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What is Symmetry in Mathematics?

« Symmetry with a person in the mirror.
* Forget everything except the shape!
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Geometric symmetry

e Definition of Symmetry.
[Symmetry]
Symmetry can be observed after we
Rotate around a point,
See the image in the mirror, etc.,
the shape is the same as the original one.

Group can explain this situation well mathematically.



Geometric Symmetry

« Line Symmetry (regerection symmetry)
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Geometric Symmetry

« Point Symmetry.
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Definition of a Group

[Group (%) ]

Let G be a set with operator *_ we call the set G a Group if
it satisfies the following conditions:

0. Ifx,yisin G, then x*yis alsoin G.
1. (x*y)*kz=x*(y*z) Associative Law ({&&:&8]) .
2 . There exists identity element e in G such that
X %k e=e * X=X .
3. There exists the inverse element of x such that
X ¥ y=y * x=¢.
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| et’s find symmetries (Family crest)
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How to move the shape = a group.

 The meaning of the definition of a group in terms of
movement of a family crest.

1. Associative law: Rule for computation.
2 . ldentity element (no move, do Nothing!)
3. Inverse element=opposite movement.



Example 1

- Rotation - - - Cyclic group (¥[E]##)
Rotate suitably!

Mitsudomoe(=2 FE)
Move it for 120 degrees, then it will
coincide with the original shape.

This group is called cyclic group of order three.

https://kamon.myoji-
yurai.net/kamonDetail.htm?kamonName=%E5%B7
%A6%EL%B8%8I%E3%81%A4%ES%BT7%B4
2018/06/12



-xmaple 2

» Rotation and turning over - - - Dihedral group (ZHE{#x%%)
Rotate and turn over!

Kikyou (f571%)
Rotate for 72 degrees or turn it over,
Then it will coincide with the original one

: : . : https://kamon.myoji-
This group is called Dihedral group of order five. Juratnet/kamonDetail.htm?kamonName—%ES%BT%AGEA
%B8%SI%E3%81%AL%ES%BT%BA
2018/06/12



What kind of symmetry?

 There are several symmetries!

Kiku (39)

https://www.pinterest.jp/pin/645070
3455968671 1%/?Ip=truj(§ 2%18/06/12 http://kamoeya.hamazo.tv/e2941161.htm|
2018/06/12
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Design and Group

 These two Family crests has difference design.
« Mathematically, they have the same symmetry and
the corresponding groups are the same!

Kiri () Tachibana (1)

http://kamoeya.hamazo.tv/e2941161.html
2018/06/12 https://sengoku-g.net/crests/view/51
2018/06/12



Two dimensional crystal group

« Rotation, Turning over and Parallel displacement !
We will obtain
two dimensional crystal groups!
The number of the crystal groups are only 17! (1891,Fedlov)

1. Tiles in Alhambra Palace in Spain.

2 . Designs for wall paper, Fabric prints. Etc.
reference: [ZOTEEHNEL W] FHFER) O [WREDZE]
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Three dimensional crystal group

« The number of the three crystal groups are 217
e Most of them are exist in the nature!

http://www.cmpt.phys.tohoku.ac.j
p/~otsuki/sc.html 2018/06/12

« The number of the Four dimensional crystal groups is 4783

6/5/2018
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Symmetry in the nature!

« Group theory is used in Physics and Chemistry.
e [t is useful to know the

Structure of Molecule

$

Make new medicine, etc.

6/5/2018
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Symmetry in the nature

« 2001 Novel Prize in Chemistry

Professor Ryoji Noyori found a way to make one
of the mirror symmetries.
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« 2008 Novel Prize in Physics

« Professors Makoto Kobayashi and Hidetoshi Maskawa find anti-
symmetry ofthemverse.
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Singularity

6/5/2018

http://store.iroya-inc.co.jp/products/?id=1117 2018/06/12
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Group action make a singularity!

« Consider invariant under the group action

« When G is cyclic group of order two, then the group_alctioB on two
dimensional space can be written by a matrix A = 0 —1

e The invariant monomials are  x?2, y?, xy . If we put them as
x2=X,y?2=Y,xy = Z, then XY = Z?2. More naturally,

X2+ Y2+ 74=0




The singualrity by the group action

X2+ Y24+ 7%2=0

3

- 3
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Real picture!
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Cyclic group of order 4
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McKay correspondence in dimension two

e [fGis a cyclic group of oder n+1
* The defining equation is

X2+ Y24+ 721 =0

« They will have n curves in the resolution of singularities!

It is also the same as the number of the group non-trivial
irreducible representation!



Higher dimensional McKay correspondece

« We can also extend these to higher dimension,
« But there are many difficulties!

« On the other hand, there some relations with results in
Physics!



Singularities in Physics

« Black Holes

« Big Bang

« Super String theory:

The Universe(10) =space time(4) + Calabi-Yau (6)
« Multiverse:

6/5/2018
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