Chapter 3

Vector spaces

In this Chapter, we provide an abstract framework which encompasses what we have
seen on R" and for M,,,(R).

3.1 Abstract definition

Before introducing the abstract notion of a vector space, let us make the following
observation. For any X,Y,Z € R", for any A, B,C € M,,,(R) and for any A\, u € R one
has

i) X+Y)+Z=X+ (Y +2), i) A+B)+C=A+(B+0(),
(i) X+Y =Y + X, (i) A+B=B+A,

(i) X+0=0+X = X, (i) A+ 0 =0+A=A,

(iv) X — X =0, (iv) A-— A= 0,

(v) 1X (v) 1A= A,

(Vi) MX +Y) =AX + )Y, (vi) AM(A+B) = A+ \B,

(vil) (A4 @)X = AX 4 pX, (vii) (A + p)A = M+ pA,

(viii) (Ap)X = A(pX). (vii)) (Ap)A = A(uA).

Note that these properties are borrowed from Chapter 1 and 2 respectively. Another
example which would satisfy the same properties is provided by the set of real functions
defined on R, together with the addition of such functions and with the multiplication
by a scalar. In this case, the element 0 (or @) is simply the function which is equal to
0 at any point of R.

Question: Can one give an abstract definition for these rules ?
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48 CHAPTER 3. VECTOR SPACES

In the first definition, we give a more general framework in which A and p live. You
can always think about R as the main example for the following definition.

Definition 3.1.1. A field' (F,+,:) is a set F endowed with two operations + and -
such that for any A\, u,v € F one has

(i) \+peF and A-p eF, (internal operations)
(i) A+ p)+v=A+(p+v)and (A-p)-v=XA(u-v), (associativity)
(1)) N+ p=p+Xand - p=p- A\ (commutativity)
(iv) There exist 0,1 € F such that \+0= X and 1- X = A, (existence of identity
elements)

(v) There exists —\ € F such that A\ + (—X\) = 0, and if X # 0 there exists \™' € F
such that X\ - \7!1 =1, (ezistence of inverse elements)

(vi) N (u+v)=X-p+A-v. (distributivity)

Note that for simplicity, one usually writes A — p instead of A + (—p) and A/p
instead of \ - p~t.

Example 3.1.2. Some examples of fields are (R, +,-) the set of real numbers together
with the usual addition and multiplication, (Q,+,-) the set of fractional numbers Q =
{a/b| a,b € Z with b+ 0} together with the usual addition and multiplication, (C,+, ")
the set of complex numbers together with its addition and multiplication (as we shall
see at the end of this course). Note that for simplicity, one usually writes R, Q,C, the
other two operations being implicit.

Let us provide a more general framework for the elements of X,Y, Z or A, B,C and
for the properties stated in the table above. However, you can always think about R"™
or M,,,(R) as the main examples for the following definition. Note that two slightly
different fonts are used for the two different multiplications and for the two different
additions.

Definition 3.1.3. A vector space over a field (IF, +, ) consists in a set V' endowed with
two operations + : VXV =V and - : FxV — V such that if X, Y, Z € V and \,u € F
the following properties are satisfied:

(i) (X+Y)+Z=X+(Y +2),
(i) X+Y =Y + X,

(111) There exists (a unique) 0 € V' such that X +0=04+ X = X,

I'Without explaining this notion, but tacitly we shall work only with fields of characteristic 0, like
R, Q or C.
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(iv) For all X €V there exists —X € V such that X + (=X ) =0,
(v) A\ XeVandl-X =X,

(Vi) A\ (X+Y)=X- X+ )Y,

(vii) A+ p) - X=X X+ pu-X,
(vii) (A-p) - X =X (- X).

Before providing some examples, let us just mention a consequence of the previous
conditions, namely 0 - X = 0 for any X € V. Indeed, for any X € V one has

X=1-X=(140)-X=1-X40-X=X+0-X

from which one infers that 0- X = 0. Let us also note that whenever the field F consists
in R, one simply says a real vector space instead of a vector space over the field R.

Examples 3.1.4. (i) F =R and V = R" with the addition and multiplication by a
scalar, as introduced in Chapter 1,

(1)) F =R and V = M, (R) with the addition and the multiplication by a scalar, as
introduced in Chapter 2. More generally, for any field F the set M, (F), defined
exactly as My, (R), is a vector space over F,

(11i)) F = R and V is the set of real functions defined on R, with the addition of
functions and the multiplication by scalar,

(iv) F =R and V = {polynomial functions on R}

[ RS E| f(#) =Y ae’ with a; € R},

J=0

(v) F=R and V ={f:R — R continuous },
(vi) F=R and V = {f : R — R differentiable }.

From now and for simplicity we shall no more use two different notations for the two
different multiplications and for the two different additions. This simplification should
not lead to any confusion. In addition, we shall simply write F for the field, instead of
(F,+,-), and the multiplication will be denoted without a dot; the sign - will be kept
for the scalar product only.

Definition 3.1.5. Let V' be a vector space over F, and let W be a (non-void) subset of
V. Then W s a subspace of V' if the following conditions are satisfied:

(i) I X,Y €W, then X +Y € W,
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(ii) If X €W and A € F, then A\X € W.

In other words, a subspace of a vector space V' is a subset W of V' which is stable
for the two operations, i.e. the addition and the multiplication by a scalar. The next
statement will be very useful when checking that a certain set is a vector space. Its
proof will be provided in Exercise 3.5.

Lemma 3.1.6. Any subspace W of a vector space V' over a field F is itself a vector
space over FF.

Examples 3.1.7. (i) {"(z1,22,...,2,-1,0) | z; € R forany j € {1,...,n—1}} C
R™ is a subspace of R™,

(i) If P,N € R" with N # 0, then Hpy is a subspace of R" if and only if 0 € Hpy.

In particular, Ho n s a subspace of R",
(111) The set of upper triangular n X n matrices is a subspace of M, (R),
(iv) The set of n X n symmetric matrices is a subspace of M,(R).

The following statement deals with the intersection of subspaces or with the sum
of subspaces of a vector space.

Lemma 3.1.8. Let V' be a vector space over a field F, and let Wy, Wy be two subspaces
of V.. Then

(1) WinWy = {X e W, and X € Wg} is a subspace of V,
(1) Wi+ Wy = {X =X1+Xo | X5 €W and X5 € WQ} is a subspace of V.

Proof. The proof consists in checking that the two conditions of Definition 3.1.5 are
satisfied.

(i) If X,Y € W, for j € {1,2}, then X +Y € W, because W; is a subspace. In
particular, this implies that if X,Y € W3 N W5, then X +Y € W; N W5, Similarly, in
this case one also has AX € W;NW,, since W, and W5 are stable for the multiplication
by a scalar.

i) fX=Xi+Xoand Y =Y, +Y, with X;,Y; € W;, then X +Y = X5 + Xo +
Yi+Y: = (Xi4+Y))+ (X4 Ys) with (X7 4+Y7) € Wi and (X5 +Y3) € Wy, which implies
that X +Y € Wi+ Ws. Similarly, in this case one also has AX = A X, +AXs € W+ W,
since both W; and W5 are stable for the multiplication by a scalar. O

3.2 Linear combinations

Let us start with a definition:
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Definition 3.2.1. Let V' be a vector space over a field F, and let Xy,..., X, € V. One
sets

Vect(Xi,.... Xo) = { X1+ + XX, |\ €F forje{1,...,r}},
and call this set the subspace of V' generated by X4, ..., X,.
Obviously, the first thing to do is to check that this set is indeed a subspace of V.
Lemma 3.2.2. In the above setting, Vect(Xy, ..., X,) is a subspace of V.

Proof. The proof consists in checking that both conditions of Definition 3.1.5 are sat-
isfied. First of all, if X =\ X5 +--- + A X, and X' =N X5 + -+ XN X, then
X+X' =M+A)Xi+-+ N+ X)X, € Vect(Xy,...,X,).
F €F
€

Similarly, if X = A\ X; +--- 4+ A\ X, and XA € F, then

AX = (AM) X1+ -+ (A X, € Vect(Xy, ..., X,).
F eF
€

Since both conditions are checked, it is thus a subspace of V. O]
Since Vect(X1,...,X,) is a subspace of V| it was legitimate to call it as we did.

Note that one also says that \i,..., )\, are the coefficients of the linear combination
X+ AKX

Remark 3.2.3. If Vect(Xy,...,X,) =V, then one says that V is generated by the
elements Xy,..., X, or that {X,..., X, } is a generating family.

The following three examples are related to real vector spaces, as it is the case in
most of the examples of these lecture notes.

Examples 3.2.4. (i) Recall that E; =*(0,...,1,...,0) with the entry 1 at the posi-
tion j. Then {E;};_) = {E1, By, ..., E,} is a generating family for R™.

(ii) If N € R™ with N # 0, then Vect(N) is the line passing through 0 and having the
direction N, i.e. Vect(N) = Lo n, with the Lo n defined in Definition 1.5.1.

(iii) If X, Y € R® with X #0,Y #0, and Y # AX for any X € R, then Vect(X,Y)
defines a plane in R? passing through 0. In fact, it corresponds to the plane passing
through the three points 0, X,Y , as seen in FEzercise 1.18.

Remark 3.2.5. If F =R and if one considers Xy,..., X, € R", then one can set
Box(Xy,...,X,) = {MX1+--+ NX, |\ €[0,1] for j e {1,...,7}}.

This is a subset of Vect(X1, ..., X,), called the hyperbox or generalized box generated
by Xi,...X,. Note that Box(Xy,...,X,) is not a subspace. It is also easily observed
that Box(X1) corresponds to the segment between 0 and X; and that Box(X1, Xs) cor-
responds to the parallelogram generated by X, and X5, and with one apex at 0.
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3.3 Convex sets

In this section we consider only real vector spaces, i.e. the field F is equal to R for all
vector spaces.

Definition 3.3.1. Let S be a subset of a real vector space V. Then S is convex if for
any X,Y € S and for any t € [0,1] one has

X+t(Y -X)=(1-t)X+tY 8.
Examples 3.3.2. (i) A ball is convez, but a doughnut is not convex,

(i1) For any Xi,...,X, in a real vector space V', Vect(X7, ..., X,) is convez. Indeed,
FX=MX1+ -+ ANX, and X' =N Xy + -+ XX, with \;, \; € R then

VR

(I-)X +tX = (1 = )M +tA) Xa+ (1 = A + X)) X, € Vect(Xy, ..., X,),

[\ J/ [ J/

eR eER

(111) For any X1, ..., X, in a real vector space V', Box(X1, ..., X,) is conver. Indeed, in
the framework of the previous example, observe that if 0 < X\; <1 and 0 < )\;- <1
then one has for any t € [0, 1]

0< (TN +N, < (I-H)1+11 =1
As a consequence, one infers that

(1—)X +tX = (1= t)A\ +tA) X+ (L= )N + X)) X, € Box(Xy,...,X,).

N J/ N J/

g

€ [0,1] € [0.1]
Definition 3.3.3. Let V' be a real vector space, and let Xy,..., X, € V. We set

CS(Xl,...,Xr) :{)\1X1++)\TXT‘O§)\]§1fOTj€{1,,T}
and)\1+)\2+---+)\,,:1}

and call is the convex set generated or spanned by Xi,...,X,.

Note that by definition, the following inclusions always hold
CS(Xl, NN ,XT) C BOX()(l7 ce ,Xr> - VeCt(X17 ce. ,Xr).

Example 3.3.4. IfV =R", then CS(X;) corresponds just to the point X1, CS(X3, X»)
corresponds to the segment between X, and Xy while CS(X1, X, X3) corresponds to the
triangle of apexes X1, Xs and X3.

Obviously, one has to show immediately the following statement:
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Lemma 3.3.5. If V is a real vector space and X1,..., X, € V, then CS(Xy,...,X,)

1S Conver.
In fact, CS(Xy, ..., X,) is the smallest convex set containing X7, ..., X,.

Proof. Let X = M X1+ -+ XX, with0 < A\; <Tand Ay + X +---+ A =1, and
let X' =MX;+ -+ XX, with 0 < X <1Tand A} + Xy +---+ A, = 1. Then for any
t € [0, 1] one has

(1-)X +tX' = Z (L =10)A; + X)) X;

j=1
with 0 < (1 —H)A; + X, < (1 — )1 +¢1 =1 and

r

Z((1—t)Aj+tA;) :(1—t)iAj+t§T:A;:(1—t)1+t1:1.

j=1

As a consequence, (1 —t)X +tX' € CS(Xy, ..., X,), which means that CS(Xj, ..., X,)
is convex. ]

3.4 Linear independence
The following definition will be of importance in the sequel.

Definition 3.4.1. Let V' be a vector space over a field F, and let X4,..., X, € V. The
elements X1,..., X, are linearly dependent if there exist \y,..., \. € F not all equal to
0 such that

The elements X1, ..., X, are said linearly independent if there do not exist such scalars
ALy ey A

Note that alternatively, the vectors Xy, ..., X, are linearly independent if whenever
(3.4.1) is satisfied, then one must have A\; = Ay = --- = A\, = 0. In this case, one also
says that the family {X7,..., X} is linearly independent.

Examples 3.4.2. (i) For V =R", the family {E;}}_, is linearly independent,

(i1) ForV = M,(R), the family {I,s}

2.5 1s linearly independent,

n .1 of elementary matrices introduced in Section

(iii) For V =TR?, the elements (}), (1), and (1) are linearly dependent since

o) ()0
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(iv) Let fi1, fo be two continuous real functions on R. In this case fi, fo are linearly
dependent if there exists A1, Ao € R with (A1, A\2) # (0,0) such that Ay fi+Xafo =0,
or more precisely

Mfi(x) + Aafo(z) =0 forall x € R.

For example, if fi(x) = cos(z) and fo(x) = sin(x), then f1 and fo are linearly
independent even if 0cos(0) + Asin(0) =0 for arbitrary A € R.

Definition 3.4.3. Let V' be a vector space over a field F, and let X,..., X, € V. If
Vect(Xy,...,X,) =V and if Xy,..., X, are linearly independent, then {X,..., X, } is
called a basis for V. Alternatively, one also says that the family { X, ..., X} constitutes
or forms a basis for V.

Examples 3.4.4. (i) {E;}}_, forms a basis for R",
(1) {Irs}} o1 forms a basis for M,(R),
(117) {x — a™}2, forms a basis for the vector space of all polynomials on R.

Let us consider a special case of the previous definition in the case n = 2. The
content of the following lemma will be useful later on, and its proof will be provided in
Exercise 3.9.

Lemma 3.4.5. Let (), (§) € R%, with a,b,c,d € R.
(1) The two vectors are linearly independent if and only if ad — be # 0,
(ii) If the two vectors are linearly independent, they form a basis of R2.

Given a basis of a vector space V', any point X can be expressed as a linear com-
binations of elements of this basis. More precisely, one sets:

Definition 3.4.6. Let {X,..., X, } be a basis for a vector space V' over F. Then, for
X = M X1+ -+ NX, the coefficients {\1,...,\} are called the coordinates of X
with respect to the basis {X,..., X, } of V.

In order to speak about “the” coordinates, the following lemma is necessary.

Lemma 3.4.7. The coordinates of a vector with respect to a basis are unique.

Proof. Let {X1,...,X,} be a basis, and assume that
X=MXi+ -+ AMX, =N X1+ -+ ANX,.

It then follows that
X—X=0=MN-\DX1+ -+ N\ = A)X,.

By independence of X1, ..., X, it follows that (A\; —\}) = 0 for all j € {1,...,7}, which
means that \; = )\;-. Thus, the coordinates of X with respect to a basis are unique. [J



3.5. DIMENSION 25

3.5 Dimension

Question: Can one find 3 linearly independent elements in R? ? For instance, if
A= (3),B=(7)and C = (1Y), are they linearly independent vectors ? The answer
is no, and there is no need to do any computation for getting this answer. Indeed, let
us consider the more general setting provided by A = (gi), B = (Z;) and C' = (¢ ).
Then one has

aq b1 Cq )\1@1 + )\le + )\301 =0
A A A =0 .
! (CLQ) A (bg) A (CQ) { /\1&2 + )\ng + )\302 =0
Note that this corresponds to a system of two equations for the three unknowns A;, Ay
and A3. As seen in Theorem 2.3.4, such a homogeneous system of equations has al-
ways a non-trivial solution, which means that there exists a non trivial solution for
the corresponding equation 3.4.1. As a consequence, three vectors in R? can never be

independent.
More generally, one has:

Theorem 3.5.1. Let {X1,..., X, } be a basis of a vector space V' over F. Consider also
Yi,..., Y, € V and assume that m > r. Then Y1, ...,Y,, are linearly dependent.

Note that if m < r, the statement does not imply that Yi,....,Y,, are linearly
independent.

Now, in order to give the proof in its full generality, we need to extend the definition
of My (R) to M, (F), for an arbitrary field F. In fact, since elements in a field can be
added and multiplied, all definitions related to M,,,(R) can be translated directly into
the same definitions for M,,,(F). The only modification is that any entry a;; of a matrix
A belongs to F instead of R, and the multiplication of a matrix by a scalar A € R is
now replaced by the multiplication by an element of F. Then, most of the statements of
Section 2 are valid (simply by replacing R by FF), and in particular Theorem 2.3.4 can
be obtained in this more general context. This theorem is precisely the one required for
the proof of the above statement.

Proof. Since X1, ..., X, generate V, there exists a;; € F such that
Y;=a1;X1+ - +a,;X, foranyje{l,...,m}
Then, let us consider \q, ..., \,, € F and observe that

MY+ +NY,,=0
ﬁ)\l(ﬁllle + -+ arer) + -+ )\m(alle + -4 Clrer) =0
< (Aragn + dearg + -+ M) Xy 4 -+ (M@ + - An@en) X =0

which is equivalent to the following expression, by linear independence of X, ..., X,:
a;r a1 ... A1m )\1 0

21 Q29 ... Q9m )\2 0

> ...
3
o

Ar1 Q2 ... Gpp
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Finally, since m > r, it follows from a simple adaptation of Theorem 2.3.4 to M,,(FF)
that this system of equation always has a non-trivial solution. However, this means
precisely that the elements Y1, ...,Y,, are linearly dependent. O

Corollary 3.5.2. Let V be a vector space and suppose that {X1,...,X,} is a basis for
V. Then any other basis for V also contains n elements.

Proof. Let {Y1,...,Y,,} be a second basis for V. If m > n then Y3,...,Y,, can not be

linearly independent, by the previous theorem. Similarly, if m < n then X;,..., X, can
not be linearly independent, also by the previous theorem. Since any basis is made of
linearly independent vectors, one obtains that the only possibility is m = n. O

We now define a notion which has been implicitly used from the beginning for R".

Definition 3.5.3. Let V' be a vector space over a field F, and let {Xq,...,X,} be a
basis for V.. Then one says that V' is of dimension n, since this number is independent
of the choice of a particular basis for V. The dimension of the vector space V' is denoted

by dim(V).

Remark 3.5.4. In these lecture notes except in a few exercises, all vector spaces are
of finite dimension. This fact is tacitly assumed in many statements later on, but note
that vector spaces of infinite dimensions often appear in physics or in mathematics.

Examples 3.5.5. (i) R" is of dimension n, F" is also of dimension n,
(ii) For any vector space V and any X € V, the dimension of Vect(X) is 1,

(iii) Any plane in R3 (passing through the origin) is of dimension 2, while a line passing
through the origin is of dimension 1.

The following result is often useful, when the dimension of the vector space is already
known.

Lemma 3.5.6. Let V' be a vector space of dimension n, and let Xy,..., X, € V be
linearly independent. Then {X1,...,X,} is a basis for V.

Proof. One only has to show that Vect(X7, ..., X,,) = V. By contradiction, assume that
there exists Y € V such that Y ¢ Vect(Xj,...,X,). Then, the vectors Xi,..., X,,Y
are linearly independent, and { X1, ..., X,,, Y} would generate a basis for V' of dimension
n + 1, which is impossible by the previous Corollary. O]

3.6 The rank of a matrix

Let A € M,,,(F), and recall from Section 2.2 that the columns of A have been denoted
by A! ..., A". Each column is an element of F™ (a column vector with m entries in
F) and the family {A', ..., A"} generates a subspace of F, which we have denoted by
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Vect(A, ..., A"). In this case this subspace is called the column space. Alternatively,
the rows of A generate the subspace Vect(‘Ay, ... 'A,,) of F™, which is called the row
space. The dimension of the first subspace is called the column rank, while the dimension
of the second subspace is called the row rank.

By what we have seen in the previous sections, the column rank corresponds to the
maximal number of linearly independent columns, while the row rank corresponds to
the maximal number of linearly independent rows. Our aim in this section is to study
these numbers.

Lemma 3.6.1. Elementary row operations do not change the row rank of a matrix.

Proof. For this proof, it is sufficient to observe that

Vect(‘Ay, ..., Ay, o Ak, A
= Vect(*Ay, ..., Ay, ... ' A, AL
= Vect("Ay, ..., A, .. Ak, . 'AR)
= Vect("Ay, ..., "A;j + Ay, .. Ay, . MAL)

for any ¢ # 0. Since these subspaces are the same, their dimension coincide. O

Similarly, one can show that elementary row operations do not change the column
rank of a matrix. Note that this proof is less easy since elementary row operations have
been defined on rows, and not on columns.

Theorem 3.6.2. For any A € M,,,(F), the column rank and the row rank of A are
equal.

Thanks to this statement, it is sufficient to speak about the rank of a matrixz, denoted
by rank(.A), there is no need to specify if it is the column rank or the row rank.

Proof. First of all, recall that the matrix A is row equivalent to a matrix B in the
standard form, see Corollary 2.4.10. Since elementary row operations do not change the
row rank or the column rank, the matrix B has the same row rank and column rank as
the original matrix A. Then, it is easily observed that the number of leading coefficients
of B is equal to the number of linearly independent rows, but also to the number of
linearly independent columns of B. Therefore, the number of leading coefficients of B
is equal to the row rank of B and to the column rank of B. It follows that these two
numbers are equal, and that the row rank of A and the column rank of A are also equal
to this number. O
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3.7 Exercises

Exercise 3.1. Show that the following sets of elements of R® form subspaces :
i) Sy ={(x,y,2) ER} |z +y+2z=0},
ii) Sy :={'(z,y,2) € R® |z =y and 2y = 2},
iii) Sy = {'(z,y,2) e R® |z +y = 3z}.

Exercise 3.2. Let V' be a subspace of R™, and let W be the set of all elements of R™
which are perpendicular to all elements of V. Show that W itself is a subspace of R™.
This subspace is often denoted by V* and called the orthogonal complement of V' in R™.

Exercise 3.3. Let Ay, ..., A, be generators of a subspace V' of R™. Let W be the set of
all elements in R™ which are perpendicular to Ay, ..., A,. Show that W = V+.

Exercise 3.4. Show that the set of all real polynomials is a subspace of the vector space
of all real and continuous functions on R. Ezhibit a generating family for this subspace.

Exercise 3.5. Let V' be a vector space over a field F. Show that any subspace of V' is
itself a vector space.

Exercise 3.6. Let S be a convex set in a real vector space V.
i) For A\ € R, show that \S is a convez set in V, with A\S = {\X | X € S}.
ii) ForY €V, show that S+Y is a convex set in V', with S+Y ={X+Y | X € S}.

Exercise 3.7. Show that the intersection of two convez sets is still convez.
Exercise 3.8. Show that the vectors (é), (g) and (i) form a basis of R3.

Exercise 3.9. Let (%), () € R?. Show that these two vectors are linearly independent
if and only if ad — be # 0.

Exercise 3.10. Express the coordinates of Y in the basis generated by X1 and X :

2y (1) xm (2) - (0
i) Y = (?) X, = (_11> and X, = G)

Exercise 3.11. Let Xy,..., X, be non-zero elements of R" and assume that X;- X} =0
for each j # k. Show that these elements are linearly independent.

Exercise 3.12. Determine the dimension of the following subspaces:

i) Sy ={(x,y,2) ER} |z +y+2z=0},



3.7. EXERCISES 29

i) Sy = {(z,y,2) € R® |z =1y and 2y = 2},
iti) Sy = {'(z,y,2) e R® |z +y = 3z}.

Exercise 3.13. Determine the rank of the following matrices :

6 3 —4 1 0 2 01 3 =2 12 -1 2 1
a)[-4 1 6| o2 -1 3] ol21 -4 3| &|24 1 -2
1 2 -5 4 1 8 2 3 2 -1 36 2 —6 5

Exercise 3.14. A doubly stochastic matrix is a n X n matric A = (a;) such that
ajr € [0,1] and such that the sum of the elements of each line is equal to 1, as well as
the sum of the elements of each column.

1) Show that the pT’OdUCt of two doubly stochastic matrices is still a doubly stochastic
Y Y
m(lt?”il’,

(i1) Show that the set of all doubly stochastic matrices is a convez set.
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