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 Arc length of a curve




Finding Arc Length by Integration (1)
Curve in a plane
y=f(x)

Small segment




Ans. Consider the length in quadrant I.

Graph Y= \/r2 —x*

Lengih s - j;JH(g) - j;JH(_;)zdx

2x+2y@ =0
dx

Polar coordinates x =rcosf, y =rsinf

cost
Sl:](:\/l+(sin(9) (- rsmb’)dﬁ-—fd@-— I,;Z

Length of circumference s = 4s; = 27w ’

I
t\)lé\



Finding Arc Length by Integration (2)

Curve in a plane

Expression using a parameter 2 (b)

x=f(), y=2g()

gla) |-~ 8

ol r@ 73 x

Small segment approximation
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Total arc length
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Example 13-2 Find the length of the following cycloid line.

| x=2(t-sinf), y=2(1-cost) (0=t=<27)

[Note] A cycloid is the curve traced by a point on the rim of a circular wheel
~as the wheel rolls along a straight line.




Example 13-2 Find the length of the following cycloid line.
' x=2(t-sint), y=2(1-cost) (0=t=2x)

Ans.
@=2(l—cost), ﬂ=2sint
dt dt

Total arc length S =fm\/4(1—cost)2 +4sin’¢ dt = 2];2”\/2(1—cost) dt
0

Tt
= sin” — dt
jj\/ 2 Y

: R 4
Since SIHEZO in O<st<27

we have

Tt t
S=4fZ sin—dt =4|—-2cos— =16 6
0 2 210



Exercise

Ex 13-1 Answer the questions about the curve » =2siné (() <0< ;z)
5 expressed by the polar coordinates.

(1) Represent this curve by the rectangular coordinate (x, y).

(2) Find the length of the curve.

___________________________________________________________________________________________________________________________________

Pause the video and solve by yourself.



Answer to the Exercise

Ex.13-1 Answer the questions about the curve » =2siné (() <0< ;z)
- expressed by the polar coordinates.

5(1) Represent this curve by the rectangular coordinate (x, y) .

(2) Find the length of the curve.

___________________________________________________________________________________________________________________________________

Ans. (1) x=rcosf =2sinfcosf =sin26
y =rsinf =2sin’H =1-cos26

This curve is a circle because
x’ +(y—1)2 =sin’ 260 + cos” 26 =1

s=j:\/(j—’;) (—y) dt = f\/{zcosze} + Dsin 26 dz_zféle 2
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Position, Velocity and Acceleration

Point P moving on the x-axis

v(?)
: O—>
0 (1) "
v = ﬁ dv
Position dt Velocity 4= 4t Acceleration
x=x(1) T v=v(t) " la=al(t)

x(t) = j: vdt + x, v(t) = j: adt + v,
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Distance Traveled in a Straight Line

Movement of an object P

ha 30 ) ek
O I
0 —— X
x() B y<0
S I
< >:t2

Displacement from t=t1 to t=t S = f 2 v(t)dt = x(t,) - x(t;)
4

Distance traveled in a straight line t=a to t=b

| = fv(t)dt 4 f — (1) }dt = f v(0)|dt



Distance Traveled in a Plane

Point P moves in curve C

x=f(), y=g(@)

Total arc length

- 36T

Velocity 5 = (@ Q)

dt’ dt

Distance traveled
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dt
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[Examples 13-3] Consider a ball being tossed upward from the X
“ground with an initial velocity of 29.4m/s. The x-axis is taken |
vertically and its origin is located at the ground. The acceleration
is-9.8m/s2. Answer the following questions. [ v(?)

)
(2) When the ball reached the highest point ?
. (3) When did the ball fall on the ground ?
@

Ans. (1) Velocity () =29.4-9.8¢
(2) From v=294-98t=0 . t=3sec

(3) The position is given by  x = 29.4¢ — 4.9¢* . Therefore, from
x=-49t(t-6)=0 .. t=6 sec
(4) The total distance traveled

2 6
[ = f V] dr = f (29.4-9.8¢)dt + f(—29.4 +9.81)dt =88.2 m B3
t 0 3



Exercise

Ex.12-2 The velocity of a point P moving on the x-axis is given

by W(t) = %2 _ 4z + 3. Find the distance traveled between t=0 and

Pause the video and solve by yourself.
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Exercise

Ex.12-2 The velocity of a point P moving on the x-axis is given
by V(1) = t* -4t +3. Find the distance traveled between t=0 and t=6,

Ans. From v() =@ -1)(¢-3)=0

Wefind v(£)=0 when ¢=<1 and =23
V(f)SO when 1<rtr<3

Therefore, |v(¢)|=¢"-4t+3 when =<1 and ¢=3
when 1=<r<3

The distance traveled

6 6
l=f|17|dt =f(z2 -4z+3)dz—f(t2 —4t+3)dt+f (t* -4t +3)dt
0 0 1 3

L=
3



