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Inverse Problem  
Inverse Problem 

To find the function when its derivative is given. 

[Ex.] velocity                            →　position             ⎟
⎠

⎞
⎜
⎝

⎛
=
dt
tdstv )()( )(ts

Antiderivative 
A function             is an antiderivative ( or primitive integral ) of            
if                          . 

)(xF )(xf
)()( xfxF =ʹ

[Ex.]                      is an antiderivative of                      because   ( ) 3xxF = ( ) 23xxf =

( ) 23 3xx
dx
d

=



Indefinite Integral 
Example: 
                                    :  antiderivatives of  

)()( xfxF =ʹ

23 +x

Theorem 
When                           ,  every other  
antiderivative is of the form   

                               (     : constant ) ( ) CxF + C

,2   , 33 −xx 23x

Indefinite Integral 
The collection of all antiderivatives of a function is called the general  

antiderivative or indefinite integral of            and denoted by                          . 

Namely,                      . 

)(xf

( ) CxFdxxf +=∫ )(

( )dxxf∫

x

y

1 

1 

-1 

-1 

O 
3xy =

13 −= xy

13 += xy
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　Fundamental Indefinite Integrals 

23 3xCx +
Differentiation 

Integration 

Algebraic Functions 

nn xnx
dx
d )1(1 +=+ 1for        

1

1

−≠+
+

=
+

∫ nC
n
xdxx
n

n

Cxdxx +=∫ 65

6
1Example 

< Differentiation > < Integration > 

Note 
CxCxdxx +=+

+−
=

+−
−∫ 011

011
1For                 1−=n Meaningless 
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　Graphical Interpretation. 

Differentiation 

Integration 

Graph :  Slope :  
)(xfy =

dx
xdf )(

Slope :  

dx
xdf )(

Graph :  

<Another interpretation> 
Graph :  Area   

（ We will study this later. ) 

)(xfy =

)(xfy =

x

y

1 

1 

-1 

-1 

O 
3xy =

13 −= xy

13 += xy
Slope 

Graph 
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　Graphical Interpretation of Differentiation 

How to find the derivative                   graphically from  
x

y 1
=

xy ln=

xy ln=

x
x

dx
dy 1ln ==

Domain 

e
e/1

o  x

y

1

1

Domain 

o  e
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　 Graphical Interpretation of Integration 
How to find the indefinite function graphically from 

x
y 1
= dx

x
y ∫=

1

x
y 1
=

Domain 

e x

1 

1 

－1 

－1 e−
ey /1=

ey /1−=

1=y

1−=y



8 

　 Algebraic derivation 　	

For                  (Defined domain of                  )   0>x

0<xFor  

Put )0( >−= uux
From the chain rule 

From the graphical discussion, we assume xy ln=

( ) ( )
xudx

du
du
ud

dx
xd

dx
dy 1)1(1lnln

=−⋅===

For all  Cxdx
x

+=∫ ln1

Cxdx
x

+=∫ ln1

xy ln=

0≠x

x
x

dx
d 1ln =
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Fundamental Indefinite Integrals – Cont. 

Trigonometric Integrals 

Cxxdx +=∫ sincos

∫ +−= Cxxdx cossin

Cxdx
x

+=∫ tan
cos
1
2

xx
dx
d cossin =

xx
dx
d sincos −=

x
x

dx
d

2cos
1 tan =
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Fundamental Indefinite Integrals – Cont. 

Exponential Integrals 

Cedxe xx +=∫

C
a
adxa
x

x +=∫ ln

xx ee
dx
d

=

aaa
dx
d xx ln=
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Basic Rules of Integration 

Sum Rule 

Constant Multiple Rule 

( ) ( ){ } ( ) ( )dxxgdxxfdxxgxf ∫∫∫ +=+

( ) ( )dxxfcdxxcf ∫∫ =
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Example 

Examples 9-2  Find the indefinite integrals of the following function.  

                         (1) 

                         (2)                 

Ans. 

( )( )21 −+ xx
xx cos2sin +

( )( ) ( )

Cxxx

dxxdxdxxdxxxdxxx

+−−=

−−=−−=−+ ∫∫∫∫ ∫
2

23
                           

2 221
23

22(1) 

( )
Cxx

xdxxdxxx

++−=

+=+ ∫ ∫∫
sin2cos                              

cos2sincos2sin(2) 
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Exercise 

Exercise. 9-1 　The slope of the curve                    is given by            and  
this curve passes the point (1,2).  Determine the equation of this curve.             
Ans. 

Pause the video and solve by yourself. 
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Answer to the Exercises 
Exercise 12-1 ]　The slope of the curve                   is given by            and this 
curve passes the point (1,2).  Determine the equation of this curve.             

Ans. 

∴

Since this line passes the point (1,2), 
∴

∴
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Substitution Method　（１）	

Applicable when  the integrand is of the form 

Substitution Method 

 Example:  xx 52 )1( + xxcossin5

12 += xu

)())(( xuxuf ʹ

xu sin=

 Let 

xu 2=ʹ xu cos=ʹ

)()()()())(( xuufxuuFxuF
dx
d

ʹ=ʹʹ=

)()( ufuF =ʹ

 From the Chain Rule  

 or ∫= duufuF )()(

 By integration, we have  dxxuufxuF ∫ ʹ= )()())((
 From ① and ②, we have  

② 

① 

∫∫ =ʹ duufdxxuxuf )()())((
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Substitution Using Differentials 

∫∫ =ʹ duufdxxuuf )()()(

)(xuu = )(xu
dx
du

ʹ= dxxudu )(ʹ=

dx
dx
dudu =

 Differential 

 < Example >      If              , then  3xu = dxxdu 23=

dx
dx
dudu =
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Example  

Examples 9-4  Find the indefinite integral of the following functions.             
                    (1)                                          (2) 
 
 

Ans. (1)   We put 

Substitution 

Then 

dxxx∫ + 52 )1( dxxx∫ cossin5

ux =+12

12 =
du
dxx duxdx

2
1

=∴

CxCuduudxxx ++=+==+ ∫∫ 626552 )1(
12
1

12
1

2
1)1(

(2)   We put ux =sin
Then 1cos =

du
dxx ∴ du

x
xdx

cos
1cos =

CxCuduudxxx +=+== ∫∫ 6655 sin
6
1

6
1cossinSubstitution 
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Substitution Method　（２）	

Substitution Method 

∫∫ ʹ= dttxtxfdxxf )())(()(

This is also written as follows. 

∫∫ = dt
dt
dxtxfdxxf ))(()(
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Example	

Examples 9-5  Find the indefinite integral of the following functions.             
 
 

Ans. We put                       .   Then                     and                     .  

∫ − dxxx 1

tx =−1 21 tx −= t
dt
dx 2−=

Therefore 

∫ ∫∫ −−=−−=− dttttdttttdxxx )2()1()2()1(1 22

CxxxCttdttt +−−+−=+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=−= ∫ 1)1)(32(

15
2

35
2)(2

35
24
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Integration by Parts 
We studied the derivative of product  

Integration by Parts 

 After rearrangement, we have 

Therefore, we obtain the following formula 

dxxgxfxgxfdxxgxf ∫∫ ʹ−=ʹ )()()()()()(



Example  

Examples 9-5 Evaluate the following Integral.                                       
 
 

Ans. 

dxxx∫ cos

Cxxxdxxxxdxxx ++=⋅−= ∫∫ cossinsin1sincos

f gʹ
f g gf ʹ



Exercise  

Exercise 9-2  Evaluate the following. 
    (1)                                           (2)                                                 
                      

Ans. 

dxxx∫ sincos2 dxxe x∫ 6

Pause the video and solve by yourself. 
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Answers to the Exercise  

Exercise 9-2  Evaluate the followings. 
    (1)                                           (2)                                                 
                      

Ans. (1) Since                                  , we put 

dxxx∫ sincos2

xx sin)(cos −=ʹ ux =cos

dx
dux =−∴ sin

CxCuduudxxx +−=+−=−= ∫∫ 3322 cos
3
1

3
1)(sincos

.  

 	

Therefore 

dxxe x∫ 6

Cexexdxeexdxxe xx
xx

x +−=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∫∫ 66

66
6

3666
1

6

(2)	

f gʹ


