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Logarithm and Common Logarithm 
 

１１A 
•  Logarithm of a number 
•  Merits of logarithm 
•  Logarithmic Identities 

Course I 
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Logarithm of a Number 

                                        Definition 
The logarithm of a number        is the exponent       by which another  
fixed value (the base)       has to be raised to produce that number, and 
it written as  
                                                                      . 

paM =

M p
a

Mp alog=

 In other words 
○ The value      is the answer to the  
question "To what power must   

be raised in order to yield       ?".  M

p
a

2 4 6 8 10 x

−4
−3
−2
−1

1
2
3
y

O

4log2 2= xy 2log=



3 

Merits of Logarithm (1) 

Merit (1) 
•  Logarithm can represent a large number by a small number. 
          
 

Ex.　　　　　　　　　  →	 5log100000 10 == xx

•  Logarithmic scale is helpful to represent wide range of values with 
  different details. 
   (See next slide for illustration) 

That makes sense! 
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Logarithmic Scale   
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Logarithmic Identities 

Product 
 
Quotient 
 
Power 

NMMN aaa logloglog +=

NM
N
M

aaa logloglog −=

MkM a
k

a loglog =

[ Example 11.1] Prove the product rule of logarithm.                                                     

qp aNaM ==Let                  and                 .      Then 
Ans. 

NqMp aa log,log ==

By multiplication qpqp aaaNM +=⋅=⋅

Therefore NMqpNM aaa logloglog +=+=⋅
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Special Cases 
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Changing the Base of Logarithm 

[Example 11.2]   Prove the following formula : 
)1(),1(),1( ≠≠≠ cba are positive real numbers a

bb
c

c
a log

loglog =

Ans. 

bp alog=Let                      , then                     holds.  pab =
If we make logarithms with base       of both sides, we have 

p
cc ab loglog =

c

Since               , we see  

apb cc loglog =∴

1≠a 0log ≠ac

a
bp

c

c

log
log

=Therefore,  
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Logarithmic Equation 
[Example 11.3]  Solve the following equations.                                                                      
               (1)                                   (2)  3log2 =x

(1)  From the definition  
Ans. 823 ==x

2)12(log)3(log 22 =−++ xx

 
Therefore 
  

The given expression becomes  

4log)12)(3(log 22 =−+ xx

2
7,1

0)72)(1(
07524)12)(3( 2

−==∴

=+−∴
=−+∴=−+∴

xx

xx
xxxx

Since               , we have 1=x

(2) Because                         and 01203 >−>+ xx

2
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Logarithmic Inequality 
[Example 11.4]  Solve the following inequality.       
                     

3log2 <x

Ans. 
8log2log3log 2

3
22 ==<x

From the graph of                   , we have 

80 << x
xy 2log=

x

y

O 1 8 

3 3=y

xy 2log=
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Exercise 
[Ex.11.1] Find the values of  (1)                                 (2)                                  

[Ex.11.2] Simplify the following expressions: (1)                                (2)    

125log5 1010log10

5log2log 1010 + 63log7log 33 −
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Answer to the Exercise 
[Ex.11.1] Find the values of  (1)                                 (2)                                  

[Ex.11.2] Simplify the following expressions: (1)                                (2)    

(1) 

(2) 

We put                                            .     
Then, we have  

,  

.  
2
310log

2
310log1010log 10

2
3

1010 ===

125log5 1010log10

p=125log5
3=∴ p

5log2log 1010 + 63log7log 33 −

( ) 110log52log5log2log 10101010 ==+=+

23log
9
1log

63
7log63log7log 2

33333 −====− −

(1)  

(2)  

351255 ==p
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Exercise 

[Ex.11.3] (1) Simplify the following expression  

                      (Hint: Make a common base.) 

(2) Solve the following logarithmic equation    3)7(loglog 22 =−+ xx

( )( )4log2log3log9log 9342 ++

Pause the video and solve the problem by yourself. 
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Answer to the Exercise 

[Ex.11.3] (1) Simplify the following expression  

                      (Hint: Make a common base.) 

(2) Solve the following equation.  

(1) 

3)7(loglog 22 =−+ xx

3)7(loglog 22 =−+ xx

(2) 

Since,               and                       , therefore  070 >−> xx 7>x

0)8)(1(
8)7(2log)7(log 3

22

=−+∴

=−∴=−

xx
xxxx

From　①,　the answer is      8=x
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5
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23log
2
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3log2
2

3log
1

2
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9log
4log

3log
2log

4log
3log9log4log2log3log9log
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Various Bases 
Various exponential function Various logarithmic function 

Then, which one shall we use ? 
        → We are familiar to decimal number.  
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Special Logarithms 

Common Logarithm 

Natural Logarithm 

Binary Logarithm 

xy 10log=

• This has applications in science and engineering. 

•  This is also written as  
•  This is used in pure mathematics.   
•  This will be explained later in the lesson on differentiation.  

xy ln=

xy 2log=
• This is used in computer science. 

10=a

...718.2== ea

2=a

xyxy e lnlog == or 

xy log=or 
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Common Logarithm 
•  Values of common logarithm are given in the logarithmic table. 
•  The table gives the value for 1<      <9.99. 
•  For                                                , the logarithmic value is obtained  by  

M
)101(10 <≤×= aaM n

anaM n
101010 log)10(loglog +=×=

Table of Common Logarithm 
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Examples 

[Example 11.6]  Find the common logarithm of 11910 from the logarithmic table.                          

Ans. 

0755.40755.0419.1log4)10191.1(log11910log 10
4

1010 =+=+≈×=

[Example 11.5] Find the common logarithm of the following numbers. 

100,10,1,1.0,01.0

01log
2100log11.0log

110log210log01.0log

10

1010

10
2

1010

=

=−=

=−== −Ans. 
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Examples 

[Example 11.7] Find the number of digits of　　　　.　Use the following values.         . 

Ans. 

256

Put                   and take the common logarithm of both sides.   
 
 
Then 
Therefore 
This means that           is a 20 digits number 
       . 

256=N

4525.19
)4771.03010.0(25)3log2(log256loglog 1010

25
1010

=

+×=+×==N

4525.1910=N
2019 1010 << N

256

4771.03log,3010.02log 1010 ==



20 

Merit of Logarithm (2)  

Ans. 523.1log10log23111.1loglog1023111.1 10
5

101010
5 +≈+=∴×= xx

[ Example 11.8]                                                    are given.  Find the approximate value of  
                        using a logarithmic table in the previous slide.                                                     xy

9663189,123111 == yx

666.9log10log663189.9loglog10663189.9 10
6

101010
6 +=+=∴×= yy

From table  9850.066.9log,0899.023.1log 1010 ==

Therefore  

)1019.1(log19.1log120749.0129850.60899.5
)666.9(log)523.1(loglogloglog

12
1010

1010101010

×=+≈+≈+≈

+++≈+= yxxy

121019.1 ×≈∴ xy

NMMN aaa logloglog +=By this product rule                                                  , we can replace  
the laborious product by an easy addition.　	
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Slide Rule 

Fig.1 Principle 

Fig.2 Overview 

2×3=6 

Log(x) 

Log(y) 

Log(xy) 
x

y

xy
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Example 

[Example 11.7]  When we keep 1 million yen in the bank with the rate of interest 5%, how 

much can we get after 5 years?   Use the table in the former slide. 

From the table 

Ans. 

106.060212.05605.1log5605.1log6log 10
5

1010 +=×+=×+=+=y

28.1log106.0 10≈

)10128(log)1028.1(log28.1log6log 4
10

6
101010 ×=×=+≈y

We can get about 1.28 million yen 

The precise value is 5.127628105.11000000 5 =×

505.11000000×=y
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Exercise 

[Ex.11.4] Let                                     and                                . 

Find the values of  
4771.03log3010.02log 1010 ==

5log)2(,125log)1( 210

Pause the video and solve the problem by yourself. 
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Answer to the Exercise 

(1)   
 
 
(2) 

[Ex.11.4] Let                                     and                                . 

Find the value of  
4771.03log3010.02log 1010 ==

5log)2(,125log)1( 210

( )2log13)2/10(log35log35log125log 101010
3

1010 −====

( ) 0970.23010.013 =−×=

322.2
3010.0
3010.01

2log
2log1

2log
5log5log

10

10

10

10
2 ≈

−
=

−
==


