ 1';(2) 3;-1(2> ) o . B ‘

Ti(1) Zi(1) Ti(2) — Ti(1) 2
— Ti(2) Ti(2) qp — i1 Ti(9) — Ti(1
bi2) = b/ Qi(a) do = b/ ) gy = b%
Zi(1) Ti(1) Ti(2) — T4(1)

and is obtained as

= _ o Ti) T T 1
b, = bi2 <1> . (6.2.18)

Here, if Eq. (6.2.12) with Eq. (6.2.13) substituted in, and Eq. (6.2.15) with
Eq. (6.2.16) and Eq. (6.2.17) substituted in are substituted into the weak form
(Eq. (6.2.11)), we get

vy (Am):f» >l
ie{l,...,m} ie{l,...,m}
which can be rewritten as
v (Au) =v-1 (6.2.19)

In other words we set

ie{l,...,m}
1= Z I, = Z bi+p, =b+pecR"!
ie{l,...,m} ie{l,...,m}

A and [ are called the total coefficient matrix and total known term vector,
respectively. Moreover, b and p are called total nodal value vectors of b and py,
respectively.

Equation (6.2.19) gives the weak form but there were no fundamental
boundary conditions assumed with respect to u, and v,. Hence, substitute
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zog=0 Ty = — Ty =

Fig. 6.8: Finite element mesh when m = 4.

in the fundamental boundary conditions into Eq. (6.2.19). ug = @p = up (ap is
the node value of the fundamental boundary condition, up is the known value of
boundary value problem) and vy = op = 0. Substituting these into Eq. (6.2.19)
gives

[ oo ‘ ao1
a1o | G11
(0 ‘ vy e Um)
Amo| m1
_ App  Apn) (tp
=0 oy ~ - N 6.2.20
(0 on) <(AND Ann ) \un ( )
Rearranging Eq. (6.2.20), we get
vy aj; - aim Uy I upaig
- +
Um, aml e a’mm Um lm udeO
= ’l_l—lN— (ANNTTLN — iN + ’ELDAND) =0.
vy is arbitrary, so it can be written as
Axnay = Iy — apAxp = 1. (6.2.21)

Equation (6.2.21) is a simultaneous linear equation with respect to unknown
vector uyn and is called the discretized equation of the finite element method.
Solving Eq. (6.2.21) for uy gives

an = Axnd. (6.2.22)

From this, the finite element solution wy (@) can be obtained by substituting

u = (aD, ﬂ;)—r into Eq. (6.2.1). Moreover, the finite element solution wuy, (@;)
on ); on the finite element i € £ domain can be found by Eq. (6.2.9).

6.2.4 Exercise Problem

We solve a one-dimensional Poisson problem using the finite element method in
the following exercise.

Exercise 6.2.1 (Finite element method for 1D Poisson problem) Let
b be a constant function as in Problem 6.1.1. Here, show the system of
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linear equations for seeking the approximate solution in the aforementioned
one-dimensional finite element method using the finite element mesh shown in
Fig. 6.8. Moreover, obtain the approximate solution when we set b = 1, up = 0

and py = 0.

O

Answer Let the size of the finite element be h = 1/4. From Eq. (6.2.14), Eq. (6.2.18)

and Eq. (6.2.17), we get

- 1 1 -1 - hb (1 _ 0
Ai_ﬁ(fl 1)7 bi—7(1>7 P4—<pN).

Expanding A; and b; to match the node value vectors gives

1 -1 0 0 0 1
-1 1 0 0 0 1
~ = hb
A = % 0 0 0 0 O, b= 5} 0
0 0 0 0 O 0
0 0 0 0 O 0

If A, and b, are overlapped with A; and b, respectively, we obtain

1 -1 0 00 1

A (S B I S S U I

AitAz=o 10 -1 1 00|, bitb==1 1
0 0 0 00 0
0 0 0 00 0

Similarly, overlapping As and bs, Ay and by as well as P, gives

1 -1 0 0 ©0
N A
A= a, - L _ _
Z A= |0 1 2 1 0|,
ie{1,...,4} 0 o -1 2 -1
0 0 0 -1 1

1 0
2 0
- ~ hb
1= D, = —
‘ Z b; + py 5 21+10
ie{1,...,4} 2 0
1 PN

Substituting fundamental boundary conditions up = 4p = up and vo = vp = 0 into

Eq. (6.2.19) gives

0 1 -1 0 0 0 UDp 1 0
U1 —1 2 -1 0 0 Ul 2 0
vy | - % o -1 2 -1 0 us | — % 21—-10
V3 0 0o -1 2 -1 us 2 0
V4 0 0 0 —1 1 U4 1 PN

Rearranging this equation gives

U1 2 —1 O 0 U1 2 O
V2 l —1 2 —1 0 u _ @ 2 _ 0 _ l
V3 o -1 2 -1 U3 2 |2 0 h
o 0 0o -1 1 Ug 1 PN

S
o

o O O
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0.5 —
04— u e
03—
Up, Up
0.2 —
01— /
0 \
0 0.5 1.0
T

Fig. 6.9: Exact solution v and approximate solution uy of Exercise 6.2.1.

(v1,v2,v3,v4) is arbitrary, so

2 -1 0 0 U1 2 0 up
1{-1 2 —1 0| [uwl| n|2 ol 1o
Alo =1 2 —iflw|=2 2| lo]|Tr]|o

0 0 -1 1/ \u 1 PN 0

can be obtained. This equation is a simultaneous linear equation such as
Annun =1

with respect to un. Here, when b =1, up = 0, pxn = 0, we get

u 11 1 1 1 7/32
u | 1|1 2 2 2 1| | 3/8
us | 421 2 3 3 1] |15/32
m 1 2 3 4) \1/2 1/2

On the other hand, the exact solution is
12
u=—-z" +z.
2 +

Figure 6.9 shows a comparison between the numerical solution u; and the exact
solution u. 0

Change the boundary conditions of Exercise 6.2.1 and consider the following
problem.

Exercise 6.2.2 (Dirichlet problem of 1D Poisson problem) Consider a
problem seeking u : (0,1) — R satisfying
d2
_T;; =b in (0,1), w(0)=upo, u(l)=ups
when b, upg, upi, pn € R are given. Use the mesh for the finite elements of
Fig. 6.8 in order to show the simultaneous linear equations when seeking the
approximate solution using the finite element method. Moreover, obtain the
numerical solution when b = 1 and upg = up; = 0. O
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0.10 — P X
Up, / \

0.05 — /, \

Fig. 6.10: Exact solution u and approximate solution u; of Exercise 6.2.2.

Answer 'ljhe calculation of A is similar to Exercise 6.2.1. Moreover I =
Zie{l A} b;. If the fundamental boundary conditions up = 4po = upo, U4 = Ups =
up1, vo = Upo = 0 and v4 = Ups = 0 are substituted into Eq. (6.2.19), we get

0 1 -1 0 0 0 UDO 1
U1 -1 2 =1 0 0 U1 2
Vg % o -1 2 -1 0 U2 % 2 =0.
V3 0 o -1 2 -1 U3 2
0 0 0 0o -1 1 UD1 1
Rearranging this equation gives
2 -1 0 ug 2 UDO
1 1
(’U1 V2 ’03) E —1 2 —1 u2 — g 2 — E 0 =0.
0 -1 2 us 2 UD1
Since (v1, vz, v3) is arbitrary,
2 —1 0 Ul 2 Upo
% -1 2 -1 us | = g 21 + % 0
0 —1 2 us 2 UpD1

is obtained. These equations are simultaneous linear equations like

ANN’TLN = i

u L32[t 3/32
w|=5(2 4 2)|1]=|1/8
us 1 2 3/ \1 3/32

Figure 6.10 shows the comparison between the numerical solution u; and the exact

1
solution u = 5% (z —1). O

The following can be said to be one of the characteristics of the finite
element method from Exercise 6.2.1 and Exercise 6.2.2. The Galerkin method
seen in Sect. 6.1 required a change of basis functions for a change in
fundamental boundary conditions. However, in the finite element method,
fundamental boundary conditions can be changed easily as boundary conditions
are substituted in after seeking the coefficient matrix and known term vector.
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Fig. 6.11: Triangular finite elements and nodes in a 2D domain 2.

&7

Fig. 6.12: Counterexample of triangular finite element and nodes.

6.3 Two-Dimensional Finite Element Method

Next, we consider a finite element method with respect to a two-dimensional
Poisson problem (Problem 6.1.6 with d = 2). Here, approximate functions
used in the finite element method within the framework of the Galerkin method
are also defined. After that, their approximate functions will be viewed as
approximate functions defined for each split finite element domain.

6.3.1 Approximate Functions in Galerkin Method

With reference to Fig. 6.11, a two-dimensional domain €2 and Dirichlet boundary
I'p are assumed to be approximated by a polygonal domain ) and line graph
I'ph, respectively. Furthermore, 0, is split into a set of triangle domains {€2;},.
In this case, §2; is called the domain of triangular finite elements and the set of
finite element numbers 7 is denoted by £. Here, we assume that there are no
overlapping triangular domains §2; for all © € £ and there are no vertices on the
boundary of triangular domains other than the vertices of €2; as in Fig. 6.12.

Moreover, the vertices x; = (z;1, (Ejg)T of triangles are called nodes and the
set of node numbers j is denoted as N. Furthermore, A is split into two sets
that are the set Np of node numbers on I'pj, and the set Ny = N\ Np of the
other node numbers. N is reordered so that Np comes first.

With respect to a triangular finite element mesh such as this, basis functions
in the two-dimensional finite element method with respect to Problem 6.1.6 are
defined by a pyramidal function with a unit height such as shown in Fig. 6.13
with respect to a node j € N. In other words, it is assumed that ¢, is a
first-order polynomial with support on the finite elements having a node j on
the vertex and is a continuous function taking the value 1 at node j and the value
0 at other nodes. These characteristics, as seen in the one-dimensional finite
element method, lead to the conclusion that integration after substitution into
the weak form is convenient and the unknown multipliers in the approximate
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Fig. 6.13: Basis function ¢;.

functions become node values as shown next.
Using these basis functions, the finite element method sets the approximate
functions to be

un (@) = D uidi+ > ui; = <Z§> : @i) —u- ¢, (6.3.1)

JEND JENN
o (B) = Y b+ Y vy = (:D> : (ﬁD) =0-¢. (6.3.2)
JEND JENN N N

Here, from the fact that @ and © represent the node values of the approximate
functions up and v, respectively, @ and v are called nodal value vectors.
Moreover, up = (up (a:j))jeND and ¥p = Op|n;,| are called Dirichlet-type nodal
value vectors and @n = (uj) ;e s, and DN = (v))jp, are called Neumann-type
nodal value vectors.

6.3.2 Approximate Functions in Finite Element Method

In the finite element method, the basis functions ¢ defined on §; can be
rewritten as basis functions defined on 2; with respect to all i € £. Based
on that, let the approximate function on €2; be

Ui(1)

up (03) = (i) Qi) Pi3) | wie) | = @i - i, (6.3.3)
Ui (3)
Vi(1)

v (05) = (‘Pi(l) Pi(2) <Pi(3)) Vi(2) | = ¥i " Vi (6.3.4)
Vi(3)

Here, when the three node numbers of the finite element ¢ € £ are [, m and

neN, P = (<Pl>sﬂm7@n)—r = (901'(1)7901'(2)7801'(3))—r : Q; — R3 are referred to as
basis functions in the finite element. Moreover,

Zg Li(1)
Ti=|Tm | = Zi2) | >

L, Li(3)

uy Uj(1) cli Vi(1)
U= |Un | = |Ui2) |, Vi=|Um | = |V

Up, Ui (3) Un Vi(3)
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Fig. 6.14: Basis functions ¢;(1), pi(2), ¥i(3) in triangular finite element i € .

are called the element node vector and element nodal value vectors with respect
to u and v for the finite element 7 € £. The suffix a € {1,2,3} used in x;(4),
Uj(a) and v,y is called the local node number of the finite element i € &.
Figure 6.14 shows how the approximate function wj, in the finite element i € £
is constructed from ¢, and u,.

Basis functions ¢, on ¢ € £ constructed in this way satisfy

Pia) (Ti(s)) = das (6.3.5)
with respect to «, 8 € {1,2,3}. Moreover,
Z Pi(a) (x) =1
a€e{l,2,3}

holds on all points « € ;.

Here, obtain the equations of basis functions ;(1), @;2) and ;) on the
finite element i € £. From the fact that ¢;() for o € {1,2,3} is a linear equation
with respect to © = ($1,$2)T € Q;, it is a complete first-order polynomial
constructed of three unknown multipliers. Let this be

Pi(a) = Co + M1 + Oaxa. (636)

The undetermined multipliers (., 7, and 6, can be determined by giving the
values of ©;(,) at three nodes. Their values can be given by Eq. (6.3.5). In other
words, with respect to 8 € {1, 2,3}, it can be determined by

Pita) (Ti(3)) = Ca + Naia)1 + Oati(p)2 = dags.
This equation can be expanded as
1z )2 G G G

1
1 z01 w22 m nm2 n3| =10
L zisn w2/ \b1 02 03 0

o = O
_= o O

Here, solving for the undetermined multipliers gives

G G G 1 [ Ti)1Ti(3)2 — Ti(3)1%4(2)2
m m N3 == Ti(2)2 — Ti(3)2
01 62 03 K Ti(3)1 — Ti(2)1
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Ti(3)1%4(1)2 — Li(1)1L4(3)2  Ti(1)1T4(2)2 — Li(2)1Ti(1)2
Ti(3)2 — Ti(1)2 Zi(1)2 — Ti(2)2 , (6.3.7)
Ti(1)1 — Ti(3)1 Zi(2)1 — Ti(1)1

where

Tyt Tiz 1
v =T Tiz)z 1
Ti3)1  Li(3)2 1
= Ti1)1 (%(2)2 - l‘i(g)z) + Ti2n (%(3)2 - xi(m)
+ zisn (Tiy2 — Tig2)2) - (6.3.8)
If the three nodes x;(1), T;2) and x;3) of the triangular finite element are
chosen so that they are anti-clockwise, then ~ is equal to twice the area |€;| of
the triangle ; (Practice 6.3).
The basis functions ¢;(1), ¥i(2) and ;) of the finite element were obtained
by substituting Eq. (6.3.7) and Eq. (6.3.8) into Eq. (6.3.6). Using these, the

approximate functions uy, (@;) and vy, (9;) defined by Eq. (6.3.3) and Eq. (6.3.4)
can be written as

U1
0 1 0 0 0 o
un () = (i) i) i) | 0 010 0 U
0 0 0 1 0 Unp
UIN|
— o, (Z:u), (6.3.9)

Here, Z; is a Boolean matrix which links the total nodal value vector w and the
nodal value vector w; = (uy, U, un)T of the finite element ¢ € £.

6.3.3 Discretized Equations

Approximate functions uy, (@;) and vy (0;) on §; have been defined, so we shall
substitute Eq. (6.3.9) and Eq. (6.3.10) into the weak form of two-dimensional
Poisson problems (Problem 6.1.7) and see how the discretized equation with uy
as an unknown is obtained.

If up, (w) and vy, (0) of Eq. (6.3.1) and Eq. (6.3.2) are substituted into the
weak form, we get

a (up, (@), vy (0)) =1 (v (D)) . (6.3.11)
The left-hand side of Eq. (6.3.11) can be written as

@ (un (@), (0) = Y [V (@) - Vo (01) s

€€
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= ai (un (@), vn (9:). (6.3.12)

€€
Here, each term on the right-hand side of Eq. (6.3.12) can be summarized as

a; (up, (w;) ,vp (0;))

= (vi) vi) Vi)

/ V%’(U : V%’(l) dz --- / V%’(l) : V%‘(s) dz
Q; Q; uz(l)
x : : Ui(2)
Ui(3)
; Vis) - Vi do - ; Via) - Vi) do
= (viy Vi) Vi)
Q; (%‘(1)7 %‘(1)) Gy (%‘(1), <Pz‘(3)) Uj(1)
X : : Ui(2)
ai (@i) i) 0 ai (Pi3)s Pi3)) i(3)
= ;- () =v- (2] AZu) =v- (Am). (6.3.13)

A, is called the coefficient matrix of the finite element i € £. A; is a matrix
which has been expanded with the addition of 0 to match the total node value
vectors.

If n, and 0, of Eq. (6.3.7) are substituted into Eq. (6.3.6), A; = (di(aﬂ))aﬁ €
R3*3 is calculated as

8iaai aiaai
ai(am:/ﬂ( Pita) O¢i(p) | OPita) @(a)) e

8x1 8391 Gxg 8-T2

- / (a1 + Babp) it = | (a3 + Balp) (6.3.14)

Q;

where |©;| = v/2 and ~ is given by Eq. (6.3.8).
On the other hand, the right-hand side of Eq. (6.3.11) can also be split into
elements as

L(vn (©)) = Z/Q bup, (v;) dﬂchZ;/mﬁFN pNon (0;) dy

ic€

= 1 (vn (03)), (6.3.15)

ie€
where

li (vn (05))
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/ b%‘(l) dz / PN®Yi(1) dy
Q; oQ;NI'N
= (vi) vie) i) /Q bpi(z) dz | + o PP dy
bpis) dx PN@i3) Ay
Q; oQ;NI'y
bi(l) Pi(1)
= (viy vy vi) | | biey | + | Pic2)
bi(3) DPi(3)

_ (ZTL-) =51, (6.3.16)

with respect to i € £. Here, I; is called a known term vector of the finite element
i € £. b; and P, represent components of the known term vectors with respect to
b and pn respectively. 1;, b; and p; are vectors of I;, b; and p; respectively which
have been expanded with 0 added in to match the total node value vectors.

If b is a constant function, b; = (bi(l), bi(2), bi(3))T is calculated as

/ i1y dx
O 1
1

. ‘ b1y
b =b / Pi(2) dz | = it
Qi 3

i 1
/ Pi(3) dz
Q;

Here, the following integration formula using area coordinates was used. Area
coordinates are coordinates where a point € €); in the triangular finite element
is represented by the three-dimensional vector with elements of basis functions
iy (), ©i2) () and p;(3) (x) of the triangular finite element (see Sect. 6.4.2
for reference).

(6.3.17)

Theorem 6.3.1 (Integrals of area coordinates) When (goi(l), ©Pi(2)s cpi(g))
denotes the area coordinates on the two-dimensional triangular domain 2;,

1 m n I'm!n!
/Q‘ (%(1)) (<Pz‘(2)) (<Pi(3)) dz = 2| —(l+m+n+2)!

i

holds with respect to non-negative integers I, m and n. Here, |Q;| = /2 and ~

is given by Eq. (6.3.8). O
Furthermore, when pyn is a constant function, p, = (pi(l),pi(g),pi(g,))—r
becomes
0
_ / Pi(2) dy pnh 0
Pi = pn | Joourrs == 1]
1
Pi(3) dy

o0Q;NI'n
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Fig. 6.15: Finite element including the boundary.

where h is the length of 0Q2; NT'y (see Fig. 6.15).

Here, if Eq. (6.3.12) with Eq. (6.3.13) substituted in and Eq. (6.3.15) with
Eq. (6.3.16) substituted in are substituted into the weak form (Eq. (6.3.11)), we
get

v - (ZAZu> -9 ZL.
€€ €€
This equation is written as
v (Au) =v-L (6.3.18)
In other words,
A=Y A, e RVPWI
€€

1=31=> (bi+p,) =b+perW.
1€ i€€E

tn

A and [ are called the total coefficient matrix and total known term vector,
respectively. Moreover, b and p are called total nodal value vectors of b and py
respectively.

We substitute the fundamental boundary conditions into Eq. (6.3.18). In
other words, if u; = up (z;) and v; = 0 are substituted in j € Np,

A A u 1
T -7 App ADN p) (b _
@ s (A A (@) (1)) <o 6219
is obtained. Here, up and uy are vectors defined in Eq. (6.3.1) and vp and vy
are vectors defined in Eq. (6.3.2). Moreover,

ADD = (Aij)ieND JEND’ ADN = (Aij)ie./\/b JENN’
Anp = (Aij)iENN JEND’ Ann = (Aij)iENN JENN’

o =)iens s In=)ienn -
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. S
U1 h Z%a 7
(a) Domain 2 (b) Finite element partition

Fig. 6.16: An example of a 2D Poisson problem.

Rearranging Eq. (6.3.19) gives
oy (Axnun — In + apAnp) = 0.
Since vy is arbitrary, we can write
Axnay = Iy — apAnp = 1. (6.3.20)

Equation (6.3.20) is a simultaneous linear equation with respect to the unknown
vector un and is called the discretized equation of the finite element method.
If Eq. (6.3.20) is solved for uy, we get

N = Agnl. (6.3.21)

From these, the finite element solution uy, (@) can be obtained by substituting

u = (ﬁD,ﬁg)T into Eq. (6.3.1). Moreover, the finite element solution wuy, (@;)
in the domain €; of the finite element i € £ can be sought via Eq. (6.3.9).

6.3.4 Exercise Problem

Let us look in detail at how an approximate solution of a two-dimensional
Poisson problem can be obtained using the triangular finite element shown above
([3, Section 5.3, p. 67]).

Exercise 6.3.2 (Finite element method for 2D Poisson problem)

Let the domain € be (0, 1)2 and define the boundaries I'p =
{x€d| 1=0, 29=0} and 'y = 9\ I'p. In this case, obtain the
approximate solution from the finite element method of u : (0,1)* — R which
satisfies

—Au=1 1in Q, ?:O onl'y, u=0 onIp.
v

Here, use the element partition in Fig. 6.16. a
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i3 Ti3) Ti(2)
Ti(1) Ti(2) Ti(1)
(a) Type 1 (b) Type 2

Fig. 6.17: Finite element types.

Answer Let the size of the finite element be A = 1/2. In this case, from Eq. (6.3.8),
we get v = h? and || = v/2 = h?/2. Let us calculate the coefficient matrix A; and
b; using Eq. (6.3.14) and Eq. (6.3.17). Think about the finite element split into two
types. Let the finite element ¢ € {1,3,5,7} of the form such as in Fig. 6.17 (a) be as
type 1. The basis function ;) with respect to a € {1,2,3} of type 1 was given by
Eq. (6.3.6). The undetermined multipliers which are required in the calculation of the
coefficient matrix A; are 7, and .. These values with respect to type 1 are

m 1 [Ti@2 ~ Ti3)2 1 —h

n2 | = — | Ti3)2 — Ti(1)2 | = ne h ],
v . . 0

13 Ti(1)2 — Ti(2)2

01 1 [T — Tien 1 0

O2 ) = — | T —Tin | = 2 —h

03 v Ti(2)1 — Ti(1)1 h

from Eq. (6.3.7). Substituting these into Eq. (6.3.14) and Eq. (6.3.17) gives the
coefficient matrix and the known term vector as

1 -1 0 2 (1
Al:% -1 2 -1/, L—:Ei:% 1
0 -1 1 1

On the other hand, the finite element ¢ € {2,4, 6,8} in the form such as the one in
Fig. 6.17 (b) is type 2. Similarly, with respect to these, the undetermined multipliers
of the basis function can be obtained as

Uit Ti(2)2 — Ti(3)2 0
1 1
N2 = | T2~ T2 | = 335 h 1,
v s h2\
13 Ti(1)2 — Ti(2)2
01 Ti(3)1 — Ti(2)1 —h
1 1
O2 | == | Tiy1 — Tz | = 2 0
03 T \&i2)1 — T h

Substituting these into Eq. (6.3.14) and Eq. (6.3.17) gives a type 2 coefficient matrix
and known term vector as

1 0 -1 5 (1
Ai:% 0o 1 -1, L—:BL:% 1
-1 -1 2 1

The relationships of x; with respect to the local nodes x;(1), ®i(2), Ti(3) and total
nodes j € N ={1,2,3,4,5,6,7,8,9} for the finite element : € £ = {1,2,3,4,5,6,7,8}
are shown in Table 6.1.
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Table 6.1: Relationship between local nodes ®;(1), i),
nodes x; in Exercise 6.3.2.

1€€ | 1 2 3 4 5 6 7 8

Li(1) L1 | L1 | T2 | L2 | T4 | T4 | T | T
Ti(2) T4 | T5 | T5 | Te | T7T | T8 | T8 | L9
Li(3) Ly | 2 | e | T3 | T8 | L5 | T9 | T

Type | 1 2 1 2 1 2 1 2

Chapter 6 Fundamentals of Numerical Analysis

x;3) and the total

We expand A; and l; in conjunction with the total node value vectors as

1 00 -1 0 0000 1
000 0 0 0000 0
000 0 0 0000 0
4|t o0oo0 2 —1too0oo0of 1
Ai=5[0 00 -1 1 000 0f, h=-%|1
000 0 0 0000 0
0 00 0 0 000 O 0
000 0 0 0000 0
000 0 0 0000 0

Similarly, if A; and I; are formed using A; and I; with respect to i € {2,...

and superimposed, one obtains

2 -1 0 -1 0 0 0 0 0
1 4 -1 0 -2 0 0 0 0
0 -1 2 0 0 -1 0 0 0
oyt 04 20 1 0 0|
A=1l0 —2 0 -2 8 -2 0 -2 o], i=
2l o 0 -1 0 -2 4 0 0 -1
O 0 0 -1 0 0 2 -1 0
0 0 0 0 -2 0 -1 4 -1
O 0 0 0 0 -1 0 -1 2

Moreover, if the fundamental boundary conditions w1 = u2 = uz = us

v1 = v2 = v3 = v4 = v7 = 0 are substituted in as Eq. (6.3.19), we get

8 -2 -2 0 us 6
11-2 4 0 =1 wus 1|3
21-2 0 4 =1/ us 24 | 3

0 -1 -1 2 ug 2

Solving this simultaneous linear equation,

us 3 2 2 2 6 17
w| 1 |2 6 2 4 3] 1 |22
us | 1922 2 6 4 37 96|22
g 2 4 4 12) \2 30

N WHFH WO W~ Wi

U7:0,

is obtained. Figure 6.18 shows the approximate solution w, (@) with this result as a

node value.

g
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Fig. 6.18: Approximate solution of Exercise 6.3.2.

Fig. 6.19: Approximate solution when increasing the division number of Exercise
6.3.2.

Figure 6.19 shows the result when the division number in Exercise 6.3.2 is
increased to 36 nodes and 50 finite elements.

6.4 Various Finite Elements

The finite element methods in one and two dimensions when the basis function
is constructed of linear functions were seen in Sections 6.2 and 6.3. Next,
let us show how to change the basis function to a higher order and how to
change the shape of a finite element into a square, and give an overview
of the three-dimensional finite element method. Other than the method of
construction of the basis function being different, their procedures, such as the
Galerkin method seeking the undetermined multipliers by substituting them
into the weak form, are identical. So let us look at how the basis function is
defined for a finite element and how the approximate function is constructed.

In this chapter, the domain of the basis function is changed to a domain
whose size is normalized (normal domain), and a finite element defined on such
a domain is referred to as normal element. A finite element of arbitrary size is
thought to be given by a mapping from a normal element.
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Lo A2 la1-¢ ¢

z 3

Tio1 = Ti) i = Tigo) 0 1

(a) Length coordinates (A1, A2). (b) Normal coordinates £ = Ao =1 — A1.

Fig. 6.20: Length coordinates and normal coordinates of 1D finite elements.

6.4.1 One-Dimensional Higher-Order Finite Elements

Firstly, let us think about making the one-dimensional finite element a
higher-order. Let the normal domain with respect to the one-dimensional finite
element be & = (0,1). The point = € ; on the domain Q; = (x;—1,x;) of
the one-dimensional finite element ¢ € £ can be changed to be a point on
the normal domain { € = by using the basis functions ;1) and ;) of the
one-dimensional finite element (first-order element) defined by Eq. (6.2.3) and
Eq. (6.2.4) via £ = g2y (v) = 1 — @iy (z). Here, py2) (¥) =1 — ¢;1) (z) and
£ € = are viewed as the same and defined (cpl-(l) (), pi(2) (x)) as the length
coordinate. It is a two-dimensional vector to express length, but it should be
noted that the condition ;1) (z) 4 @;2) () = 1 is imposed. Furthermore,
using functions of (api(l) (x), ©i(2) (x)) as coordinates may bring confusion so
the length coordinate is written as (A1, \2). Figure 6.20 shows the relationship
between the length coordinates (A1, A2) and normal coordinates &.

Hereafter, we consider the basis functions defined on the normal domain
= = (0,1) and the basis functions will be made higher-order. As a preparation
for this, let us confirm how the basis functions (¢;(1) (%), @i(2) (z)) defined with
respect to x € ); seen in Sect. 6.2 is expressed using the basis functions defined
with respect to £ € Z. In this chapter, the node and basis function defined on
the normal domain are to be expressed as {(.) and ¢(.), respectively. In other
words, let the node with respect to first-order basis function be

() €2)=(0 1) (6.4.1)
and the basis function be
() () d2©) =M X)=(1-¢ €. (6.4.2)

On the other hand, the mapping f; : 2 — €; from normal coordinate £ € = to
the global coordinate x € €2; is given by

x = fi (&) = 2y + € (Tie) — wiq)) - (6.4.3)

Here, between the first-order basis functions (cp,-(l), <p,-(2)) defined on §2; and the
first-order basis functions (gé(l), 4,5(2)) defined on the normal domain,

(i) (fi (€)) @iy (fi (£))) = (21) () D2) (£)) (6.4.4)
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holds.

Let us define second-order basis functions corresponding to the definition
of first-order basis functions. Second-order functions have three undetermined
multipliers. Hence, adding a mid-node, we define the nodes as

(&) &Go Gie)=(0 1 1/2). (6.4.5)

The basis functions @1y, P(2) and p(3) of normal element are determined so that
they satisfy the boundary conditions at §(1), {2) and &), respectively. These
conditions can be given by

(o) (€)= s (6.4.6)

with respect to «,8 € {1,2,3}. Equation (6.4.6) shows conditions for the
undetermined multipliers to be the node values of an approximate function.
From this condition, the three undetermined multipliers of a second-order
function are determined as

(1) @@ ¢@) =M @M —1) A(2X2—1) 4X\)g). (6.4.7)

Basis functions determined in this way satisfies

Y b (@ =1 (6.4.8)

ae{l1,2,3}

with respect to all £ € E. Equation (6.4.8) is the condition at which the
approximate solution matches the exact solution when the exact solution is
u = 1. Figure 6.21 shows these basis functions and the basis functions defined
on ;. Here, let [, m, and n in the figure be the node numbers given in total
nodes.

Therefore, the approximate function used in a second-order one-dimensional
finite element is constructed as

Ui(1)
an (§) = (2) () @) (&) @) (©) |wi) | =@ (E) - us
Ui(3)

on the normal domain. Here, in this chapter the approximate function defined
on a normal domain will be expressed as .

Similarly, the one-dimensional finite element of m(e N)-th order is
constructed in the following way.

Definition 6.4.1 (m-th order one-dimensional finite element) Let = =
(0,1) be a normal domain. With respect to m € N, place the nodes as

(gi(l) Si2) - 5i(m+1)) = (0 1/m .- 1).

Construct the basis functions ¢,y with respect to @ € {1,...,m + 1} as an m-th
order polynomial and select the undetermined multipliers so that Eq. (6.4.6)
with respect to 8 € {1,...,m + 1} is satisfied. A finite element using basis
functions constructed in this way is called a one-dimensional m-th order finite
element. O
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Up = Uji(3) Un = Ui(3)

U = Ui(1) ‘ Uy = U Up = Uj(1) —~Um = Uj(2)

Ti(1) Ti(3) Ti(2) =0 ¢§3=1/2 {o=1
(a) Basis functions on ;. (b) Basis functions on E.

Fig. 6.21: Basis functions and an approximate function used in a second-order
1D finite element.

When basis functions ¢, are defined as in Definition 6.4.1, an approximate
function is constructed by

Up = Z gb(a)ui(a) =@-u; (6.4.9)
aeN;

on the normal domain, where N is a set of local node numbers. Equation
(6.4.9) expresses the relationship which holds with respect to the approximate
function, not limited to an m-th order one-dimensional finite element.

In this way, if approximate functions are given on the normal coordinates
& € E, the bilinear form for each finite element in the weak form (Eq. (6.2.13))
is

a; (up, (w;) ,vp (0;))

= (viy * Vigmt1)
a; (801‘(1), %‘(1)) tee a; (901'(1)7 901'(m+1)) Ui (1)
x : - s :
a; (<Pz‘(rn+1)7 %‘(1)) 2] (%(m+1)7 <Pi(m+1)) WUi(m+1)
=v; (Aiw;) =v- (ZZ-TAZ-ZZ-E> =v- (Am) : (6.4.10)

Here, we can write

dpia)y — dde) d§ 1 dda

de  d¢é dz  w; dE€

where

e df;

Wi = Q& ng = Ti(2) — Ti(1)

from Eq. (6.4.3). Hence, each element of A; = (ai(ap)), 4 € RVl XNl can be
calculated from

dgi(a) de; 1 (1 dga) dg
ai(aﬁ):/ﬂ </><>%0<6>d$_7A Pa) 490) g

dz dz W d¢  d¢
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$i1)
(a) Area coordinates (A1, A2,A3). (b) Normal coordinates (£1,&2) = (A2, As).

Fig. 6.22: Area coordinates and normal coordinates for a triangular finite
element.

Moreover, even with respect to the linear form (Eq. (6.2.16)) for each finite
element in the weak form, we have

bin)
i (on (03) = (vi))  *** Vi(m1)) :

— 9 li=0- (ZTL) =51, (6.4.11)

Here, each element of b; = (Ei(a))a € RWil can be calculated by

1
bi(a) =/ boi(a) dx = Wi/ boP(ay d§.
Q; 0

i

A similar relationship holds with respect to Eq. (6.2.17) too.

6.4.2 Triangular Higher-Order Finite Elements

Next, let us think about the higher-order triangular finite element used with
respect to a two-dimensional problem. Basis functions ¢;(1), @;2) and ¢;(3) of
the first-order triangular finite element defined by Eq. (6.3.6) are called area
coordinates. The reason for this is because when a point @ € €2; on the domain
Q; of finite element ¢ € £ is selected as in Fig. 6.22 and A1, Ay and A3 are the
area ratios of three small triangles with x as a vertex against [€;], (A1, A2, A3) =
(goi(l),wi@),%(g)) is established. From this, & = (51,§Q)T = ()\2,)\3)T € R2?is
called the normal coordinates and = = {E € (0, 1)2 ’ L+6&6 < 1} is called a
normal domain.

Let us again think about the higher-order after defining linear basis functions
on the normal domain. Let nodes with respect to normal element be

((STRCY €<3>)=<8 . ?) (6.4.12)
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(a) Nodes on €; (b) Nodes on Z

Fig. 6.23: Nodes used in second-order triangular finite element.

The basis functions looked at in Sect. 6.3 were

(‘/3(1) 3 P(2) (€) D(3) (5)) = (/\1 A2 )\3)- (6.4.13)

Let us define the second-order basis functions corresponding to the definition
of the first-order basis functions. Complete second-order polynomials with
respect to &1 and & have six undetermined multipliers a1, ..., ag given as

ay + agéy + azéo + as€ + aséiéa + agls.

Then, mid-point nodes can be added to the three sides of the triangle as shown
in Fig. 6.23. Let the nodes be

010 1/2 0 1/2

En ¢o €o ¢w €o €)= (o 01 12 1/2 0 )
(6.4.14)
Here, if the basis functions ¢,) of the normal element with respect to a €

{1,...,6} are determined so that (5(5)) = 0qp Is satisfied with respect to
Be{l,...,6}, we get

Pa) AL (2h = 1) P(4) 4X2A3
@) | = A2 @A—1) |, o) | = | 4MAs
P(3) Az (23 — 1) P(6) A1 )2

Figure 6.24 shows these functions. An approximate function can be constructed
using these as Eq. (6.4.9).

Similarly, an m(€ N)-th-order triangular finite element can be constructed
in the following way from a two-dimensional m-th order complete polynomial.

Definition 6.4.2 (m-th order triangular finite element)
Let = = {§ € (0, 1)2 ‘ &G +6& < 1} be a normal domain. For m € N, place

the nodes ﬁ(a) with respect to a € N; as shown in Fig. 6.25. Construct the
basis functions () with a complete m-th order polynomial with respect to &

and & and determine the undetermined multipliers so that ¢(q) (5 ( 5)) = 0qp is
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Fig. 6.24: Basis functions and an approximate function used in the second-order
triangular finite element.

\\
G- 6-ag-¢ m=
RNEVYAN

g{nﬁ{n—lé‘r ,glgg’lﬂ mooom

(a) Nodes &, for @ € ;. (b) Complete m-th order polynomial terms of |\j].

Fig. 6.25: Node placement and polynomial terms used in the m-th order
triangular finite element.

satisfied with respect to a, 8 € N;. The finite element using the basis functions
constructed in this way is called triangular m-th order finite element. O

When using the basis functions () constructed as in Definition 6.4.2, an
approximate function can be constructed on the normal domain as Eq. (6.4.9).
If approximate functions are given, the bilinear form (Eq. (6.3.14)) for each
finite element in the weak form can be calculated by

i) = /91 Oz Pi(a) (T) - Oupi(p) () dx
- /: { (FT) B OeP(a) (5)} . { (FT) - De () (g)} w; de.
(6.4.15)

Here, the mapping from the normal domain = to the domain €2; of the finite
element i € £ was assumed to be given by

<I1> _ (l‘i(z)l —Ti(1)1 LTi(3)1 — xi(l)l) <§1) + (l‘i(l)l)
T2 Ti(2)2 — Ti(1)2  Ti(3)2 — Ti(1)2 &2 Li(1)2



44 Chapter 6 Fundamentals of Numerical Analysis

Here, x;q) = (.ﬁi(a)l,xi(a)g)—r are the coordinate values of local nodes o €
{1,2,3} of the finite element ¢ € £. A mapping such as combining a linear
mapping and a translation with a fixed element is called affine mapping. In this
mapping, F'; represents a Jacobi matrix and w; represents a Jacobian det F;.
Moreover,

. . (995(&)/85 B ox /6{ ox /55 P a)/ax
Oeie (€) = <a¢><a>/8é> = (axi/aé Dus) 062 ) \ 0oy /O

= F 0:0(a) (€)

was used to get Eq. (6.4.15).
Furthermore, the linear form (Eq. (6.3.16)) for each finite element in the
weak form becomes

li(on (9)) =01 (b +5,) =0 {Z] (b +p) } =v- (bi+5,)

v 1= (ZTL) =51, (6.4.17)

?

Here, each of the elements in b; = (Bi(a))a e RWil and p;, = (ﬁi(a))a e RWil
are calculated from

bi(a) = /Q bopi(a) dz = wi/:bosb(a) dé, (6.4.18)

1
Di(a) :/ Pi2) dy = qu/ PNP(a) dé1, (6.4.19)
0Q;NI'n 0

where w;1p = dvy/d& = [0Q; NT'n].
The integral on the triangular normal domain = in the above equation can
be calculated using the formula in Theorem 6.3.1.

6.4.3 Rectangular Finite Elements

A rectangular finite element can also be considered with respect to
two-dimensional problems. Consider two-dimensional domain €2 that can be
divided with rectangular domains €2; (i € &) such as the one in Fig. 6.26 (a).
Let the normal domain Z be (0, 1) such as the one in Fig. 6.26 (b). The change
from x € Q; to & € = is given by £ = (51,52)T = ()\12,)\22)T € Z based on
length coordinate in the z; direction (A11, A12) and length coordinates in the x5
direction (Ag1, A22) which are defined as

A (@) = LT (6.4.20)
Ti(2)1 — Ti(1)1

Mg (@) = —— L (6.4.21)
Ti(2)1 — Ti(1)1

Aoy (z) = w212 (6.4.22)

Ti(4)2 — xi(1)27
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&

10

&) 5(3)

© 06
Ti(1) Ti(2) 0 1
(a) Node on Q; (b) node on =

Fig. 6.26: Node of a rectangular finite element.

Fig. 6.27: Basis functions and approximate function used in a first-order
rectangular finite element.

T2 — Tj(1)2

Mgz (x) = (6.4.23)

Ti(4)2 — xi(l)Z'
In a first-order rectangular finite element, the bilinear polynomial
a1 + a8y + aze + a1 &

with respect to & and & is used for the basis function. Four undetermined

multipliers aq, ..., a4 are determined by the boundary conditions of four nodes
of the normal element:
01 1 0

In reality, using the conditions @4 (ﬁ(ﬁ)> = Jop with respect to o, 8 €
{172, 374:}7

() @@ @@ P@)=(M1rar A2t Azdez Airda)

can be obtained as the basis functions of a normal element. Figure 6.27 shows
these basis functions. Using these, the approximate function of the normal
element can be constructed as Eq. (6.4.9).

Two methods are known for forming higher-order rectangular finite elements.
One is a method such as the one below using bi-m-th order polynomials.
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Fig. 6.29: Nodes of a serendipity group rectangular finite element.

Definition 6.4.3 (Lagrange family rectangular finite element) Let
Z = (0,1)® be a normal domain. For m € N, nodes & (o) With respect to a € N
are placed as in Fig. 6.28. A basis function ¢, is constructed using bi-m-th
order polynomials with respect to & and £, and undetermined multipliers are
determined so that ¢(q) (5(5) = 0qp Is satisfied with respect to a, 8 € M.

A finite element using the basis functions constructed in this way is called a
Lagrange family rectangular finite element. O

Another method for forming a higher order is to use just the nodes on the
finite element boundary. This method is different from the Lagrange family
which was obtained by deduction using the bi-m-th order polynomials and,
from the fact that the method was found accidentally, it is called the serendipity

group.

Definition 6.4.4 (Serendipity group rectangular finite element)  Let
Z = (0,1)* be a normal domain. For m € N, place the nodes & (o) With respect
to a € N as shown in Fig. 6.29. Construct the basis functions ¢, using
polynomials of &; and & and determine the undetermined multipliers so that
P(a) (5(5)> = 0qp is satisfied with respect to a, 8 € NV;. A finite element using
these basis functions created in this way is called a serendipity group rectangular
finite element. These polynomials are constructed by terms which are complete
second-order polynomials with respect to &; and & with &, and ¢1£5 added
on when m = 2. Moreover, when m = 3, these are constructed by £, and & &3
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Fig. 6.30: First-order tetrahedral finite element.

being added to complete third-order polynomials with respect to & and &. O

As shown above, if the approximate function 4y, (§) is given on the standard
coordinate £ € =, the affine mapping from normal coordinates = to rectangular
finite element §2; can be used to obtain an element coefficient matrix or known
term vector of ; via Eq. (6.4.15) and Eq. (6.4.17). In this case, when the

rectangular element is as shown in Fig. 6.26 and z;) = (xi(a)l,xi(a)g)—r with
respect to a € {1,2,3,4} are taken to be the coordinate values of local nodes of
the finite element 7 € £, the affine mapping is given by

<$1> _ (%’(2)1 — Ti(1)1 0 ) (fl) n (%’(1)1)
T2 0 Tia)2 — Ti1)2) \&2 Ti(1)2

6.4.4 Tetrahedral finite elements

A three-dimensional finite element can also be constructed in a similar way to
the two-dimensional case. First, let us consider a tetrahedron finite element such
as the one in Fig. 6.30. Area coordinates were used in triangular finite elements.
In a tetrahedral finite element, volume coordinates (A1, ..., A4) such as that in

Fig. 6.31 (a) and a normal domain E = {5 e (0,1) ’ Si+&+E< 1} such

as the one in Fig. 6.31 (b) are used. In first-order tetrahedral finite elements,
(1) = A1y -, P(1) = Ag with respect to the nodes £y, ..., §4 such as the one
in Fig. 6.31 (b) are chosen to be basis functions. The m-th order tetrahedron
finite element has basis functions using complete m-th order polynomials in a
similar way to triangular finite elements.

6.4.5 Hexahedral Finite Elements

A hexahedral finite element is also constructed by expanding the rectangular
finite element into a three-dimensional space. Figure 6.32 shows nodes of a
first-order hexahedral finite element. Here, it is also possible, in a similar way
to Eq. (6.4.20) to Eq. (6.4.23), to define the length coordinates Ai1,..., Ass

and normal coordinates £ = (51,52,53)T = ()\12,)\22,/\32)T € = with respect
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(a) Volume coordinates (A1,...,A4). (b) Normal coordinates ({1, &2, &3).

Fig. 6.31: Volume coordinates and normal coordinates for a tetrahedral finite
element.

(a) Hexahedral first-order finite element. (b) Normal coordinates (&1, &2,&3).

Fig. 6.32: First-order hexahedral finite element and normal coordinates.

to the node coordinates x;(1y, ... , Tyg) € R3. With respect to a normal
element, the Lagrange family m-th order hexahedral finite element has nodes
uniformly placed on the normal domain and basis functions ¢(1), ... , @((m+1)3)
are constructed using tri-m-th order polynomials with respect to normal
coordinates. In serendipity group m-th order hexahedral finite elements,
nodes are placed uniformly on the finite element boundary and basis functions
constructed using m-th order polynomials.

6.5 Isoparametric Finite Elements

The domain of a finite element seen in Sect. 6.4 is assumed to be triangular or
rectangular in two dimensions and tetrahedral or hexadral in three dimensions.
Here, let us think about finite elements in the shape of a quadrangle, triangle or
quadrangle formed of second-order curves such as shown in Fig. 6.33 and those
extended to the three dimensions.

As seen in Sect. 6.4.2, when the basis functions of a triangular finite element
are given by area coordinates and the approximate functions constructed from
these are substituted into the weak form, the domain integrals are calculated
using Theorem 6.3.1. In the case of rectangular finite elements, they can be
calculated using Gaussian quadrature, as shown in Sect. 6.5.2. These formulae
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(a) Quadrangle  (b) 2nd-order curve (c) 2nd-order curve
triangular quadrangle

Fig. 6.33: Examples of isoparametric finite elements.

of integration are also effective when the order number of the integrand is
increased by making the basis functions a higher order. However, if the integral
domain is as shown in Fig. 6.33, such integral formulae can no longer be used.

Hence, if a function (mapping) is used for changing the finite element domain
; into a triangular or rectangular normal domain Z if two-dimensional and into
a tetrahedral or hexahedral normal coordinates Z if three-dimensional, such a
change makes integration possible using Theorem 6.3.1 or Gaussian quadrature
on =. When the approximate function &; with respect to the mapping & : = —
); is constructed of the same basis functions as the approximate function of u,
the finite element is called an isoparametric finite element. In other words, it is
defined in the following way.

Definition 6.5.1 (Isoparametric finite element) Let the normal domain
with respect to the domain Q; C R? of finite element i € £ be E C R?. With
respect to local node number i € N; = {1,...,|NV;|}, the basis function of
the normal element is ¢ = (aﬁ(l), RN %2’(|Ni|))- In this case, the finite element
when the approximate functions of u and v and coordinate values on (); are
constructed using

up, (&) = ¢ (&) - wi,
o (&) = @ (&) - viy
1 (§) = @ (&) - Za,

Tha (§) = @ (€) - Zia

with respect to & € Z is called an isoparametric finite element. Here, w; and
v; € RMVil are taken to be local node value vectors of u and v, and &;1,...,%;q €
RVl are taken to be local node coordinate value vectors on €2;. O

In an isoparametric finite element, all functions appearing in the weak form
with respect to a finite element are given by the normal coordinates £ € = as
parameters. As a result, the integral domain can be changed to a normal domain
and the formula of integration can be used. However, in contrast, the calculation
of the partial differential of u with respect to & € ; and the Jacobian may be
difficult. Let us look at this in the next section.
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Tj(4)
O

Fig. 6.34: Coordinate transformation of four-node isoparametric finite element.

6.5.1 Two-Dimensional Four-Node Isoparametric Finite
Elements

As an example of an isoparametric finite element, let us think about a four-node

isoparametric finite element such as the one in Fig. 6.34. With respect to i € &,

assume €; to be a quadrangle domain and & = (0, 1)2 a normal domain. Here,

with respect to £ € =,

Ui(1)
in (€)= (20 (&) 2@ () 2w (©) 2w (©) || =¢© .
Ui (4)
on () = ¢ (&) - v,
Th1 (§) = @ (§) - @i,
Th2 (§) = @ (8) - Tiz

is defined, where

&(1) (1—=&)(1—&)
o= P@) | _ &(1 - &)

D(3) §160

P(a) (1-£&)&

Here, let us think about the calculation of partial differentials with respect to
z1 and xo of ¢. However, ¢ is a function of £ Here, if the chain rule of
differentiation is used, with respect to « € {1,2,3,4},

. (0906 (03106 0E2)06\ (09O
Veb (6) = (wﬁa;/aé) (aazi/afi a@i/@é) (asbia;/axl)

= (Vea") Vairia (€)

is established. Then,

N o 8@((1)/8331
Vipa) (€) = (8@((1)/81:2
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_ 1 (313’2/352 —3@/851) (&ﬁ(a)/@&)
w; (&) \—021/0  021/0&1 ) \O0P(a)/ 02

T\ e -
= (ng ) Vgip(a) (f) (6.5.1)
.
is established. Here, (Vg:i: ) and

wi (€) = det (Vgﬁ:T) (6.5.2)

are the Jacobi matrix and the Jacobian, respectively, of the mapping & : = — €);.
Using these results, the element coefficient matrix (ai (api(a),cpi(ﬁ)))aﬂ €

R**4 can be changed in the following way:

Oi(a) OPis) | Oi(a) OPi(s)
ai (Pita) Pi(s)) :/Q < + > dz

O0xr1 Oz 0xy  0xo

i

N /Q Vi) () - Vapip) (x) dz
- /(o 1)2 Vid(a) (€) - V(s (€ wi (€) dE. (6.5.3)

In the integrand on the right-hand side of Eq. (6.5.3), V.9 (o) (§) and w; (§) can
be calculated by Eq. (6.5.1) and Eq. (6.5.2), respectively. The integral can be
calculated with the Gaussian quadrature shown next.

6.5.2 Gaussian Quadrature

Let us show the formula of Gaussian quadrature specifically. When f, :
(=1,1) — R is n-th order function with respect to n € N, using the fact that

/_ i) dy = 2£1.(0).

/_11 foly) dy = fs (—;3) iy (;3) 7

1
/71 f5(y) dy = gfs ( 2) + %fs (0) + gfs ( g) ;

holds for n € {1,3,5,...}, the method for calculating the integration on the
left-hand side using the right-hand side is called the Gaussian quadrature.
Here, when the term on the right-hand side is written with respect to ¢ €
{1,2,...,(n+1)/2} as w;f, (n;), n; is called the Gaussian node. Figure 6.35
shows the relationship between f,, and Gaussian nodes. Let us see the basis on
which these formulae hold.
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Fig. 6.35: Gaussian quadrature of a one-dimensional function.

lo 1

ly

Iy ls

—1F

Fig. 6.36: Legendre polynomial [,,.

First, in order to use the Gaussian quadrature theorem to be shown later,
let us define Legendre polynomials. Here, n and m are non-negative integers.

Definition 6.5.2 (Legendre polynomials) When the function I, :
(—=1,1) — R satisfies the Legendre differential equation:

d d

— (1 =2 —1, 1)1, =0, 5.4

dx{( z)dx }+n(n+ ) 0 (6.5.4)
l,, is called a Legendre polynomial. O

Using Rodrigues’ formula, the Legendre polynomial can be written as

(@) = — & {@-1)"}. (6.5.5)

= onpldgn

From this, it can be obtained specifically as

Figure 6.36 shows [y to l5. Therefore, it becomes apparent that [, is an n-th
order polynomial. Furthermore, if the function f : (—1,1) — R is a polynomial
of less than n-th order then

1
[1f(x)ln(z)dx20
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holds. This is because

[remwa= -l 0= ],

1 [tdf art ) n
72”n!/1£dx”—1 {(z -1) }dx

:(_1)n/1dnf(x2—1)ndx20

2"77,' _1 dan

holds from Eq. (6.5.4) and Eq. (6.5.5). Using these properties, the orthogonality
of {l,},,:

1
2

-1

is established.
Moreover, in general, with respect to zg < x1 < -+ < xp,

o= I =
je{lm}, g
oz (@ —m) - (w—mi) (B —wig) - (7 — )
(i —x0) (¥ — 1) -+ (T — @i1) (T35 — Tig1) -+ (@5 — T)

satisfles ¢; (x;) = d;;, and with respect to some f: R — R, if we set

f@= Y ¢i@) f(x),

i€{T )

then the equation f(xl) = f(x;) is satisfied. Here, ¢; () is called the Lagrange
basis polynomials and f (z) is Lagrange interpolation. At this time, we write
the Lagrange basis polynomials with respect to the roots 7y, ..., n, of Legendre
polynomial [,, as

T —n;
jeltyny, ji 1

Figure 6.37 shows ¢ to 5. If we consider Lagrange interpolation using ¢, (),
a formula of Gaussian quadrature can be obtained as follows.

Theorem 6.5.3 (Gaussian quadrature) Let 71,...,7n, be the roots of an
n-th order Legendre polynomial [,,. Let f : (—1,1) — R be a polynomial of less
than 2n-th order. In this case,

/_1f(x) dw= S wifm)

i€{T,.n}
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-1

Fig. 6.37: Functions ; (z) with the roots of a fifth-order Legendre polynomial
as nodes.

holds. Here,

1
wi:/ v; (z) do
1

with respect to ¢; (z) of Eq. (6.5.6). O

Proof Let us suppose that f (z) is a polynomial of (n — 1)-th order. In this case,

f@= Y i) fm)

ie{l,...,n}

holds. This is because although the difference between both sides includes an n-th
order differential but f’s n-th order differential is 0. Hence, the following holds:

[ r@a=[ | ¥ c@im]da= 3 wfo.

ie{l,...,n} i€{l,...,n}

Next, let us suppose f is a polynomial of order greater than n but less than 2n. In
this case we can write

f@) =l (z)g(z) +7(2).

However, g (z) and r (z) are polynomials of less than n-th order. Here, the qualities
of the Legendre polynomial give

/11 In () g (2) dz = 0.

Moreover, from I, (1;) = 0,

(i) =rm)

holds. Furthermore, since r (z) is a polynomial of less than n-th order,

/1 r(z) dz = Z wir ()
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Y2 Y2 Y2

M1 " Mz | 722 "
2 ] 3
(=11 mi | 121
n

Fig. 6.38: Gaussian quadrature for functions defined on a two-dimensional
domain.

holds. Therefore we get

f@ar= [ r@= ¥ wrmo= ¥ wim).

1

In Theorem 6.5.3, when the integral domain is changed to (0, 1), the integral
equation can be changed by a change in variables to

1 R
[ ma=5 3w (%),

i€{l,...,n}

Furthermore, with respect to a bi-n-th order function on two-dimensional
domain (—1,1),

[ m@©d= X wwimg),

-Ly? (6,7)€{ L. n}?

foptroae=g 3 wnt((n-(3))/2)

(i,5)€{1,...,n}
(6.5.7)

holds with respect to Gaussian nodes such as in Fig. 6.38. These formulae are
used in numerical integration of rectangular isoparametric finite elements. For
example, with respect to Eq. (6.5.3), Eq. (6.5.7) is used. Here, the value of n is
not chosen exactly due to the fact that the inverse calculation of a matrix with
polynomials as elements is included. Hence a value as small as possible such
that no practical issues arise can be looked for with a numerical experiment.
Moreover, with respect to linear elastic problems, it is known that the use
of selected reduced integration suppresses the generation of hourglass modes
(deformation such that strain becomes 0). We refer the readers to literature
focusing on these topics.
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6.6 Error Estimation

In Theorem 6.1.13, it was seen that the approximate solution from the Galerkin
method was the best element in the set U, of approximate functions. Hence, the
error in the approximate solution from the Galerkin method depends on how
close an element of Uy gets to an element in the function space containing the
exact solution (approximation ability). Here, the results of Theorem 6.1.13 will
be used to think about the error evaluation of an approximate solution (finite
element solution) obtained from the finite element method. Results shown here
will be used for error evaluation in numerical solutions for shape optimization
problems in Chaps. 8 and 9. Here, based on what we have seen so far in this
chapter, let us give an abstraction of the finite element method to some extent
to look at basic theorems.

6.6.1 Finite Element Division Sequence

Let us define the finite element division. Let @ C R? be a d €
{1,2, 3}-dimensional bounded domain of a polygon in two dimensions and a
polyhedron in three dimensions in order to be able to ignore the error due
to domain division, and call it polyhedron generally. With respect to (2,
T = {Qi};ce is called a finite element division. Here, £ is the finite set of

element numbers. Moreover, §); are convex polyhedrons such that = Uiee S
and

Qiﬂﬂj:(b, QiﬂQjCRd_l

for i # j with respect to an arbitrary i, j € £ is satisfied. With respect to each
Q;, we call

diamQ; = sup ||@ — yllga
xz,yc);

the diameter of €2; and write it as h;. Moreover, write the diameter of the
inscribed sphere in 2; as inscr();. When some positive real number o exists
and

inscr £;

with respect to all ¢ € £ holds, 7 is said to be a regular finite element division.
Furthermore,

h(T) = I?eathi (6.6.2)

is referred to as the maximum diameter of 7 and a finite element division
sequence such that it becomes h (7)) — 0 will be written as {75}, _,,-
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6.6.2 Affine-Equivalent Finite Element Division Sequence

Choose some finite element division 7, from a regular finite element division
sequence {7}, and let the set of node numbers in this case be N and x; a
node with respect to j € N. Here, the basis functions ¢; :  — R of the finite
element method when viewed as a Galerkin method are assumed to satisfy the
following conditions:

(1) With respect to an arbitrary j,l € N,
¢; (1) = 051
holds.

(2) ¢; has support on a domain of finite elements with node j € N.

The set of these basis functions ¢;, as seen in Sections 6.2 to 6.5, can be
rewritten as a set of basis functions @;,) (o € N;) defined on the domain €;
of finite elements i € £. Furthermore, we set the normal domain to be Z, basis
functions on = given by () : £ — R, the mapping of normal domain to finite
element domain is written as f; : = — €);, and

ity (£:1(6) = & (€)

In this section, for simplicity, all normal elements corresponding to all finite
elements are taken to be common as

=2=(0,1)" or EZ{SE@JW’&+~~+&<1} (6.6.3)
Moreover, f, is assumed to be given by a linear form such as
fi(§)=Fi&+b (6.6.4)

using F; € R™? and b; € R%. In the case of triangular or rectangular finite
elements, they are specifically shown in Eq. (6.4.16) and Eq. (6.4.25). A mapping
such as this, combining a linear mapping and a translation with a fixed element,
is called an affine mapping. Here, the finite element division when f; is an affine
mapping is called an affine-equivalent finite element division.

The finite element division seen from Sections 6.2 to 6.4 had assumed an
affine-equivalent finite element division sequence. With isoparametric finite
elements, this relationship does not generally hold, but even if f, : = —
is a mapping combining a non-linear mapping and a translation with a fixed

e
element, if the Jacobi matrix fer = (ngj) and Jacobian w; (§) = det fer
of f, shown later have upper limits and lower limits given by positive real
numbers, then a similar argument holds.

When using a regular affine-equivalent finite element division sequence
defined in this way, in a Poisson problem for example, there is the need to
calculate

a; (#ia): Pis))
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= /Q Vati(a) - Vapip) de

_ / {(ngiT)l Vgsﬁ(a)} . {(ngiT ) w@(m} w; dg
B /: {(F’T)_l V“%)} ' {(F:)_l V&%)} wi A€ (6.6.5)

with respect to an arbitrary «, 8 € A;, where F; is a matrix used in Eq. (6.6.4)
and w; = det F';. The following results can be obtained with respect to F; and
w; of Eq. (6.6.5).

Lemma 6.6.1 (Jacobian of an affine mapping) Let 7, = {Q;};,.. be a
regular affine-equivalent finite element division sequence with normal domain
= as Eq. (6.6.3) and affine mapping f, as Eq. (6.6.4). Let diam Q; = h;. In this
case,

wi =det Fy <hd, w7t =det(F;)"" <eh? (6.6.6)
holds. Moreover, with respect to F; = (aijk)jk e RWilxIVil gnq Fi_1 =
(a—l) € RWlxINil

ik

ijk

laiji| < hi,

a;ji‘ < coht (6.6.7)
is established. Here, ¢; and ¢; is positive constants depending on o in Eq. (6.6.1)
and d. O

Proof Ifitis a finite element of an affine-equivalent finite element division sequence,
wj is a constant. When = is Eq. (6.6.3), 0 < |E| < 1. T}, is regular, hence

In other words, Eq. (6.6.6) holds. Moreover, if f, (&) of Eq. (6.6.4) is written as
(fi (€))

Ofij
O

is obtained from diam ; = h;. Furthermore, from

of;t c
-1 i s
w; det ( D ) hf’
ik

the following is obtained:

of;'
a.%' k

< h;

laijk| = ‘

IN

C2

|aii] =

In other words, Eq. (6.6.7) is established. O
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} i T } 3 13
Ti(1) O Ti(2) € z- (0, 1) £@

(a) Interpolation function 7w on ;.  (b) Interpolation function 74 on =.

Fig. 6.39: Interpolation function and finite element solution.

6.6.3 Interpolation Error Estimation

In Sect. 6.6.2, attention was given to the relationship between the normal
element and the finite element. Here, let us focus on the approximation ability
of the approximate function. In Theorem 6.1.13, the finite element solution
error ||u — upl|; measured with a Hilbert space containing the exact solution
was seen to be limited to inf,,, ¢y, ||u — vp||; at the homogeneous basic boundary
condition (up = 0). Here, in order to evaluate its approximation ability, we shall
think about creating an approximate function for which it is easy to evaluate
error, but the error may be greater than for the finite element solution. If an
error of such an approximate function is evaluated, from the fact that the error
of the finite element solution is smaller (Theorem 6.1.13), the error of the finite
element solution should be evaluated using that error. This is shown in Sect.
6.6.4.

In preparation, in this section, let us think about approximate functions
which can be easily evaluated for error. Such an approximate function is
assumed to be a function which is an element of Uy, and agrees with the exact
solution at nodes. Such an approximate function is called an interpolation
function. Figure 6.39 (a) shows the relationship between the exact solution
u, the finite element solution w, and the interpolation function 7w when
basis functions are given by linear functions with respect to a one-dimensional
problem. Figure 6.39 (b) shows the functions defined on the normal elements.
Here, m and 7 are called interpolation operators and are defined as below. Write
the function space of exact solutions on §2; as U (€2;). Moreover, the function
space (linear space) of an interpolation function set by the basis functions ¢;(q)
(a € N;) is written as W (€;) = span (¢i(a)) .., (Definition 4.2.6). On the
other hand, the function spaces of the exact solution and interpolation functions
defined on = are respectively written as U (2) and W (E) = span ((ﬁ(a))aeNi‘
Here, the operators m: U (€;) — W (©;) and @ : U () — W (2) are defined by

U (:13) = Z U (mi(a)) Pi(a) (:1]‘) ) (668)
a€eN;

7€) = > i (€a)) Pl (€)- (6.6.9)

aENi

Such an error |u—mully, that is |lu—7ul|g1(qg), in an interpolation
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function is called an interpolation error. In order to evaluate this, first let us
define the set of all k-th order polynomials and look at results relating to their
general approximation abilities. For k € {0,1,...}, write the set of all k-th order
polynomials (complete k-th order polynomials) defined on a bounded domain
Q C RY as

Pr(Q) = Zc,@xll---xgd CBER,ﬁE{O,l,...,k}d,mEQ ,
IBI<k

where B is multi-indexed. In this case, the following results can be obtained
(cf. [1, Theorem14.1, p. 120], [6, Lemma 2.8, p. 60]).

Theorem 6.6.2 (Approximation ability of the k-th order polynomials)

Let Q@ C R? be a bounded domain with piecewise smooth boundary,
p€[l,00] and k € {0,1,...}. In this case,

d>€i7%cf(9) v — ¢||W’V+1~P(Q;]R) <c ‘U|Wk+1,p(Q;R) (6.6.10)

holds with respect to an arbitrary v € W*+LP (Q;R). Here, ¢ is a positive
constant dependent on 2 and k. O

Based on Theorem 6.6.2, the following results can be obtained with respect
to the interpolation functions on the domain §2; of finite elements i € £ (cf. [1,
Theorem 16.1, p. 126]).

Theorem 6.6.3 (Interpolation error on a finite element) Let {7,},_,,
be a regular finite element division sequence with respect to d €
{1,2, 3}-dimensional bounded domain @ C R? and T; = {2}, its element.
With respect to a € N, let $(a) be basis functions defined on normal
coordinates on Z and W (Z) = span (@(a))aej\/,» the function space of an
interpolation function. p € [1,00] and k,1 € {0,1,...} are assumed under the
conditions:

d
E+1>—, k+1>1 (6.6.11)
p
to satisfy
Pe(B) C W (B) c WHP (E;R). (6.6.12)

Let m be an interpolation operator of Eq. (6.6.8). In this case, with respect to
an arbitrary v € WP (Q; R), there exists a positive constant ¢ which does
not depend on the diameter h; of €2; and

k+1-1
[0 = Tl yisumy < PETH T 0lwrrin 0,

holds. O
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Using the results from Theorem 6.6.3, the following result is obtained with
respect to the interpolation error on the domain € (cf. [1, Theorem16.2, p. 128],
[6, Theorem 2.8, p. 62] where p = 2 is assumed).

Corollary 6.6.4 (Interpolation error on a domain) Under the
assumption of Theorem 6.6.3, let I € {1,2,...}. The basis functions ¢ =
(¢j)j€N defined on 2 is taken to be continuous. Let 7 be an interpolation
operator of Eq. (6.6.8). At this point, with respect to an arbitrary v €
Wkh+Lp (Q; R), there exists a positive constant ¢ which does not depend on
the maximum diameter h and

v = TVl om < A laiis o)
holds. O

Estimating the error using the order with respect to the diameter of a finite
element such as in Theorem 6.6.3 or Corollary 6.6.4 is called the order estimation
of error.

6.6.4 Error Estimation of Finite Element Solution

The error evaluation of an interpolation function made of basis functions by the
finite element method is given by the results when the exact solution in Corollary
6.6.4 is taken to be v € W*+1P (Q;R). On the other hand, Theorem 6.1.13 shows
the results when measuring the basic error u — uy, with U = H! (; R) norm of
approximate solution by the Galerkin method (finite element solution). Here,
the error of the finite element solution can be obtained by using the results when
p=2and ! =1 are set in Corollary 6.6.4.

Error evaluation when measuring with H! (;R) norm is as follows (cf. [1,
Theorem 18.1, p. 138], [6, Theorem 2.9, p. 64]).

Theorem 6.6.5 (Error evaluation of FE solution due to H' norm)

Let {Tn},_ be a regular finite element division sequence with respect to a
d € {1,2,3}-dimensional polyhedron Q C R? and T, = {},.¢ its element.
p=21=1and k € {0,1,...} are to satisfy Eq. (6.6.11) and Eq. (6.6.12).
Basis functions ¢ = (¢;) ;- defined on €2 are taken to be continuous. Let the
set of approximate solutions in the finite element method be

Up = {vh (@) =v-¢ | 0= (1)), € RV } . (6.6.13)

Let {un}),_,o (un € Up) be a sequence of finite element solutions with respect to
Problem 6.1.6 when the homogeneous fundamental boundary condition (up =
0). Here, if the exact solution is u € U N H**! (Q;R), there exists a positive
constant ¢ which does not depend on h and

l[u— uh”Hl(Q;]R) < ch¥ |u|H’€+1(Q;R)

holds. O
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Furthermore, the results when the error u—uy, is measured with an L? (£; R)
norm can be obtained in the following way using a method known as the
Aubin—Nitsche trick ([1, Theorem 19.2, p. 142], [6, Theorem 2.11, p. 66], where
it is assumed that € is a two-dimensional polygonal convex domain).

Theorem 6.6.6 (Error evaluation of FE solution due to L? norm)

Let {7h},_,, be a regular finite element division sequence with respect to a
d € {1,2,3}-dimensional polyhedral bounded domain Q and 7, = {€;},.c be
its element. Suppose Eq. (6.6.12) is satisfied under p = 2, I = 1, d < 3 and
k = 1. Basis functions ¢ = (¢;),c s defined on € will be continuous. The set
of approximate solutions in the finite element method Uj is Eq. (6.6.13). Let
{unt,_o (un € Uy) be a sequence of finite element solutions with respect to
Problem 6.1.6 at the homogeneous fundamental boundary condition (up = 0).
Here, if the exact solution is u € UNH**1 (Q;R), there exists a positive constant
¢ which does not depend on h and

k
= unll 2y < D ul i o)
holds. -

Let us conduct an error evaluation of finite element solutions using the above
results. Results seen in Section 5.3 can be used for the regularity of exact
solutions. First, if the smoothness (regularity) of the exact solution can be
determined depending on the smoothness of the known functions, the following
result is obtained.

Exercise 6.6.7 (Error evaluation of FE solution) In Problem 6.1.6, the
open angle at the boundary between the Dirichlet boundary and Neumann
boundary is @ < 7/2 and other boundaries are taken to be smooth. Let
b € L2(Q;R) and py = 0. In this case, show the order evaluation of the
error with respect to the finite element solution. O

Answer When b € L? (;R), from —Awu = b, with respect to the exact solution wu,
lsu(\ng(Q;R) < o [|bll 12 (o, holds. Therefore, when k = 1 in Theorem 6.6.5 and Theorem

flu— uhHHl(Q;R) <ah |u|H2(Q;]R) )
2
flu— Uh”L?(Q;R) <ah ‘U‘H2(Q;R)
are obtained with respect to the finite element solution. O

Next, let us think about a two-dimensional domain with a non-smooth
boundary.

Exercise 6.6.8 (Error evaluation for non-smooth boundary)

In Problem 6.1.6, €2 is taken to be a two-dimensional domain with corner point
x( such as in Fig. 5.3.1. Consider the error evaluation of the finite element
solution around xq. O
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Answer A singularity appears when I'; and I's have the same boundary with an
opening angle of @ > 7 (concave angle) and the opening angle at a mixed boundary
is @ > m/2. For example, if there is a crack at boundaries of the same type (o = 27)
or a straight line at a mixed boundary (o = 7), from Eq. (5.3.10),

u e H¥*7° (B (z0,70) N 4 R)

holds with respect to € > 0 ro-around the corner point. On the other hand, the order
estimation of error with respect to a finite element solution must satisfy k+1 =2 > d/p
with respect to d € {2,3} and p = 2 due to Eq. (6.6.11). In other words, it is not
applicable unless the exact solution is in H? (©2;R). Hence, order evaluation of the
error is not possible for the finite element solution around the corner points. O

Based on Exercise 6.6.8, order estimation of error could not be made with
respect to the finite element solution around singular points. However, the
following result can be obtained with respect to convergence to the exact solution
due to the fact that U N H**! (Q;R) is dense at U (cf. [2, Theorem 5.4, p. 100]).

Theorem 6.6.9 (Convergence of finite element solution using H' norm)
The same notation as Theorem 6.6.5 is used. Let {un},_, (un € Uy) be
a sequence of finite element solutions with respect to Problem 6.1.6 at the
homogeneous fundamental boundary condition (up = 0). Here,

}ng% [lu— uh“Hl(Q;]R) =0
holds with respect to the exact solution v € U. O

Furthermore, with respect to the finite element solution around singularity
points, finite elements for expressing the exact solution have been thought of.
For example, there are methods developed to add to basis functions which can
approximate a series expansion with respect to r around singular points as seen
in Section 5.3 (cf. [4, Chap. 8, p. 257], [7]).

6.7 Summary

In Chap. 6, the numerical solutions with respect to boundary value problems
in partial differential equations were looked at in terms of the finite element
method with the Galerkin method as a leading principle and error evaluation
of their numerical solutions. Key points are as follows.

(1) The Galerkin method constructs an approximate function via a linear
combination of basis functions multiplied by undetermined multipliers,
and by substituting these approximate functions into the weak form,
changes a boundary value problem of a partial differential equation to
a simultaneous linear equation relating to undetermined multipliers (Sect.
6.1).
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The finite element method is a Galerkin method. Here, the finite
element method divides the domain into sets of simple shaped domains,
and constructs approximate functions using basis functions of low-order
polynomials in each domain and continuous at the boundaries of the split
domains (Sect. 6.2, Sect. 6.3, Sect. 6.4).

The isoparametric finite element method is a method for evaluating
integrals on finite elements in a normal domain by mapping finite element
domains to a normal domain. Here, the mappings from finite element
domains to the normal domain are taken to use the same basis functions
as that used for the approximate functions with respect to the solution.
For the numerical integration of a rectangle on a normal domain, Gaussian
quadrature is used (Sect. 6.5).

The error norms of approximate solutions from the finite element method
can be suppressed with powers of the sizes of the finite elements (Sect.
6.6).

Practice Problems

Let u : (0,1) — R be the solution of the first-type boundary value problem
of a one-dimensional second-order differential equation:

d?u

_@—ku:l in (0,1), w(0)=u(1)=0.

Obtain the approximate solution uy, using the Galerkin method. Here, use
the same basis functions as Exercise 6.1.5.

Obtain the simultaneous linear equations when solving the boundary value
problem in Practice 6.1 by the finite element method using the first-order
basis functions. Here, let the finite element number be m = 4.

When the three nodes x;(1), ®;2) and x;(3) of the triangular finite element
i € & are chosen to be in the anti-clockwise direction, show that the ~
defined by Eq. (6.3.8) is equal to twice the area |Q;| of the triangular
finite element domain ;.

With respect to a domain © = (0,1)® such as in Fig. 6.40 (a) and
boundaries I'p = {& € 90 | 1 =0, 22 =0} and I'y = 9N \ I'p, obtain
u : 2 = R which satisfies

—Au=1 inQ =0 onIy, u=0 onlp

Ou
T Qv

via the finite element method using finite element division such as that
shown in Fig. 6.40 (b).
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6.5

6.6

x 1
O C1 h 4 7
(a) Q and I'p (b) Finite element division

Fig. 6.40: Domain and finite element division for Exercise 6.3.2.

In a two-dimensional Poisson problem (Problem 6.1.7 with d = 2), let us
suppose that a rectangular first-order element of Fig. 6.26 is used. In this
case, obtain the elements of the coefficient matrix and the elements of the
known term vector. Here, b = by is a constant function and p = 0.

When a plane stress (o33 = o013 = o093 = 0) is assumed in a
two-dimensional linear elastic problem, show the calculation method of
the element coefficient matrix of a 4-node isoparametric finite element in
the following order.

o Let u; = (u11,u12, 13, U14, U1, U2, U3, u24)T be node displacements
of a finite element i € €. Let E (u (§)) = (i (§)); be a strain tensor

and € (&) = (511,522,2612)T be its vector expression. Here, show
the calculation method of displacement—strain matrix B (§) which

becomes
e(§) = B (&) u.
o Let S(u(§)) = (0;(€)); be a stress tensor and o (§) =

T. .
(011,092,012)  its vector expression. When plane stress (013 = 093 =
o33 = 0) is assumed, the constitutive law can be given by

ey 1 vp 0
c€=De(®), D=r""|w 1 0
P\0 0 (1-wp)/2

using Young’s modulus ey and Poisson ratio vp. Here, show the
calculation method of element coefficient matrix K.
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