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Sum and Difference ldentities for Sine and Cosine

An identity is an equality that is true for any value of the variable.
(An equation is an equality that is true only for certain values of the variable.)

In calculation, we may replace either member of the identity with the other.
We use an identity to give an expression a more convenient form.

Sum and Difference Formulae

sin(a + ) = sinacosf3 + cosasings
sin(x — ) = sinacospf — cosasinfs
cos(ax + B) = cosacosf —smasm/f3
cos(a — f) = cosacosf + sinasinf

h Memorize !

This formula is most important because all the identities in the following

are based on this formula.
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Proof of Sum Formula for Sine

We can prove these identities geometrically.

Ans. ﬁ?
. / a
From the figure /
DE =AD sin(a + [5) e ek c
v
=FG + DH />
=FA sina +DF cos« A B G B
=AD cos #sin« + AD Sin f COS&
Therefore

sin(ax + ) =sina cos 5 +cosasin 5



Find Exact Values of Trigonometric Function

We can find values of some trigonometric functions from known cases.

sin15° =sin(45° - 30°) = sin45°cos30° — cos45°sin 30°
1 3 1 1 B-1 Je-2
22 TR o T a
cosl5° = cos(45° - 30°) = cos45°cos30° + sin45°sin30°
I V3 1 1 3+1 J6+42
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Sum and Difference ldentities for Tangent

_ _ +cosacos 3
We use the sine and cosine formulae.

sina_l_sin/)’

sin(a + sin @ cos S +cosasin

tan(a + f) = (@+p) _ p S S p _ cosa cosp
cos(a+ ff) cosacosf —smasmpf

_ tana+tan S

1— sinasin g l-tanatan S
cosa cos B

sina sin 8
sin(a — sin @ cos ff — cosa sin

tan(ar - ) = (a-p) B - /J’ cosa cosfl
cos(a - ff) cosacos/a’+smasm/3’ 1+ sin @ sin 5

tan o — tan 8
1+tanatan/)’

cosa cos

In summary

tan o + tan tan o — tan
tan(a + f) = p , tan(a-p)= p
1 - tan o tan 1 + tan & tan £




Exercise

Pause the video and solve the problem.



Answer to the Exercise

(@) sin75° = sin(45° + 30°) = sin 45°c0s30° + cos45°sin 30°

1 \B L L1 B3+l Jo+y2
22 TR 2Tk 4
) cos75° = cos(45° +30°) = cos45°c0s30° —sin45°sin 30°

1XJ§11J_ J6 -2
272 T R0 T 4

tan45° + tan 30°
I —tan45°tan 30°

C1+U43 341
1-1x1//3 3 -1

(b

(c) tan75° =tan(45° +30°) =




Exercise

| : : 1
. Exercise 2 There are two lines  y = 3x-land y= Ex +1

 Answer the following questions.

(1) Let the angles made by these lines and the x-axis
. byaandp. Express the slopes of these lines by

. tangent function values.

(2)|- Find the angle 0 (0<8< 5 ) made by these two o=
| Ines.

Pause the video and solve the problem.




Exercise

| : : 1
. Exercise 2 There aretwolines y=3x-land y= Ex +1

Answer the following questions.

(1) Let the angles made by these lines and the x-axis

. byaandp. Express the slopes of these lines by
tangent function values.

i w &
(2) | Find the angle 0 (0<8< 5 ) made by these two /2
. lines.
Ans. i
(1) tana=3, tanp = 5
2) O=a-p
_1
tand = tan(a - f) = tana-tanfi _ 2 =1, . g="
1+ tan x tan S 1+3><l 4
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Derivation of Trigonometric Identities

Three-Angle Identities Double-Angle Identities | o — > Half-Angle Identities
sin3a = —4sin3a+3sina | | cos2a=cos’a—sin’a :> sin?-;iz 1_‘;“5 =
etc. etc. etc.

g | e

sin(¢ £ ) = sinacosf = cosasinfs
cos(ax = ) =cosacos S Fsinasin S

Solve inversely @ Pt

at+pf=A a—p=B
Product-to-Sum Identities :@
. Lo "
sinacosf= —-{sin(a+pg)+sin(a—g)} Sum-to-Product Identities
etc. sin A+sin B= 2sin A;—Bcos A;B
etc. 11




Double-Angle ldentities

@ sin2a = 2smoacosa

2 c 2
® cos2a =cos’a-sm’a @ tan2o = .

=1-2sin‘a = 2cos’a -1

Ans. sin 2

tan 2 = - From definition

cos2u
sin(l¢+a)  2sinacosa

cos(ax + ) cos’a-sin’a
2 tan .
__+ta “ : Divide by cos” &
l-tan”
and use tanqg =

: From sum identities

sin &

CoOSx
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Half-Angle Identities

° Sinzg=1—COSO! ’Cosza_1+cosa .tanza_l—cosa

2 2 2 2 2 l+coso

Ans.  Since 22.5%s in quadrant |, all these values are positive.

intons o 1meosAS () L), 2ol 2092 s N2V
V2 22 4 2
cos”22.5° = L+cos4s _ 2+4\/§ ;. c0822.5° = 2;\6

Therefore

tan22.5° =

sin22.5°_\/2—\/§_\/(2—\/§)2 2-2 _ ;|
V422 J2

c0s22.5 2442 )



Product-to-Sum ldentities

sin@cos 3 = %{sin(a + ) +sin(a — f)}

cosasin ff = %{sin(a + f) -sm(a - B)}

cosacosf = %{cos(a + ) +cos(a — )}

sinasin B = —%{cos(a + f)—-cos(a - p)}

sin15°sin 75° = —%{COS(ISO +75°) —cos(15° - 75°)}

1 1 1
= ——{c0s90° — cos(-60°)t = —c0s60° = —
o (-60)} = .
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Sum-to-Product Identities

P-to-S sin A + sin B = ZSinA;BcosA;B
a+f=A4 sinA-sinB = 2cosA+BsinA_B
2 2
a-f=5 A+B A-B
M cosA4A+cosB = 2cos COS
S-to-P 2 2
cosA—cosB=—ZSinA;BsinA;B

cos10° + cos110° + c0s230° = (cos10° + c0s230°) + cos110°
= 2¢0s120°cos(-110°) + cos110°
=—c0s110° + cosl110°=0
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Exercise

________________________________________________________________________________________________________________________________

Exercise 3 Let s=sind ang cost . Express the following functions
by s ande . |
' (1) sin46 (2) cos46

Pause the video and solve the problem.
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Answer to the Exercise

EExercise3 let s=sind ang¢ cosd . Express the following functions
by s andc

(1) sin46 = sin(2x26) = 2sin26 cos26 = 4sc(1-2s?)
(2) cos48 = cos(2x26) =2co0s*260 -1=2(2cos’6 -1)" -1

=2(2¢* -1)* -1
=2(4c* —4c” +1)-1=8c* -8c” +1
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Exercise

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

 Exercise 4 When tanx = -2 ,evaluate sin2x + cos2x
. [Hint] Divide the expression by sin® x + cos® x = 1

Pause the video and solve the problem by yourself.
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Answer to the Exercise

Exercise 4 When tanx = =2 ,evaluate sin2x + cos2x
. [Hint] Divide the expression by sin® x + cos® x = 1

. . 2 )
SIN2X + CO0S2x 2SINXCOSX +COS X —SIn“x

sin2x + cos2x =

1 sin’x + cos” x
_2tanx+1-tan’x  2(-2)+1-(-2" 7
tan’x + 1 (-2)* +1 5
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