Chapter 7

Eigenvectors and eigenvalues

7.1 Eigenvalues and eigenvectors
We start with the main definition of this chapter.

Definition 7.1.1. Let V' be a vector space over a field F, and let L : V — V be a linear
map. An element A € F is an eigenvalue of L if there exists X € V with X # 0 such
that

L(X) = A\X.

In such a case, X 1is called an eigenvector or an eigenfunction associated with the
ergenvalue .

Examples 7.1.2. (i) Consider Ly : R*> — R? with A = (}3). Then one observes

Y L0 0-(0)-0)

Thus, (1) is an eigenvector of 1y associated with the eigenvalue 5. Similarly, one
can check that (1)) is an eigenvector of Ly associated with the eigenvalue —1.

ain 0 .. 0
0 a 0
: ” : ), then E; is an eigenvector of Lis associated with the

(i) If A = (
0 0 .. amn

ergenvalue a;;.

(iii) If V.= CY(R) and if L = &, then any A € R is an eigenvalue of L since the
function x — e’ belongs to C*(R) and satisfies

[L(eM)](z) = (ex)/(:z:) =A™,

Thus this function is an eigenvector associated with the eigenvalue \.
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Remark 7.1.3. An eigenvector is never unique. Indeed, if X is an eigenvector asso-
ciated with the eigenvalue \ of L, then for any ¢ € F with ¢ # 0 the element cX € V
s also an eigenvector of L associated with the eigenvalue A. Indeed, one only has to

observe that
L(cX) = cL(X) = eAX = A\(cX).

More generally one has:

Lemma 7.1.4. The set of eigenvectors associated with the eigenvalue A of L is a sub-
space of V.

This vector space is called the eigenspace associated with the eigenvalue A of L.

Proof. We have just seen that if X is an eigenvector of L associated with the eigenvalue
A, then cX is an eigenvector associated with the same eigenvalue. This corresponds to
the second condition of the definition of a subspace of V', see Definition 3.1.5.

For the first condition of the same definition, observe that if X7, X, satisfy L(X;) =
AX; and L(X5) = AX,, then one has

L(Xl + XQ) == L(Xl) + L(XQ) = >\X1 -+ )\XQ = /\<X1 -+ XQ),
which corresponds to this condition. O

Example 7.1.5. Let A = (§ % §> € M3(R) and consider the corresponding map Ly :

R3 — R3. Then 0 and 3 are eigenvalues of Ly, with B, an eigenvector associated with
the eigenvalue 0, and any cEs 4+ dE3, with c¢,d € R, an eigenvector associated with the
eigenvalue 3. Note that the eigenspace associated with the eigenvalue 0 is of dimension
1 while the eigenspace associated with the eigenvalue 3 is of dimension 2.

The following result is important, especially in relation with quantum mechanics.

Theorem 7.1.6. Let A, ..., N\, be eigenvalues of L, and let X1, ..., X,, be correspond-
ing eigenvectors. If N\, # X; for any i # j, then the vectors Xy,..., X, are linearly
independent.

Proof. This proof is a proof by induction. Clearly, if m = 1 then the only eigenvector
X1 # 0 is linearly independent. So, let us assume that the statement is true for a certain
m—1 > 1, and let us prove it for m. Thus, let us assume that X, ..., X,, 1 are linearly
independent, and show that Xi,...X,, are also linearly independent. For this purpose,
consider the linear combination

01X1+02X2+"'+Cme:0, (711)
for some coefficients ¢; € F. By multiplying this equality by \,, one gets

Cl)\le + Cg)\mXQ + e+ CmAme =0. (712)
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On the other hand, by applying L to (7.1.1) one gets
ClL(Xl) + CQL(XQ) +---F CmL(Xm) = Cl)\1X1 + CQ)\QXQ + -+ Cm)\me = 0. (713)
Finally, by subtracting (7.1.3) to (7.1.2) one obtains

Cq ()\m — )\1) X1 + Co ()\m — )\2) X2 + -+ Cpet ()\m — /\m71> Xm,1 =0.
S——— —— —

#0 £0 #0
Since X, ..., X,,_1 are linearly independent, it follows that ¢; =co =--- =¢,,_1 = 0.
We then conclude from (7.1.1) that ¢,,, = 0 as well, meaning that X, ..., X,, are linearly
independent. O

Corollary 7.1.7. If A € M, (FF), then the linear map Ly : F* — F™ can have at most
n distinct eigenvalues.

Proof. If Ly had m > n eigenvalues, then the eigenvectors Xi,..., X,, would be a
family of m linearly independent elements of F", which is impossible. n

7.2 The characteristic polynomial

If V is a vector space over a field F, and if L : V' — V is a linear map, how can one find
out the set of eigenvalues of L 7 In this section, we shall answer this question.

Theorem 7.2.1. Assume that V is a finite dimensional vector space over F, and let
L:V — V be linear. Then X € F is an eigenvalue of L if and only if L — A1 is not
invertible.

Proof. 1f X is an eigenvalue of L, with X € V' an associated eigenvector, then
[L—A1}(X)=L(X) = AX = XX —AX =0,

and therefore X € Ker(L—A1). By Theorem 4.7.8, it follows that L—A1 is not invertible.

Reciprocally, if L — A1 is not invertible, it follows from the same theorem that there
exists X € Ker(L — A1) with X # 0. In other words, there exists X € V with X # 0
such that L(X) — AX = 0, which means that L(X) = AX. Thus, X is an eigenvalue of
L and X is an associated eigenvector. O]

Let us consider a special case of the previous statement. If V = F" and L = L4 for
some A € M, (F) one infers that A € F is an eigenvalue of L4 if and only if Ly — A1 is
not invertible, i.e. if and only if A — A1,, is not invertible. However, we have seen that
this holds if and only if Det(A — A1,,) = 0. We have thus proved:

Corollary 7.2.2. Let F be an arbitrary field, and let A € M, (F). Then X is an eigen-
value of Ly if and only if Det(A — \1,,) = 0.
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Definition 7.2.3. For any A € M,(F) and X\ € F, one sets
Py(A) :=Det(A — \1,)
and call it the characteristic polynomial associated with A.

Note that some authors use the following definition: P4(\) = Det(A1,, — .A) which
is equal to £Det(A — \1,,), depending if n is even or odd. Note also that if A € M,,(F),
then P4 is a polynomial of degree n. As a consequence of the previous corollary, one
has obtained:

Proposition 7.2.4. For any A € M, (F), the scalar X € F is an eigenvalue of 1y if
and only if Po(\) = 0.

Examples 7.2.5. (i) Let A= (1%), then

1—-A 2

P4(N) = Det(A—A1y) = Det < 4 3

) =(1-XN)(B=XN)—=8=(A=5)(A\+1).
Thus, the eigenvalues of Ly are —1 and 5.

(ii) For A= (

OO+

12
5—1 | one has
0 7

1—AX 1 2
PaN) =Det| 0 5-X —1 | =1-X6-NT-N,
0 0 7T—A

and the eigenvalues of Ly are 1, 5 and 7.
(111) For (93) one has Po(A\) = (1 — A\)(1+ X), and the eigenvalues are —1 and 1.
(iv) For (% %) one has Pa(\) = \> + 1 and the eigenvalues are... ?

Note that once the eigenvalues have been determined, it is possible to find the
eigenvectors (or the eigenspaces) by solving a linear system. Indeed, if A is an eigenvalue
of 14 one looks for some X € F” such that AX = AX < (4 - \1,)X =0.

Examples 7.2.6. (i) For A= (}3) and A =5, one has to solve

O E)-CII0-G D00

—4r+2y =0 x arbitrary
dr —2y =0 y=2x ’

Thus, the eigenspace associated with the eigenvalue 5 is given by {(s;) | v € R}
or equivalently {x (1) | x € R}.



7.2. THE CHARACTERISTIC POLYNOMIAL 105

(i) For (9}) and the eigenvalue X = 1 one has to solve

-1 1 z\ (O

1 —-1)\y/ \O
which is equivalent to the single equation —x + vy = 0, or equivalently to x = y.
Thus, the eigenspace associated with the eigenvalue 1 is {x (1) | x € R}.

Let us now come back to the matrix (% §) with P4(\) = A\? + 1. Assume for a
while that there exists ), solution of A2 41 = 0, or equivalently A\ = —1. One can then
wonder about the corresponding eigenspace ? For that purpose, consider

Coo) 266 -G )60

which is equivalent to

“Ar+y=0 Y+ Ny =0 y(1+ 23 =0
{—x—)\y:O @{x:—/\y <~ r=—-\y ’

Since 1 + A2 = 0, the element y can be chosen arbitrarily, and then one can define
x by the relation x = —\y. Thus, the eigenspace associated with the eigenvalue \ is
{y(7") | v € R} which is a one dimensional vector space. Everything looks fine, except
that there is no A € R satisfying A> + 1 = 0 ! At this point, it is necessary to introduce
the notion of complex numbers, which will be done in the last chapter.

As a final example, one can consider the matrix A = ( é i —21) with corresponding
characteristic polynomial P4(\) = (2 — A\)?(3 — \). Thus, the eigenvalues of T4 are 2
and 3. It is good exercise to check this characteristic polynomial, and to determine the

eigenspace corresponding to these eigenvalues, see Exercise 7.8.
We can now define an important set related to each linear map.

Definition 7.2.7. Let V be a finite dimensional vector space, and let L : V — V be a
linear map. The set of all eigenvalues of L is called the spectrum of L and is denoted
by o(L), i.e. o(L) = {A1, Ag, ... } with each \; an eigenvalue of L.

Before the next statement, let us remind that if B is an invertible matrix, then one
has
1 = Det(1,) = Det(BB~") = Det(B)Det(B~")

which means that Det(B~!) = Det(B) L.

Lemma 7.2.8. Let A € M, (F) and consider 1y : F* — F" the associated linear map.
Let B € M, (F) be invertible. Then

O'(LBAlgfl) = O'(LA).



106 CHAPTER 7. EIGENVECTORS AND EIGENVALUES

Proof. One has

Det(BAB™' — \1,,) = Det(BAB~" — ABL,B™!) = Det(B(A — A1,)B™")
= Det(B)Det(A — A1,)Det(B~!) = Det(A — \1,,).

Thus, A is an eigenvalue of L4 if and only if A is an eigenvalue of Iz 45-1. O

Lemma 7.2.9. For any A € M,(F), A € F is an eigenvalue of Ly if and only if X is
an eigenvalue of Liy.

Proof. 1t is sufficient to observe that (*A — A1,) = (A — A1,) and to recall that
Det(B) = Det(‘B) for any B € M, (F), see Lemma 6.2.6. O

7.3 Eigenvalues and eigenfunctions for symmetric
matrices

The aim of this section is to show that if A € M, (R) is symmetric, i.e. "4 = A, then
the corresponding linear map Ly has n eigenvalues Aq,..., A\, (some of them can be
equal) and n mutually orthogonal eigenvectors. In fact, we shall prove a slightly more
general statement, valid for more general linear maps.

First of all, recall that if ‘A = A, then the corresponding bilinear map F4 : R" x
R™ — R and defined by F4(X,Y) =X AY is symmetric. In other word, it means that
FA(X,Y) = F4(Y, X), see Exercise 5.6.

Lemma 7.3.1. If A € M,(R) is symmetric, and if A1, \s € R are eigenvalues of Ty
with A1 # Ao, then any associated eigenvectors X1 and Xo satisfy X1 1 X,.

Proof. One has
FA(Xl,XQ) = tXlAXQ = tXl(/\QXQ) = /\QtXlXQ = /\Q(Xl . XQ)

since AXy = Ay Xs. Here (X - X3) means the scalar product between the two vectors
X, and X5. However, since F 4 is symmetric one also has

Fa(X1, Xo) = Fa( Xy, X1) = "XoAX| =" Xo (M X)) = M XX = M (Xo - X))
since AX; = A1 X;. By comparing these expressions, one has thus obtained that
)\Q(Xl N Xg) - )\1(X2 N Xl)

However, since X7 - Xy = X5 - X and since \; # Ay one concludes that X; - X5 = 0,
which means that the two vectors are orthogonal. O
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Let us now observe that if A € M, (R) and if A is an eigenvalue of Ly with the
corresponding eigenspace of dimension m, then one can always choose m mutually
orthogonal elements X7, . .., X,, which satisfy Lx(X;) = AXj for j € {1,...,m}. Indeed,
if we denote by V) the eigenspace associated with the elgenvalue )\ we can apply
Graham-Schmidt to this subspace and obtain a basis of V) containing m elements.
Each of these elements still satisfies L4(X;) = AX;. Note that the dimension of the
eigenspace V) is called the geometric multiplicity of the eigenvalue .

Theorem 7.3.2. Let A € M,(R), and assume that there exists Xy, ..., X, € R", with
X; # 0 and such that Lu(X;) = N\;X; for some \; € R and all j € {1,...,n}. Assume
also that Vect(Xl, ..., X,) =R". Then if one defines the matriz B with the column B’
given by BY = X, it follows that B is invertible and that

BilAB - diag(Ah ey )‘n)v

where diag(Ay, ..., \,) corresponds to the diagonal matriz with entries Ay, ..., A\, on its
diagonal.

Remark 7.3.3. (i) We shall prove subsequently that the assumptions of this theorem
are satisfied whenever A is symmetric. The assumptions are also satisfied if A is
arbitrary but Ly has n distinct eigenvalues, see Theorem 7.1.6.

(11) If we consider B as a change of bases, then the statement means that in the basis
defined by the vectors Xy, ..., X,, the linear map Lg-145 is diagonal.

Proof. Since X7, ..., X, are linearly independent, it follows that Det(B) # 0 and thus
that B is invertible, with inverse denoted by B~
Let us now compute

B~ AB =B A(X, X2 X ) B (AX, AX, ... AX,)
:B_l(/\le )\2X2 ) = B dlag()\l,...,/\n) :diag()\l,...,/\n).

Indeed, observe that

n

(X1 X . X) diag(A,. o, hn)), = D (X0 Xo o X diag(Ar, - An)k
k=

( X1 >\2X2 cos X0

>_A

since diag(A1, ..., A\y)k; = Aj if £ =7 and 0 otherwise. O

From now on, we shall establish a link between the eigenvalues/eigenvectors and a
geometric construction. For that purpose and for any symmetric matrix A € M, (R) let
us define f4 : R® — R by

fA(X) = FA(X,X) = tXAX,

and call it the quadratic form associated with A.
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Examples 7.3.4. (i) If A= (2 7'), then

3 -1
fa (2) = (21 ) (_1 5 ) (Z) = 323 — 21179 + 373,

(i1) More generally, if A = (a;;) € M,(R) with A symmetric, then

I air ... Qip T

n
fal il =@ .om) | b =D

Tn Ani  --. Gpn Tn 4j=1
Let us now consider the unit sphere S"~* C R, i.e.
§"1 = (X e R" | |IX]| = 1},
and for a symmetric matrix A € M, (R) we consider f4(X) with X € S"'.

Definition 7.3.5. A point X € S"! is a mazimum for fy on "1 if f4(X) > fa(Y)
for any Y € S*1,

Note that such a maximum always exists, but it can be non-unique. For example if
A=1,, then
faX) = f,(X) =X, X =X X = ||X|? =1
and thus f;, is constant on the sphere. It means that any X € S*! is a maximum for
f1, on S"™L.
The following result establishes a link between the eigenvalues of L 4 and the max-
imum points of fy4.

Theorem 7.3.6. If A € M,(R) is symmetric and if X is a maximum for fq on S"1,
then the value f4(X) is an eigenvalue for Ly with a corresponding eigenvector X, i.e.

Lu(X) = AX = fu(X) X.

Proof. Let Hox = {Y € R* | Y - X = 0} be the hyperplane perpendicular to X, of
dimension n — 1, and let us choose any Y € Hg x with ||[Y|| = 1. For any ¢t € R, one
sets

C(t) :==cos(t) X +sin(t)Y € R"

Observe that since X - Y = 0 one has
IC@)|]* = [ cos(t) X [P+ sin(t) Y[|* = cos®(t) | X [|>+sin®(¢) [|Y || = cos®(t)+sin?(t) = 1.

It follows that for any ¢ € R the point C(¢) belongs to S™!, and in addition one has
C'(0) = X. In more precise words, the map

R>t— C(t) e S"!
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is a curve on S"! passing through X for ¢ = 0. Let us also observe that
C'(t) = —sin(t) X + cos(t) Y

and that C’(0) =Y. Note that this latter quantity corresponds to the direction of the
curve at t =0

Consider now the map R 3 ¢ — f4(C(t)) = ‘C(t)AC(t) € R. Since fa(X) is
maximal and since C(0) = X, this map t — f4(C(t)) is (locally) maximal at ¢ = 0,
and thus fy (C(t))/|t20 = 0. Since one has

%(tC(t)AC(t)) _, = (C'MAC(t) +'C (1) AC' (1)) ],_,
='YAX +'XAY
= 2'Y AX,

where we have used that 'Y AX =X AY (see Exercise 5.6), it follows that ‘Y AX =0
for any Y € Hoy. In addition, since 'Y AX =Y - (AX), one infers that AX € Hg y,
and consequently that AX = AX for some A € R (recall that Hg x is of dimension n—1
and thus that only Vect(X) is perpendicular to it).

Finally, one observes that since || X|| = 1 one has

faX)="XAX = X - (AX) =X - (AX) = A|X[* = A
which means that Li(X) = AX = f4(X) X, as expected. O

Let us observe that by using the notation introduced in Chapter 5 one has
fa(X) = 'XAX = X - (AX) = (X, AX) = (X, Ly(X))

and that
Hox ={Y eR"|Y - X=0}={Y eR" | (Y, X) =0}.

Thus, what really matters in the previous statement and its proof is the existence of a
scalar product, and that (Y, L4 (X)) = (Lis(Y), X) (which is a more general formulation
of the equality 'Y AX = X AY). By using this observation, one can easily generalize
the previous proof and statement. For that purpose, let us first provide a new definition.

Definition 7.3.7. Let V' be a vector space and let (-,-) be a scalar product on V. A
linear map L : V' — V is symmetric with respect to the scalar product if it satisfies

Y, L(X)) = (L(Y),X) VX,Y eV

Theorem 7.3.8. Let V be a finite dimensional vector space endowed with a scalar
product, and let L : V. — V be a linear map which is symmetric with respect to the
scalar product. Then L possess an eigenvalue, with eigenvector X # 0.
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Definition 7.3.9. Let V' be a vector space and L : V' — V be a linear map. A subspace
W C V is stable for L if L(W) C W, i.e. if whenever X € W then L(X) € W.

Examples 7.3.10. (i) {0} and V' are always stable for any linear map L : V — V|
(11) Ker(L) is stable since for any X € Ker(L) one has L(X) =0 € Ker(L),
(111) If W is the eigenspace associated with an eigenvalue A of L, then W is stable.

For the next statement, recall that if W is a subspace of a vector space V' endowed
with a scalar product, then

WH={Y eV | X)=0VX € W}.

Lemma 7.3.11. Let V be a finite dimensional vector space and let (-,-) be a scalar
product on V. Let L : V. — V' be a linear map which is symmetric with respect to the
scalar product. If W is stable for L, then W+ is stable for L.

Proof. Let Y € W+ and X € W, then (L(Y), X) = (Y,L(X)) = 0 since L(X) € W.
Thus L(Y) € W for any Y € W+, which means precisely that W+ is stable. ]

We can now state and prove the most important result of this section.

Theorem 7.3.12. Let V' be a vector space of dimension n and endowed with a scalar
product (-,-). Let L : V. — V be a linear map which is symmetric with respect to the
scalar product. Then V' possesses an orthonormal basis of eigenvectors of L. In other
words there exist Y1, ...,Y, mutually orthogonal and with ||Y;||* = (Y;,Y;) = 1 such
that V = Vect(Y1,...,Y,) and such that L(Y;) = \;Y; for some ;.

Proof. By Theorem 7.3.8 there exists X; # 0 such that L(X;) = A\ X; for some ;. If
one sets W, = Vect(X), then W is stable for L, and the same property holds for Wj-.
Thus Wit is a subspace of V of dimension n — 1, and L is a symmetric linear map in
Wit (endowed with the scalar product inherited from V). Thus, we can again apply
the previous theorem in Wit instead of in V, and there exists Xy € Wit with X, # 0,
such that L(X3) = Ay X5. Then, by defining Wy := Vect(X5), one obtains that Ws- (the
subspace orthogonal to Wy in W) is of dimension n — 2, and is stable for L. Since L is
a symmetric linear map in Ws- one can go on iteratively in the procedure, up to W,.
Finally, by fixing Y; := X,/||Xj|| one gets that Y; € W, that ||Y;|| = 1 and by
construction Y; is orthogonal to Y, whenever j # k. One has thus obtained a basis of
V' which satisfies the stated properties. O

Remark 7.3.13. In the basis {Y1,...,Yy} the linear map L is diagonal. Whenever
there exists a basis such that a linear map L is diagonal is this basis, one says that L is
diagonalizable.
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Let us summarize our findings: One has obtained that in a vector space of finite
dimension and endowed with a scalar product, any symmetric linear map is diagonaliz-
able. Equivalently, if A € M, (R) is symmetric, then the linear map L4 is diagonalizable.
In particular it means that if A4 € M, (R) is symmetric, then there exists Aj,... \, € R
such that

PaN) =M = N2 — Ao (O — A (7.3.1)

Note that all A; need not be different. For example, one could have Ay = A; but
A3 # A1. The number of times a value A\; appears in this decomposition is called the
algebraic multiplicity of the eigenvalue A\;. What the previous theorem says is that if
A is symmetric, the algebraic multiplicity of an eigenvalue is equal to the geometric
multiplicity of this eigenvalue (i.e. to the dimension of the corresponding eigenspace).
Note that this equality holds for symmetric matrices, but it is not true in general.

7.4 Complex vector spaces

In Chapter 9, the field C of complex numbers is recalled. Thus, one can speak about
complex vector spaces, as for example C", which is of dimension n. One can also freely
speak about M, (C), i.e. matrices with each entry in C.

For any A € M, (C), let us consider Ly : C* — C" defined by L4(X) = AX which
is obviously a linear map. Then, the fundamental theorem of algebra says that there
exist A\1,..., A, € C such that

Pa(A) = Det(A—AL) = (A — Mo = A) ... (An — ).

Note that we have already seen such a factorization in equation (7.3.1), but it was only
for symmetric matrices. Here, there is no restriction on A, but the eigenvalues \; can
be complex. In other words, this fundamental theorem of algebra claims that counting
multiplicity there always exist n solutions to the equation P4(A) = 0. However, be
careful that this factorization does not imply that any matrix A is diagonalizable, even
on C". For example, for the matrix (§), one has P4(\) = A\? (which means that
A1 = Ay = 0), but this matrix can not be diagonalized in any basis.

Another natural question when dealing with C™ is how to endow it with a scalar
product ? Let us recall that a scalar product was used for defining a norm by the
relation || X||* = \/(X, X), see Definition 5.1.5. For example, if x € R, it is necessary
that (x,z) > 0. Thus, let us consider two complex numbers zi, 2o and set

<21, Z2> = 21%Z9. (741)
Then one observes that if z = x + 1y with x,y € R one has

(2,2) = (x +iy)(z +iy) = (v +iy)(z —iy) = 2 +y* > 0.
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In fact, this corresponds to the (square of the) norm of z when one identifies C with
the plane R?. Similarly, if Z =(21,...,2,) € C* and Z’' ='(z},...,2,) € C", one sets

=> %7 (7.4.2)
j=1

and observes again that (Z, Z) > 0.

In Chapter 5, the abstract notion of a scalar product was defined for real vector
space. Let us complement this definition in the case of a complex vector space (but
observe that the real scalar product is a special case of the following definition).

Definition 7.4.1. A scalar product on a complex vector space V is a map (-,-) :
V xV — C such that for any X,Y,Z € V and X\ € C one has

(i) (X,Y) = (Y, X),
(1)) (X +Y,2)=(X,Z)+ (Y, Z),
(iii) (AX,Y) = MX,Y) = (X, Ay),
(iv) (X,X) >0 and (X, X) =0 if and only if X = 0.

It is then easily observed that the definition provided in (7.4.1) and in (7.4.2) are
indeed scalar product on C and C" respectively.
Let us now consider A = (a;;) € M,(C) and let Z, Z' € C". Then one has

n

(La(2),2') = (A2, Z') = Y (AZ); Z; =) Y anZiZ;

j=1 j=1 k=1

_ Z Zilan 7! Z Al takajf) — (2,7A7")

=1 j=1 j=1

= (Z.L(7").

For simplicity, let us set A* := LA. We have thus shown that (I4(2), Z') = (Z, L4 (2")).
In the next statement, we rephrase in this more precise setting what has already
been obtained in Theorem 7.3.12.

Theorem 7.4.2. If A € M, (C) satisfies A* = A, then Ly is diagonalizable, with n real
etgenvalues \;.

For completeness, let us check that the eigenvalues of L4 are real, provided A* = A.
Thus, assume that \; is an eigenvalue of L4 with corresponding eigenvector X; # 0 and
observe that

NIXG P = (\X5, X)) = (La(X;), X;) = (X, La(X;))
= (X;, N X;) = <X X5y = N1X511.

Since ||X;|| # 0 it follows that A; = );, which implies that A; is real.
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§) € My(C), then A* = A and one observes that Pa(\) =

Example 7.4.3. If A= (5
—1). Thus the eigenvalue of A are real, even so A looks rather

Det (2} ) = (A+1)(A

complex !

Remark 7.4.4. Let us stress that Theorem 7.4.2 is at the root of quantum mechanics.
Indeed, in a suitable framework it says that “the observables have real spectrum”.
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7.5 Exercises

Exercise 7.1. Let P : V — V be a linear map on a vector space V' and assume that P
is a projection. Show that P can only have two possible eigenvalues, namely 0 and 1.

Exercise 7.2. For any 0 € [0,27), consider the matriz A(6) := <Z?§§g)) _Sir;ie()e)) and

show that the corresponding linear map L gy : R* — R? always admits the eigenvalue 1.

Exercise 7.3. Consider the matriz A := (2 0) and show that 2 and 4 are eigenvalues

3 4
of the associated linear map L. What are all corresponding eigenvectors ¢ Similarly,
11 2
consider the matrix B= |0 5 —1| and show that 1, 5 and 7 are eigenvalues of the
00 7

associated linear map. Determine the corresponding eigenspaces.

Exercise 7.4. Let A € M,(R) be invertible, and assume that A € R is an eigenvalue
of Lg with X € R™ a corresponding eigenvector.

1. Is X an eigenvector of Ligs ¢ If so, what is the corresponding eigenvalue ¢

2. Is X an eigenvector of the linear map associated with A+ 21,, ? If so, what is the
corresponding eigenvalue ¢

Is X an eigenvector of Lya ? If so, what is the corresponding eigenvalue ¢
Can X\ be equal to 0 ?
Is X an eigenvector of Ly~ ? If so, what is the corresponding eigenvalue ?

What can you say about Ker(Ly4 — A1) ?

S I AR S

What can you say about Det(A — A\1,,) ¢
Exercise 7.5. For any A € My(R), show the following equality
Pa(A) = A2 — ATr(A) + Det(A).

Exercise 7.6. Let A € M,(R) and assume that A has n eigenvalues 1, ..., \,. Then,
show the following equalities:

(i) Det(A) = MAa... N\, (product of the eigenvalues)

(1)) Tr(A) =AM+ X+ -+ N\, (sum of the eigenvalues)

Exercise 7.7. Let A = (é % él ) , and consider the associated linear map Ly : R® — R3.

Determine the eigenvalues of Ly and the corresponding eigenspaces.
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Exercise 7.8. Let A =
Determine the eigenvalue

DN ==

—21 ), and consider the associated linear map Ly : R3 — R3.

f La and the corresponding eigenspaces.

VRS
» oo
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Exercise 7.9. Let A = (}3), and consider the associated linear map Ly : R* — R?.

Determine the eigenvalues of Ly and the corresponding eigenspaces. Consider then the

matriz B = (1Y) and compute the product B-*AB. What do you observe, and how do

you understand your result ¢

Exercise 7.10. Let A = (2 ), and consider the associated linear map La : R* — R2.
Determine the eigenvalues of Ly and the corresponding eigenspaces.

Exercise 7.11. Let A € M,(R) and consider the linear maps Ly and L. Show that
these linear maps have the same eigenvalues.

Exercise 7.12. Show that if A € M, (R) is orthogonal (i.e. /A= A~1), then the (real)
eigenvalues of Lig can only be 1 or —1.

Exercise 7.13. For A = G i D consider the associated linear map Ly : R® — R3.

Determine the eigenvalues of Ly and the corresponding eigenspaces. Find the change of
bases such that in the corresponding new basis this linear map becomes diagonal.

Exercise 7.14. Let A € M,(R) be symmetric. Show that there exists B € M, (R) such
that B® = A.

Exercise 7.15. For a symmetric matric A € M,(R), one says that A is positive
definite if (AX, X) > 0 for any X € R" with X # 0. In fact, this is precisely the
condition which makes the bilinear map ¥4 define a scalar product, see Fxercise 5.6. If
A is symmetric and positive definite, show that

1. All eigenvalues of Lg are strictly positive,
2. A? is symmetric and positive definite,

3. A7l is symmetric and positive definite.

Exercise 7.16. Let A = (

Compute A™ forn =2, n = 3, n =25 and n = oco. You are allowed to use the result of
Ezercise 7.9.

[SUEN ST
cw e

), and consider the associated linear map Ly : R? — R2.

Exercise 7.17. Let A= (%), and consider the associated linear map Ly : C* — C?.
Determine the eigenvalues of Ly and the corresponding eigenspaces. Show that these
eigenspaces are orthogonal.

Exercise 7.18. Do there exist A, B € M,(R) such that AB — BA =1,, ? Justify your
answer. Note that the notion of trace can be useful for this exercise.
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