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 Areas of plane regions




Area of a Plane Region
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Area Between Two Graphs

When f(x)=g(x) in[a,b], areaSis

Y

N
O

y=/(x)

S

y=g(x)

S =jf{f(X)—g X
[ Proof |

Consider y=f(x)+k and y=g(x)+k

S=5-5, fb{f +k}dx f{g +k}7’x f{f g(x)}tlx
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Case of a Negative Function

When f(x) <0inthe domain [a, b]

S=jf{0—f(x)}dx=—jjf(x)dx

Ahh! That's so easy!

4



_Example 12-1 Find the area between the graph of » = x> —x-2and
,the x-axis, from x=-2to x=3,

y=x2—x—2=(x—2)(x+1)=0
Letthe areas be S;, S, and S,
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S, =f_2(x2 —x=2)dx =

S5 =—le(x2 —-x-2)dx=4.5
S, =—f(x2 — x=2)dx =1.833
2

Therefore, S=S,+8, +S; ~1.833+4.5+1.833 =8.166 ;



The area is given by the blue region in the figure.
Cross points :

Vx =x°

xX=x, .. x(x—l)(x2+x+1)=0

(0,0), (1,1)




Area Between the graph and the y-Axis

The area between the graph x = g(y) and the J-axis
d
S = f g(y)dy

}J‘




Exercise

Ex.12-1 Find the area of the region enclosed by ¥ =sIn2x and

Y =COSX |nthe domain O<x=2.

2

Pause the video and solve by yourself.



Answer to the Exercise

Ans. \Weput sin2x=cosx

Y
. =COS .
. cosx(2sinx-1) =0, 1| Y7C5%  y=sin2x
/'// 7
< 1 /S /// ._7£
c.ocosx=0 or smx=-— o © \2 T
2 > -
Ja T 6
L X=—, —
2 6
il i
S=j;6 (cosx—sin2x)dx+f£2(sin2x—cosx)dx
il 43
: 1 6 1 . 2 1
=|SInX——COoS2Xx| +|—-—cos2x—-sinx| =-—
2 0 2 7 2 0
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Volumes of Solids

Volume of the slab AV = §(x)Ax

Total volume of the solid between x=a and x=b

V = ES(x)Ax — | V= S:S(x)dx
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[Example 12-2]
. Find the volume of a cone with bottom radius  and height .

________________________________________________________________________________________________________________________________

Set the x-axis as shown in the figure.

2
Area of the bottom ~ S(/#) = 7w

From S(,x) : S(/z)——‘xz S Swe have S(X): Ty 2

Therefore /
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Exercise

Ex.12-2 Find the volume of the pyramid having

a horizontal square cross section. The bottom

side length is a and the height is h.

________________________________________________________________________________________________________________________________

Pause the video and solve by yourself.
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Exercise

Ex.12-2  Find the volume of the pyramid having a horizontal square cross

section. The bottom side length is a and the height is .

Ans. Ve consider the z-axis vertically. z

The horizontal cross section at z :

S(z):a* =(h-z)*: h*

200 — )2
. S(z)=2 (h2 2)
2 2
V=f“ (h;Z) dz =~ [((h ~2hz + 2
0ok h

a? 15" 1
=\ Wz—h?+=2| ==a’h
3 0 3 14



Volumes of Solids of Revolution

i y=f(x) _—

S (x)

When the solid is generated by revolving a region
about the x-axis

V= Sx)x = [ m’dx = x)’dx
[[Stoxte= (‘= [
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[Examples 12-3]
- Find the volume of a sphere with radius  #:

_________________________________________________________________________________

The upper half of the circle .

y=\/r2 _ 2

By rotating this blue area, we have a circle.

Volume of a circle

V=f Jzyzdx =f a(r* = x*)dx

X 4
—alrix-2—| =—m
—-r

3 3

16
That makes sense!



Exercise

Ex.12-3 Find the volume of the solid made by rotating the region

surrounded by  £(x) = //x andy=x.

Pause the video and solve by yourself.
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Exercise

________________________________________________________________________________________________________________________________

Ex.12-3  Find the volume of the solid made
by rotating the region surrounded by y = Jx

and Y=X.

________________________________________________________________________________________________________________________________

This volume can be obtained by subtracting B from A, where .

1
_ _2lle] 2L
A @ VA—ﬂji(\/;)zdx—nzx]O 2777

V=VB—VA=§JT——JT=—JT 18



