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Linear Approximation

Definition of the Derivative
fla+h)- f(a)

. - >
A " =/ y=1()
/D ) T _
When |4 is small Aarh) “flath) - fla)

PN fah

fla+ h}Z - f(a) _ f'(a)
h
Rearrange o " "
Fla+h)~f(a)+ f'(@h :

fweput a+h=x

f(x)=f(a)+ f'(a)(x - a)




Example 8-1 Derive the approximate expression of  f(x) = Jxin the
’ neighborhood of a =1. :

()= — Sfx)
fle)= 22 A
At a = 1 2
7(1)=1=1 and £(1)- % |
Therefore {1/0

Jx = )+ £ =1) =14~ (x-1) =2 x4~

2 2 2

For example

x=1.1 Calculator /1.1 =1.0488...

This approximation 1

1
V1.l =—x1.1+—=1.05
2 2

i 2 3 4 «x

} Error 1.1%

3



Example 8-2 (1) When 7 is small, find the linear approximation of
sin(a + h) .
' (2) Find the approximate value of sin31°.

Ans. (1) f(x)=sinx . £(y)=cosx

sin(a+h) = f(a+h)= f(a)+ f'(a)h =sina+hcosa

(2) T T
31° =—+— _ T
6 180  Weput h=1o0
(T o Y S 1 7z 1 \/g
SIn|l —+—|=SIN—+ —CO0S— = — + .
6 180 6 180 6 2 180 2
Using  7=3.142, /3 =1.732
1 3.142.1.732z0.5151 ,

We have sin31°=~—+
2 180



Case that is small
a+h=x  f(X)=f(a)+ f(a)(x~a)
When X is small 1 We put a =0.

f(x)= f(0)+ f'(0)x

'Examples 8-3 When | x| is small enough, derive the approximate |
' expression of /T+x :

_______________________________________________________________________________________________________________________

Therefore

F(x) = fO)+ £ (O)x =14+ %x




Exercise

Ex.8-1 Find the approximate value of cos29° in the following two ways.
' (1) Use the formula f(x) = f(a+h)= f(a)+ f'(a)h I
(2) Use the formula f(x) = f(0) + f'(0)x

Pause the video and solve the problem by yourself.



Answer to the Exercise

Ex.8-1 Find the approximate value of cos29° in the following two ways.
' (1) Use the formula f(x) = f(a+h) = f(a)+ f(a)h '
____________ (2) Usethe formula f(x)~ f(O)+ f"(O)x
Ans. (1) Weput f(x)=cosx
Then  f'(x)=-sinx

JT \/_ a1
cosZ9°—cos——— ~ —~ _sin - L
(6 180) oss ) 180 s ) 180 2
_ 1.732  3.142 °l=0.875
2 180 2

(2) We put  f(x) = COS(% + x) Then f'(x)= —sin[Z + x)
c0s29° = (- %) ~ cos(%) - sin(z)(_ N

6 )\ 180
V3L 1 1732 3042 1 oo :
2 180 2 2 180 2
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Power Series Expansion

Suppose that 7(x) is expanded in power series

0]

f(x)= zan(x—c)” =a +a1(x—c)+ az(x—c)z +az3(x—c)3 +...
n=0
By differentiating term by term, we have

f(x)=a, +2a,(x —c)+3a5(x - c) +4a,(x-c) +...

f"(X)= 2a, +2-3a3(x—c)+3°4a4(x—(2)2 T

Setting x =c¢ ,we have

fle)=ay, flc)=a, f'(c)=2a,, ... f(k)<c)=k!ak,
Namely, the coefficients are given by

)
k!

a, =



Power Series Expansion  -Cont.-

Taylor series

For a function f(x) that has continuous derivatives in
the neighborhood of ¢, the Taylor series expansion

of f(x) is

= n
=f(c)+ f’(c)(x—c)+ f;('c)(x—c)2 + f,;fc)(x—c)3 +
For ¢=0

— — 2 PR
flx)- nl ) 3 .



Example 8-3 Derive the approximate expression for sinx near x =0
- up to the seventh order.

_________________________________________________________________________________________________________________________________

Using these values /
T X
. x3 XS
SINn X =X——+
3! 5
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Exercise

___________________________________________________________________________________________________________________________________

X

Pause the video and solve the problem by yourself.
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Exercise

___________________________________________________________________________________________________________________________________

Then -th derivative is  /")(x) = e* forall 71 .
‘Thus, these values for x = 0 are

£(0)=10)=1"(0)=..= " =1

- The coefficients are

o _fM0)_1
' T
Therefore ek
o x xt X
e =Yy —=l+—+—+—+
= k! 20 3
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