SML (Topology and Homotopy), Summary Notes

Chris Bourndl
Spring Semester, 2026

The following are work-in-progress notes that summarise the lectures for the ‘Special Mathematics
Lecture (Topology and Homotopy)’. The content is mostly taken from the texts [4, [6]. These notes
should not be considered as complete lecture notes as many details are still missing. Please also be
wary of typos and other mistakes. Any corrections or suggestions are greatly appreciated ©.
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1 Preface

We generally first learn calculus by considering functions on Euclidean space, f : R — R (or f :
R™ — R?% more generally). The vector space R” is certainly a nice place to do analysis, but for many
shapes we regularly encounter (spheres, donuts, ... ), the standard calculus theory can not be applied
without some extra work. Furthermore, on the very small scale (quantum mechanics) or the very
large scale (black holes), we encounter spaces and objects for which we do not have a good geometric
understanding or intuition. Nevertheless, we would still like to be able to talk about functions and
continuity on these more complicated spaces. Roughly speaking, topology is the mathematical theory
that allows us to discuss what it means to be continuous in the most general setting.

Not all topological spaces can be geometrically visualised, but let us assume that we are given two
shapes X and Y that can be nicely embedded into Euclidean space. Topology only cares about whether
functions are continuous and is not concerned with derivatives or smoothness. So we say that X and
Y are the same topologically if we can continuously deform one space to another. This means that
deformation may add corners and non-smooth points, but we can not tear or make a hole in a shape.
This means that a sphere and a doughnut are ‘topologically distinct’ as a sphere has no holes whereas
a has a hole. On the other hand, a coffee cup has a hole and a refrigerator has no holes. So a sphere
is topologically the same as a refrigerator and a doughnut is topologically the same as a coffee cup.

Of course, we need to make these notions mathematically precise. Our aim is to give mathematical
meaning to the notion of continuity in the broadest possible sense. This will allow us to then say what
if means for different shapes and spaces to be equivalent. Of particularly interest are the properties
of these abstract spaces that are preserved under topological equivalence. We call these properties
topological invariants.

A topological invariant is not just a nice mathematically property, but increasingly has found appli-
cations in physics and elsewhere. Changing and deforming a shape does not change its topological
invariants. So if a physical property or phenomena can be described by these invariants, then this
property must be very stable and robust. Indeed, even if we deform or perturb the system, so long as
we do not break continuity via a tear or cut, the topological invariant and therefore physical property
will stay the same.

Warm up — topological classification of capital letters

As a simple warm up exercise, let us consider (bounded) lines and curves, which we consider as one-
dimensional shapes embedded in R?. Recall that two shapes are the same if we can deform one into
another. In this case, this means that we can’t make any cuts of our lines.

Let’s first consider a single line. If the line never touches itself, then it can be deformed into any other
line that does not touch itself. On the other hand, if it becomes a loop (e.g. a circle), then we cannot
deform this shape into a straight line without making a cut (which is not allowed).
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More generally, we could consider multiple lines which are joined at a vertex/branching points. Let’s
consider the example of capital letters. The capital letter I can be continuously deformed into the
letter L or N, but it can not be deformed into the letter Y, which has a 3-vertex. Similarly, the letter
Y can not be deformed into the letter X, which has a 4-vertex. We can continue this process for all
the letters of the alphabet to arrive at a ‘topological classification’ of capital letters.

No holes or branching points

{c, G I, J,L,MN,S, U VW, z}.

{D, O}.

{E, F. T, Y}.

One hole, no branching points

No holes, one 3-vertex

One hole, one 3-vertex

No holes, two 3-vertices

One hole, two 3-vertices

Two holes, two 3-vertices

No holes, one 4-vertex

One hole, one 4-vertex

So we have sorted the 26 letters into 9 topological classes. Of course, we have not been precise about
how we were able to arrive at this conclusion. In what follows we develop the theory to make the
above result mathematically rigorous.



2 Metric spaces

Before we consider more abstract topological spaces, we will first consider the special case of metric
spaces, which roughly are sets with with an appropriate notion of distance. This structure is sufficient
to import many of the ideas and constructions that we have seen in Calculus on R” or C.

2.1 Basic definitions and examples
We start with a motivating example.
Example 2.1.1 (Norms on R™). We first recall the vector space
R" = {x=(z1,...,2n) | 21,..., 2, € R}.

Elements x € R™ are vectors for which we can define a norm, a notion of the size of a vector.
Actually, we have many choices of norms for R", e.g.

1/2
Il = aa| +-. + el Il = (af + . +a2) "
1/
Il = (P + ... + faal?) 7, Il = max [z
For || - || to be a norm, it must satisfy the following three properties:

1. ||x]| > 0 for all x € R” and ||x|| =0 <= x =0,
2. ||lax|| = |af||x|| for all « € R, x € R"

3. x4yl < |Ix|| + |ly] for all x,y € R™

The norm also allows us to consider the quantity ||x — y|| as measuring the distance from x to y
with respect to our choice of norm. Indeed,

H(LO)_(Ov 1)”1 = 2, ||(170)_(07 1)”2 = \/Qv H(l,O)—(O, 1)||p:21/p7 H(l,O)—(O, 1)”00 =1

and the distance between points changes depending on how me measure size.

Exercise 2.1. Suppose that || - || is a norm on R™ Define the function d : R” x R" — R
d(x,y) = ||[x —y|| for x,y € R". Show that

1. d(x,y) > 0 for all x,y € R",

2. d(x,y) =0 if and only if x =y,

3. d(x,y) =d(y,x) for all x,y € R",

4. d(x,y) < d(x,z) + d(z,y) for all x,y,z € R™.

The above discussion can be generalised to norms on and distances on more general vector spaces V.
On the other hand, many spaces we care about are not vector spaces, e.g. X = (0,1) C R, the open
unit interval, but still have come with a reasonable notion of distance. So we would like to understand
the distance between points in sets that may not be closed under addition / scalar multiplication (or
where these operations may not even be defined).



Definition 2.1.2 (Metric space). A metric space (X,d) is a set X with a metric, a function

d: X x X — R that satisfies the following properties
1. (Positivity) d(x,y) > 0 for all z,y € X and d(x,y) = 0 if and only if z =y,
2. (Symmetry) d(z,y) = d(y,x) for all z,y € X,

3. (Triangle inequality) d(x,y) < d(z,z) + d(z,y) for all z,y, 2z € X.

Exercise shows that any norm on R™ also makes (R", d) a metric space. This is also true for more
general vector spaces with a norm. We will sometimes be sloppy and simply state that X is a metric
space, where the choice of metric d is implicit.

Example 2.1.3 (Discrete metric). Let X be any set. Then we can define the following discrete

metric
L, z#y,
0, z=uy.

ddisc(x>y) = {

By construction dgisc(z,y) > 0 and dgisc(x,y) = 0 only when 2 = y. The symmetry of dgjs is also
easy to see. Considering the triangle inequality with x,y,z € X, if x = z, then the dgjs.(x,z) =0
and the relation holds as dgisc(x,y) + daisc(y, 2). If © # z and x =y (or y = z), then we have

ddisc(ajyz) =1<1= ddisc(zay) + ddisc(yaz)~

If all are distinct,  # y # z, then 1 < 2 gives the result. Finally if x = y = 2, then 0 < 0 and
the triangle inequality holds. Hence dgjs. is a metric.

Exercise 2.2. Let X be a set and let

B(X) ={f:X — R there exists some C > 0 such that |f(z)| < C for all z € X }.

Show that B(X) is a metric space when endowed with the metric

d(f.g) = sup | f(z) = g()].

Example 2.1.4. Suppose that (X, d) is a metric space and Y C X is a non-empty subset. Then

(Y, d) is a metric space, where d is the restriction of the metric on X to Y. We say that (Y, d) is
a (metric) subspace of (X, d).

Example 2.1.5. If X = R?, the function J((xl,xg),(yl,yg)) = |z1 — y2| does not define a
metric space. Indeed CZ((O, 1),(1,1)) =0, but (0,1) # (1,1).

The set X in a metric space (X, d) might not have much structure or may be difficult to visualise. On
the other hand, we know many things about R and can use this knowledge along with the metric d to
infer properties of the space X.



Definition 2.1.6 (Open ball and open set). Let (X, d) be a metric space.

1. Given x € X and r > 0, the open ball centered at x with radius r is the set
B(z;r) ={y € X | d(z,y) <r}.

2. We say that a subset U C X is open if for all z € U there is some € > 0 such that B(z;e) C U.

Lemma 2.1.7.  Any open ball B(x;r) is open.

Proof. Take y € B(x;r), and e =1 —d(z,y) > 0. If z € B(y,€), then

d(z,z) < d(z,y) +d(y,z) < d(z,y)+ (r —d(z,y)) =r.

Hence z € B(z;r) and so B(y;€) C B(x;r). O

For a more general subset Y C X, we define
Int(Y) = {y € Y | there exists e > 0 such that B(y,e) C Y},
where by construction Y is open if and only if ¥ = Int(Y).

Example 2.1.8. Let X be a metric space with the discrete metric. We claim that for any

x € X, the singleton set {z} is open. Indeed, for any 0 < r < 1, B(z;r) = {x}.

Proposition 2.1.9. Let (X,d) be a metric space.

1. The union of a family of open subsets {Uy}acr is open.

2. The intersection of a finite family of open subsets {Uj}?:l S open.

Proof. We take z € |J, Ua. Then by assumption z € U, for some o/ € I. Because Uy is open,

there is some € > 0 such that B(x;¢e) C Uy . By the definition of the union, this also means that
B(z;€) C J, Us. Hence the union is open.

We leave part (2) as an exercise. O

Example 2.1.10. If (X,d) is a metric space, the empty set ) = {} C X is tautologically open

as it contains no elements. The total space X is open as B(z;r) C X for any = € X.

Example 2.1.11. Take R? as a metric space with the Euclidean metric (using the norm || - [|2)

The following subsets are not open. (Why?)
1. The y-axis {(0,y) € R? | y € R} C R?, with Euclidean metric || - 2.
2. The closed unit disc {x € R? | [|z[s < 1},

3. {(:B,y) | zy > 0}.




Definition 2.1.12 (Closure and closed sets). Let (X, d) be a metric space and Y C X.

1. The closure of Y is the set

Y={zeX|B(x;r)NY #0 for all r > 0}.

2. We say that Y is closed if Y =Y.

Note that Y C Y. We think of the closure of a set Y C X as the set Y along with all of its boundary
points in X.

Example 2.1.13. Take R? with [ - || and B(0;1). Then B(0;1) is the closed unit disc {x €
R? | ||lz]l2 < 1} (exercise).

Caution: It does not always hold that B(z;r) = {y | d(z,y) < r}. For example, take dgjsc, then

B(z; 5) = {2} = B(z; 3).
Exercise 2.3. Show that the closure of a set Y C X is closed, i.e. Y=Y.

Example 2.1.14. The empty set § and X are closed sets.

If a set is not open, then it is not necessarily closed (and vice verca). For example [a,b) C R is neither
closed nor open. On the other hand, sets can be closed and open. The singleton {z} C X is closed
and open when X has the discrete metric.

To further relate open and closed sets, we first review some basic set theory.

Lemma 2.1.15 (De Morgan’s laws for sets). Let A and B be subsets of X with A= X\ A and
B¢ =X\ B. Then
(AUB)¢ = A°N B¢, (AN B)° = A°U B-.

More generally, if {Aa}tacr are a family of subsets of X, then

(U4d) =N (N 4a) = UJar

a€cl acl ael acl

Theorem 2.1.16. Let (X,d) be a metric space. A subset Y C X is closed if and only if
Ye=X\Y is open.

Proof. Suppose Y C X is closed and take x € Y¢. Because Y =Y, it follows that there is some
r > 0 such that B(x;7) NY = (). We then see that B(x;r) C Y and so Y is open.

If Y© is open, then for any « € Y“ there is some r > 0 such that B (z;7m) C Y€, which in particular
implies that B(z;7) NY¢ = @. Therefore z ¢ ¥ and we have shown that Y¢ c Y. But Y ¢ Y
implies that Y C Y¢. So it follows that Y¢ =Y and therefore Y =Y. O




Proposition 2.1.17. Let (X,d) be a metric space.

1. The union of a finite family of closed subsets {C’j}?zl is closed.

2. The intersection of a family of closed subsets {Cy }tacr is closed.

Proof. Using Theorem and Lemma this becomes a restatement of Proposition
2.1.9 L]

2.2 Continuity

We have seen that a metric lets us talk about open balls and sets. This gives us the local structure
needed to discuss neighbourhoods and continuity of functions between different metric spaces f :
(X, dy) — (Y, dy).

Definition 2.2.1. Let (X, dx) and (Y, dy) be metric spaces. A function f : X — Y is continuous

at © € X if for all € > 0 there is some 0 > 0 such that for all z € X with dx(z,2) < d, we have
that dy (f(z), f(z)) < e. We call f continuous if it is continuous at z for all z € X.

Written in terms of open balls, f is continuous at z if for all € > 0, there is some § > 0 such that
z € B(z; ) implies that f(z) € B(f(z);e€).

Examples 2.2.2. 1. If X =Y = R, then the condition for continuity can be written as
|z — z| < ¢ implies |f(z) — f(2)| < €, which is the standard e-d definition one finds in real
analysis.

2. If X has the discrete metric, then any function f : X — Y is continuous. If € > 0, then for
any ¢ € (0,1), B(z;0) = {z} and dy (f(z), f(z)) =0 < e.

In this section we will show that continuity can also purely in terms of open sets. This will help
motivate our more abstract definition of continuity in topological spaces.

Theorem 2.2.3. A function f : (X,dx) — (Y,dy) is continuous if and only if f~1(V) = {x €
X | f(z) € V} C X is an open set for every open subset V CY.

Proof. Suppose f is continuous and take V C Y open with z € f~1(V). We need to show

that B(z;r) C f~%(V) for some r. By assumption f(x) € V, which is open so there is some
e such that B(f(z);e) C V. We also know that f is continuous so there is some ¢ such that
f(z) € B(f(x);e) C V for any z € B(z;0). This shows that B(z;d) C f~4(V) and so f~1(V) is
open.

Now syppose that f~1(V) is open for any open V. C Y. Then for any x € X and e > 0,
B(f(z);€) C Y is open and therefore f~'(B(f(x);€)) C X is an open neighbourhood of 2. Hence
there is some § > 0 such that B(z;6) C f~1(B(f(z);€)). It then follows that any z € B(x;0) is
such that f(z) € B(f(x);€), which implies that f is continuous at z. Because x was arbitrary, f
is continous. O

Definition 2.2.4. A function f : (X,dx) — (Y,dy) is uniformly continuous if for every € > 0
there exists a § > 0 such that for any ,z € X with dx(z, z) < 4, it holds that dy (f(z), f(2)) < e.



We see that, unlike a continuous function, the constant § > 0 is independent of the point x € X.

Example 2.2.5. The function f : (0,1) — R, f(z) = 27! is continuous but not uniformly

continuous as it blows up when z — 07. Indeed, take ¢ = 1 and § > 0. We take z = min{J, %}
and z = 5. Then d(z,2) = § < § but

‘x71_271‘2’1_3‘21>1_
r x

Exercise 2.4. Let (X, d) be a metric space and fix g € X. Show that the function f : X — R,

f(x) =d(x,zp) is uniformly continuous.

2.3 Sequences and completeness

In real analysis we can understand the closure and continuity of spaces uses sequences in R™. Many
of these ideas can be generalised to metric spaces.

Definition 2.3.1. We say that a sequence {x,},>0 C X converges to z € X if for all € > 0
there is some N > 0 such that d(x,,z) < € for all n > N. In this case we write x,, — x in X.

Exercise 2.5. Show that f: (X,dx) — (Y, dy) is continuous at z € X if and only if z,, — z in
X implies that f(z,) — f(z) in Y.

Proposition 2.3.2. Let (X, d) be a metric space and Y C X. Then x € Y if and only if there
is a sequence {Yntn>0 C Y such that y, — x.

Proof. 1If y, — x, then for any r > 0, the ball B(z;r) will contain elements y,, for n sufficiently

large. Hence z € Y. Conversely, if 2 € Y, then for every n > 1, there is at least one point
Y, € B(x; %) NY. We use these points to build a sequence {y,,} CY where d(z,y],) < % — 0 as
n — 0. O

Definition 2.3.3. 1. We say that a sequence {zp}n>0 C (X,d) is Cauchy if for all € > 0
there exists N > 0 such that d(zy,z,,) < € for all n,m > N.

2. A metric space (X, d) is complete if every Cauchy sequence converges in X.

Put another way, {x,} is Cauchy if the double limit

lim d(zp,zm) =0.
n,m—00

Examples 2.3.4. The real line R is complete.
Higher dimensional real and complex spaces R” and C™ with Euclidean norm || - ||2 are complete.

The set of rational numbers Q with metric induced from R is not complete as we can take a
sequence {x,} C Q such that z,, — 7, for example.

If X is a set (X, dgisc) is a complete metric space (exercise).
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The open interval (0, 1) is not complete. Indeed x,, = % is a Cauchy sequence in (0, 1), but the

limit x,, = 0 and 0 ¢ (0, 1).

The proof of the following is an exercise.

Proposition 2.3.5. Any closed subspace of a complete metric space is complete.

Definition 2.3.6. Let (X, d) be a metric space and Y C X a subspace. We say that Y is dense

if dense if Y = X. We say that X is separable if there is a dense subset Y and an injective
function g : Y — N (Y is countable).

Example 2.3.7. The rational numbers Q is a dense and countable subset of R. We will prove

neither of these facts, though density follows from the property that if a < b € R, then there
exists some g € Q such that a < g < b.

The following result is a key element used to prove other important results in functional analysis
(uniform boundedness principle, open mapping theorem, ...).

Theorem 2.3.8 (Baire Category Theorem). Let {U,}n,>1 be a (countable) sequence of open

dense subsets of a complete metric space X. Then the intersection (),~, Uy is also dense in X.

Proof. We take z € X and € > 0. The result will follow if we can find some y € B(x;€) N[, Uy.

We will find this y via a limit of elements y, € U,. Indeed, U; is dense, so there is some
y1 € U N B(x;€). Furthermore, because it is open, we know that B(y;,r1) C U; for some 7.
Shrinking r; if necessary, we can assume r; < 1 and B(y;;r1) C Uy N B(z;€). Now looking at
y1 € Uy C X, by density of Us, there is some yo € Us N B(y1;71). By the same argument we can
also take ro < 1/2 such that B(yz;72) C UsN B(y1;71). We can continue to iterate this argument
to obtain a sequence {y,}n>1 in X and a sequence {r,},>1 in (0, 00) such that r, < 1/n and

B(yn; rn) CUp-1N B(ynfl; Tnfl)y
B(yn;rn) C B(yn—1;7m-1) C ... C B(y1;71) C B(x;e€).
We see that y,, € B(yp, ) for all m > n and furthermore

1 n,Mm—00

d(Yn, Yym) < 1n < ” 0

and so {yn} is a Cauchy sequence. Because X is complete, there is some y € X with y, — y. By
the construction of the sequence, it follows that y € B(yp;rn) C Up N B(yp—1,7n—1) for all n > 1.
So y €, Un and furthermore y € B(yn;r,) C B(z;€), which finishes the proof. O

Related to dense subspaces are nowhere dense subspaces, where Y is nowhere dense if Int(Y) = 0. A
subset Y C X is nowhere dense if X \ Y is a dense open subset of X. The integers Z is a nowhere
dense subset of R.

Example 2.3.9 (The Cantor set). The Cantor set is an example of an uncountably infinite but
nowhere dense set. We start with the closed unit inteval Cp = [0,1] C R. We now remove the

middle third (%, %) to obtain C; = [O, %] U [%, 1], a union of two intervals. We then remove the

11



middle third of each part,

Co=[0.5] U [5:5]VI5.SlU 5. 1.

We can continue to remove the middle third from the remaining line segments and take the limit
to infinity. At the step n > 1, we there are 3™ — 1 line segments from which we remove the middle
third. The limiting set as n — oo is the cantor set C, where explicitly

o3 3k 41 3k 42
c=0MU U (Gar %)
n=0 k=0

where (gﬁﬂ, %) is removed from [3%, %] We see that C' = [0,1] \ U with U open. Hence C

is closed and therefore complete (Proposition [2.3.5]).

Let us now consider Int(C') = Int(C'). The open balls of R are open intervals, B(x;r) = (z—r,x+7)
and ¢ € Int(C) if there exists some € > 0 such that (¢ —e€,c+¢€) C C. However, for any € > 0 and

c € C, (c—¢,c+e) will intersect an interval which has previously been removed in the construction
of C. Therefore

Int(C) = {c € C'| there exists e > 0 such that B(c;e) C Y} = 0.

and C is nowhere dense.

2.4 Compact metric spaces

The real line R is uncountably infinite and so is any interval [a,b) C R. On the other hand, intuitively
there is a qualitative difference between the ‘uncountable but bounded set’ [a, b] and the ‘uncountable
and unbounded set’ R. Here we take a closed interval as the map (0,1) > z — 2! € (1,00) is a
bijection. So open intervals can be stretched to infinitely long intervals. But (bounded) closed intervals
can not.

The notion of compactness makes precise the notion that the real line R and the bounded closed
interval [a, b] have distinct properties, where the latter is much easier to control. Compactness will
also appear in our studies of topological spaces and we give a definition that is amenable to this
generalisation.

Definition 2.4.1. Let (X, d) be a metric space.

1. An open cover of X is a family of open sets {Uq }aer such that (J,c; Us = X.

2. We say an open cover {U,}acr has a finite subcover if there is a finite sub-family
{Uai, ..., Uy, } such that X = ], Uy, .

3. We say that (X, d) is compact if every open cover of X has a finite subcover.
Note that for X to be compact, we are not saying that a finite cover exists (which can often be

constructed). Rather, given any cover of X (including those with uncountably many elements), we
can throw away all but finitely many elements and still cover the entire space.

Example 2.4.2. Let X =R. We can cover R by open intervals centered around each integer,

R=|J(n-1,n+1).
ne’l

On the other hand. We are not able to cover all of R by taking a finite number of the intervals

12



U, = (n—1,n+1). Indeed, if we take finitely many U,s, then there will be some nyax and
(Pmax + 1, mmax +2) NU,, Un = 0. So R is not compact.

Example 2.4.3. The metric space (X, dgisc) is compact if and only if X is finite. This follows

because the family of singletons {{x}}w cx is an open cover of X.

Lemma 2.4.4. The closed unit interval [0,1] C R is compact.

Proof. Take an open cover {Uq }aer of [0,1]. We will assume that there is no finite subcover and

derive a contradiction. We can restrict the open cover to [0, %] and [%, 1] , which will give an open

cover of each sub-interval. If both covers of these sub-intervals has a finite subcover, then we can
combine them to obtain a finite subcover of [0, 1]. So we assume that at least one sub-intervals Iy
is such that the open cover has no finite subcover. We can now divide I; into two sub-intervals
(e.g. if 1 = [0, %], then we take [0, i] and [%, %]) Arguing as before, one of these sub-intervals
I> must not have finite subcover. Continuing this pattern, we get a nested sequence

0,1] > DI D---

where I, is an interval of length 27". By assumption, no interval I, admits a finite subcover. We
consider the intersection (), I5,, which will consist of a single point x € [0, 1]. Because {Ua}acr
is a cover of [0,1], x € Uy for some o/ € I. Because Uy is open, (x — d,x +6) N [0,1] C Uy
for some § > 0. Now for n sufficiently large I,, C (z — d§,z + ) N[0,1] C U, . But this implies
that I,, is wholly contained in U, and so admits a finite subcover (the single element U,/). So we
derive a contradiction, which implies our assumption of {U, }aer having no finite subcover was
false. Thus [0, 1] is compact. O

Definition 2.4.5. Let (X, d) be a metric space.

1. We say (X,d) is bounded if there is some B > 0 such that d(z,y) < B for all z,y € X.

2. We say that (X,d) is totally bounded if for all € > 0 there are finitely many points
T1,...,Tn € X such that {B(z;;€)}7_; is an open cover of X.

Example 2.4.6. Any closed interval [a, b] is bounded and totally bounded. To see this, for any

€ > 0 we can sub-divide the interval into [bfja] parts (rounding up to the next integer) and take
e-balls to then cover the space.

Theorem 2.4.7. Let (X,d) be a metric space. Then the following are equivalent.

1. X is compact.
2. Fvery sequence in X has a convergent subsequence.

3. X 1is totally bounded and complete.

We will only prove (1) = (2) = (3). See [4, Section 1.5] for the full proof.
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Proof. (1) = (2). Suppose X is compact and let {y,},>1 be a sequence in X. We claim that

there is some & € X such that for all € > 0, B(z;¢€) contains infinitely many terms of the sequence
{y;}. We prove this claim by contradiction: so suppose that for each € X there is some €; > 0
such that B(x;e€,) contains finitely many elements of the sequence {y;}. We can use these balls
to cover X, which must have a finite subcover,

X = U B(z;e,) = U B(zj,€j).
j=1

zeX

However, we have assumed that each B(z;,¢;) has only finitely many elements of the sequence
{y;}. This gives a contradiction and proves the claim.

We now construct a convergent subsequence for {y;}. Taking z € X, there are infinitely many
elements of the sequence {y;} in B(z,1), so we take some y;, € B(x;1). There are similarly
infinitely many elements in B(z, %) and we take y;, € B(x; %) with jo > j1. We can continue this
process and take y;, € B(x; %) with j, > jn—1. By construction {y;,}>>; is a subsequence of
{y;} with

]— n—o0

Hence the subsequence converges to x € X.

(2) = (3). We first show X is complete so suppose that {z,} is a Cauchy sequence in X. By
assumption there is a convergent subsequence x,, — = as j — oo. For € > 0, we can take N
sufficiently large so that d(zy, ) < § and d(zy,,,x) < § for n,m,n; > N. Then

d(Tn,z) < d(Tp, Tn;) + d(Ty,,T) < €

which shows that x,, — z and so X is complete.

Taking € > 0, we wish to cover X by open balls of radius e. Take some point y; € X. If B(y1,¢€) =
X we are done so assume B(yp,€)¢ # () and take y2 € B(y1,€)¢. If B(yi;€) U B(y2,¢) = X, we
stop otherwise take y3 € (B (y1;€) U B(ya, 6))6. Continuing this procedure, we have a sequence
{yj}jZI such that

vo € X\ (UBwn9),  dusu) =€ j#k.

If the construction does not terminate, then we obtain an infinite sequence {y;}32, with each
distinct element of distance > e from each other. So {y;} can not have a convergent subsequence,
a contradiction. Hence the construction of yi, 49, ... must terminate after finite steps and so X
is totally bounded. O

We will particularly consider compactness in the context of R™ (with standard Euclidean metric).

Lemma 2.4.8 ([4, Lemma 5.4]). A subsetY € R"™ is bounded if and only if it is totally bounded.

Theorem 2.4.9 (Heine-Borel Theorem). Let Y be a subspace of R"™ (with standard metric).

The following are equivalent.
1. 'Y is compact.
2. Every sequence in 'Y has a convergent subsequence.

3. Y is closed and bounded.
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Proof (Sketch). If E is closed and bounded, it is complete and totally bounded. So the result is

a special case of Theorem We will show (3) = (1) in the case of R (with the idea in R"
being similar).

Suppose that Y C R is closed and bounded. Because Y is bounded, there are a < b € R such
that a <y < bforall y € Y. Also, because Y is closed Y¢ =R\ Y is open. So if we take an open
cover {Ua}aer of Y, {{Ua}a, Y} is an open cover of R. We can then restrict this open cover of R
to [a, b], which is compact (cf. Lemma and so has a finite subcover. Because Y is bounded
by the interval [a, b], restricting this finite subcover to Y also gives a finite subcover of Y. Note
that while we added the set Y¢ to cover R, which was not part of the original cover of Y, it will
not enter the finite subcover of Y as Y NY¢ = (). So we indeed have a finite subcover. O

Exercise 2.6. Extend the previous proof to closed and bounded subsets in R".

Compact metric spaces have many desirable properties. We list a few.

Theorem 2.4.10. Let (X,d) be a compact metric space.

1. X is separable, meaning that there is a countable dense subset Xg C X.

2. Any continuous function f: X — Y is uniformly continuous.

Proof. (1) Let n be a positive integer. Because X is totally bounded, there are elements

Tnl,-- - Tnm € X such {B(ZL’nJ’; %)};n: is a cover of X. By construction

1
Xo={an;|1<j<m,1<n<oo}CX

is a countable set such that for any € X and 1 < n < oo, there is some x,; such that
d(z, znj) < . It follows that Xo = X and so X is separable.

(2) Suppose that f: X — Y is not uniformly continuous. Then for § = % there is some € > 0
and @y, 2, € X such that d(zy,z,) < 7 but where d(f(zx), f(2)) = €. We can do this for
any positive integer k, which gives us a sequence {x;} in X. Because X is compact, there is a
subsequence x, — z. Because d(zy, z;) — 0 as kK — oo, we can also assume that a subsequence
of {z} converges to x. Therefore f(zy,) — f(x) and f(zg,,) — f(z) as f is continuous. Taking
0 < € < ¢, then for k sufficiently large,

d(f(zr), f(2)) < d(f(z), f(2) +d(f(2), flzr) < € <

which contradicts our assumption and gives the result. O

2.5 Fixed point theorems and some applications

We have been studying function f : (X,dx) — (Y,dy), but we can also consider the case of maps
from X to itself. In various applications (we will consider a few below), it is useful to know whether
a continuous map f : (X,d) — (X,d) has a fized point, x* € X such that f(z*) = z*. Certainly not
all maps will have fixed points (e.g. (1,00) 3 x — 2% € (1,00)). But we can apply conditions on the
metric space that guarantee such properties.

Definition 2.5.1. Wessay f: (X,d) — (X,d) is a contraction if there some ¢ € (0,1) such that

d(f(x), f(y)) < cd(z,y), forall z,ye X.
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Exercise 2.7. Show that any contraction is (uniformly) continuous.

Theorem 2.5.2 (Contraction mapping theorem). If (X,d) is a complete metric space and f :
X — X 1is a contraction, then f has a unique fixed point z* € X.

Proof. Take z € X and define the sequence yo = =, Yy, = f(yn—1) = f"(z) (meaning we take the

composition of f n times). Note that
A(Ym, ym1) = d(f" (@), (@) < cd(f =), fM(2) < ... < Mz, f(2))
and more generally
(Y, Ymrr) = A(f™(@), [ (@) < d(F™(@), [ (@) o+ d(f (), )

<c™d(z, f(x)) + ...+ " (z, f(2)
=1 +c+...+ d(z, f(z))

" (e, (@)

c
1—c¢

m,k— 00

< 0,

which shows that {y,} is a Cauchy sequence and so has a limit y. We also note that
d(y, f(y)) = lim d(f"(y), f(y)) < lim cd(f"'(y),y) = cd(y,y) =0,

which shows that y = f(y) and so y is a fixed point. Because we have constructed y = limy, 00 Yn
with yo = x any point in X, then the limit must be unique. O

We say a subset 2 C R™ is convex if for any points x,y € F, the straight line path (1 —t)z+ty € E for
all t € [0,1]. Using the usual metric in R”, open/closed balls are certainly convex. In two dimensions,
standard polygons (pentagon, octagon, ...) are convex, but a star shape is not, for example.

Theorem 2.5.3 (Brouwer fixed point theorem). Let E C R™ be conver and compact. Then any

continuous function f : E — E has a fized point.

We will not prove this theorem (we may prove it in a special setting later in the course). Instead we
will consider some of the many ways this result can be used. Further expanding these examples or
presenting other applications of Brouwer’s fixed point theorem may be a fruitful topic for a self-study
report.

Examples 2.5.4. 1. As a simple application if f : [0,1] — [0, 1] is continuous, then there is
at least one point z* € [0, 1] such that f(z*) = z*.
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h(x) = % (cos(2) +sin(2 2))

A = Intersect(g, f, (0.7071067805905: 0.

= (0.7071067805908, 0.7071067805908) 07

B = Intersect(h, f, (0.8650462970605: 0.
= (0.8650462970605, 0.8650462970605)

+  Input — s

- o 02 o o4 os o 07 o8 09

Fixed points for continuous functions f : [0, 1] — [0, 1]. Plotted using GeoGebra.

2. Take a two-dimensional image, shrink, rotate it and then place it on top of the original
image. At least one point on the new image sits directly above its original point.

2D fixed point. Original image by @c_oi on Twitter.

3. If the coffee in a cup is stirred, at least one atom will end up in the same place it started.

4. Suppose I hike up a mountain, rest for the evening and then come back the next day (leaving
the same time). Then there is some point along the trail where I passed by at the exact
same time on both days.

5. In economics and game theory, the Brouwer fixed point theorem is used to prove the exis-
tence of a Nash equilibrium. To roughly explain, players in a game have a set of strategies
that they may use with an associated payoff for each strategy. The game is at Nash equi-
librium when no player benefits from changing their strategy. As the name suggests, the
existence of such an equilibrium was proved by John Nash in his PhD thesis.

6. Suppose we have 0 € E and want to solve the equation f(x) = 0 for some function f : £ —
E. Provided the altered function f(x)+ x is still a continuous function £ — E, then we
know that there is some x* such that f(x*) + x* = x* and hence f(x*) = 0.

Exercise 2.8. Let A be a n X n real matrix whose entries are strictly positive. Show that A

has at least one eigenvalue A > 0.
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Exercise 2.9. Write a self-study report about the applications of fixed point theorem to ordi-

nary differential equations and dynamical systems.
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3 Topological spaces

In the previous section, we considered abstract spaces that come with a notion of distance. This
metric allowed us to define neighbourhoods and open sets, which then can be used to give meaning
to continuity, closure and other properties in this more general setting. In this section, we go a step
further in our abstraction and instead consider sets with a prescribed collection of open sets. While
this formalism is certainly abstract and not necessarily intuitive, in various settings and applications
we can not always work in R™ or some other ‘nice’ space. So it is useful that we can still understand
continuity and other properties in this setting.

3.1 Basic definitions

Definition 3.1.1. A topology on 7 on a set X is a collection of subsets of X with the following

properties.

1. The sets () and X are elements of T,

2. If {Ua}aer C T, then |J,e;Ua €T,

3. IfUy,...,Up €T, then (Y;_, U; € T.
A topological space is a pair (X,7T) with X a set and T a topology on X. We call the elements
of 7 the open subsets of X.

We remark that the definition of topology says that we can take unions of possibly uncountably many
open sets and the result is still an open set. In contrast, we only allow for intersections of a finite
number of open sets.

Before we dig into this definition too much, we should first check that the definition of open sets in a
topology is compatible with the definition of open sets in a metric space.

Theorem 3.1.2. Let (X,d) be a metric space and define

Ta={U C X | for all z € U there exist § > 0 such that B(z;5) C U}.

Then (X, Tg) is a topological space. We call Ty the topology induced by the metric d.

Proof. Tt follows from the definition of 7; that ), X € 7;. The other statements follow from
Proposition [2.1.9 O

Examples 3.1.3. 1. Let X be any set and define Tg5y = {0, X}. Then it is easy to check
that Tty is a topology, which we call the trivial topology.

2. Let X be any set and Tgise = P(X) ={Y | Y € X}. That is, we take 7gisc to be all subsets
of X. Then certainly 0, X € Tjisc and any union or intersection of subsets of X will again
be a subset of X. We call this topology the discrete topology.

3. Let X = {a,b, c} be a set with three elements. There are many possible choices of a topology
on X (see Figure[]). For example

7-1 = {®7X7 {CL}}, 752 {®7X7 {b},{a,b},{b,c}}, 75: {®7X7 {b},{c},{a,b},{b,c}}
are all topologies on X (check for yourself). On the other hand, S = {0, X, {a, b}, {b,c}}
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Figure 1: Topologies on X = {a,b,c} [0, Figure 12.1].

is not a topology on X as {a,b} N {b,c} = {b}, but {b} ¢ S, so the set is not closed under
intersections.

Definition 3.1.4. If 7 and 7" are topologies on a set X. We say that 7 is finer than 77 if
T' C T. We say T is coarser than 7" if T C T".

Finer topologies have more open sets. We always that that Tiivy C T C Tdise, S0 7T is finer than the
trivial topology annd coarser than the discrete topology. It may also occur that two topologies 7 and
T’ are incomparable, where one does not fit inside the other. Figure [ contains many incomparable
topologies, for example.

Definition 3.1.5. Let (X,7) be a topological space. A subset C' C X is closed if C¢ = X \ C

is open.

Noting that ¢ = X and X¢ = (), we see that () and X are always closed sets. Applying de Morgan’s

laws (Lemma [2.1.15)):
L. If Cy,...,Cy are closed, then (J;_, Cj is closed,
2. If {Catacr is a family of closed sets, then (1, c; Cq is closed.
In the setting of metric spaces, we were able to characterise open and closed sets via the interior and

closure of a set respectively.

Definition 3.1.6. Let (X,7) be a topological space and Y C X a subset. The interior of Y is

defined as
Int(Y) := U {UeT|UcCY}.

The closure of Y is defined as

Yzm{C’ closed | Y C C}.
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Exercise 3.1. Show that Int(Y) CY CY = Y.

Proposition 3.1.7. Let (X,T) be a topological space andY C X.

1. Y is open if and only if Y = Int(Y").

2. Y is closed if and only if Y =Y.

Proof. We will prove part (1) and leave part (2) as an exercise. If Y = Int(Y'), then Y is a union

of open sets, hence open. If z € Int(Y'), then z € U C Y for some open U € T, which implies
Int(Y) C Y. If Y is open, then Y is an open subset of Y and Y C Int(Y'). Hence Y = Int(Y") if
Y is open. O

For a given subset Y C X, we would like to more concretely understand the closure Y. In the metric
space setting, we can understand Y as including the limit points of sequences in Y. For topological
spaces, we can say something similar using open neighbourhoods of a point.

Definition 3.1.8. Let (X,7) be a topological space and = € X. An open neighbourhood of x

is an open set U € T containing x.

Proposition 3.1.9. Let (X,7T) be a topological space andY C X.

1. A point x €Y if and only if UNY # O for every open neighbourhood U of x.
2.Y =Y UY’, where
Y'={zeX|YN(U\{z})#0 for any open neighbourhood U of z}

is the set of limit points of Y.

Proof. (1) We will prove via the contrapositive, x ¢ Y if and only if there is an open neighbour-

hood U of z with UNY = 0. If x ¢ Y, then 2 € U = X \ Y, which is an open neighbourhood
of z with UNY = (). Conversely, if U is a neighbourhood of x with UNY = ), then X \ U is a
closed set containing Y. By the definition of the closure Y € X \ U and so z ¢ Y.

(2) Tt follows from part (1) that Y/ C Y and therefore Y UY’ C Y. For the reverse inclusion, let
r€Y.Ifz €Y, thenz € YUY’ so we assume x ¢ Y. If U is an open neighbourhood of z, then
UNY # 0. On the other hand x # Y, so 2’ € UNY for some 2’ # x. This implies x € Y’ and
soreYUuUY' O

Examples 3.1.10. 1. If X =R and Y = (a,b], then Y = [a,b] as (a — 6,a + ) intersects
Y forall 6 > 0. If z ¢ [a,b], then x € (—o0,a) U (b,00) and we can take e > 0 such that
(x —e,x+€) C (—00,a) U (b,00).

2. If X has the trivial topology, T = {0, X}, then for any non-empty Y € X, Y = X.

Definition 3.1.11. Let (X,7) be a topological space and {x,},>1 a sequence in X. We say

that z,, converges to x € X if for any open neighbourhood U € 7T there is some NN such that
r, € U for alln > N.
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Warning. General limits in topological spaces might not be unique. (For example, consider a space
with the trivial topology {0, X}.)

Exercise 3.2. Let (X,7) be a topological space and Y C X. Define the boundary of Y as the
set Y =Y N X \ Y. Show that

Int(Y) N oY =0, Int(Y)Uay =Y.

3.2 Subspaces

If (X, d) is a metric space and Y C X is a subset, then restricting the metric to Y will turn (Y, d) into
a metric space. We would like to do same for topological spaces.

Proposition 3.2.1. Let (X,T) be a topological space andY C X. Then

Tv={Ynu|UeT}

s a topology for Y.

Proof.  We can easily check that ) =Y N0, Y =Y NX € Ty. Similarly

Uy nt.) =vn|JUa,

n
e} =

Y nU)=Yn(\U;. O
j=1

j=1

We call Ty the subspace topology and Y is a subspace of X when equipped with this topology.

Theorem 3.2.2. LetY be a subspace of X and A C Y.

1. A is closed in'Y if and only if A=Y NC for some closed set C' in X.

2. Let A be the closure of A in X. Then the closure of A in'Y is the same as Y N A.

Proof. (1) If A=Y NC, then X \ C is open in X and Y N (X \ C) € Ty. On the other hand,
YN(X\C)=Y\A. Therefore Y \ A is open in A and hence A is closed in Y. Conversely,
if Ais closed in Y, then Y\ A = Y NU for some U € Tx. Then X \ U is closed in X and
A=YnN(X\U)=YnC.

(2) We consider A% and 47 By part (1) Y N A% isaclosed in Y with A c YN A", By the
definition of the closure A' € Y NA". On the other hand A" = ¥ N C for some closed set C
inX. As AC ZY, it follows that A C C and therefore A\ C C as A is the intersection of all
closed sets containing A. Therefore Y N X cync=4". O

Note that part (2) of the above theorem is false if A is not a subset of Y. As we will see, there are
many statements in topology that seem intuitively correct but do not hold in general.

Example 3.2.3. Let X =R and Y = [0,1) U {2}. The following sets are open in Y
(0,1)=YnN(0,1), [0,1)=YnN(-1,1), {2}=YnN(33).

In particular, if A € Ty, then it does not necessarily follow that A € Tx.
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3.3 Continuity and homeomorphism

We again use our knowledge of metric spaces (particularly Theorem [2.2.3) to extend the definition of
continuity to more general topological spaces.

Definition 3.3.1. Let (X,7) and (Y, 7") be topological spaces and f : X — Y a function. We
say that f is continuous if f=!(V') is open in X for all V open in Y.

Remark 3.3.2. At this point, we will begin to be sloppy and not always denote the set 7 when
describing a topological space. When we say ‘X is a topological space’, then a choice of topology T
is implicit and will be clear from the context.

We remark that our definition of continuity is global. We can also talk about continuity at a point,
where f : X — Y is continuous at € X if for any open neighbourhood V' of f(z) € Y, there is
an open neighbourhood U of z € X such that f(U) C V. We leave it as an exercise to show that
f: X =Y is continuous if and only if it is continuous at every x € X.

Proposition 3.3.3. 1. Let f: X =Y and g : Y — Z be continuous maps between topological
spaces. Then go f : X — Z is continuous.

2. If f : X = Y is continuous and A C X is a subspace, then f|a: A — Y is continuous (in
the subspace topology).

Proof. 1) The proof is much easier than the e-¢ definition of continuity. Let W C Z be open,
then
(o NT'W)=fHg'W)) =f1(V) =1,
where V' is some open set in Y and U is some open set in X.
2) If V CYisopen, f~Y(V)NA=(f|a)" (V) C A is open by definition. O

Definition 3.3.4. Let X and Y be topological spaces. A homeomorphism between X and Y is

a continuous bijection f : X — Y such that the inverse function f~!:Y — X is continuous. If a
homeomorphism exists between X and Y, we say that the spaces X and Y are homeomorphic.

Exercise 3.3. Show that (a,b) and (c,d) are homeomorphic for a,b,c,d € R. Does this also
hold if any of the endpoints are +oo?

Exercise 3.4. Let I C R be any interval (open, closed, half-open, half-closed, bounded, un-
bounded). Show that I is homeomorphic to one of the following: [0, 1], (0, 1), [0,1), (0, 1].

Example 3.3.5. Any open ball B(xg,r) C R" is homeomorphic to R"”. We define a map

FiB(xor) =R,  f(x)= M(x —x0).

Note first that the map [0,7) > ¢ s ﬁ € [0,00) gives a homeomorphism of half-open intervals.

The function is continuous with a continuous inverse g~'(t) = . Now, the function f(x) =

9(d(x,%0))(x — xq). The composition g o d(xg,) : [0,7) — [0, 00) will scale the ball to R™ and
the map x — x — X¢ is a homeomorphism from B(xg;r) to B(0,r). Combining these facts, we
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see that f is indeed a homeomorphism.

Example 3.3.6 (Stereographic projection (1D)). We consider a circle with the north pole re-
moved. In particular we write S = {(z,y) € R? | 2% + (y — 3)? = }}, which describes a circle in
R? with north pole N = (0,1) and south pole S = (0,0). We then define

2z

PSSR )=

9

which maps (z,y) to the point on R = {(2/,0) | 2/ € R} via the straight line from N to (z/,0)
that passes through (x,y). The map is well defined as we have excluded the point N = (0,1).
The inverse map is given by

1 1 18 4y 2?2 —4
[T R= S\ {N}, f (@-(mam)

We leave it as an exercise to check that both maps are continuous bijections.

Exercise 3.5. Extend the stereographic projection to find a homeomorphism $? \ {N} — R2.

Whether a function f: (X, Tx) — (Y, 7Ty) is continuous or not crucially depends on the topology. As
a simple example

(R,|-]) 22—z € (R, Tiisc)

is not continuous as f~'({a}) = {a}, which is not open in the standard topology of R but is open in
the discrete topology.

Remark 3.3.7 (Continuity via nets*). For the case of metric spaces and a function f: (X,dx) —
(Y, dy), we have the equivalence

f:X — Y is continuous <= For all sequences x,, — x, f(x,) = f(z).

Such a condition no longer holds for general maps between topological spaces. However, we can
recover an analogous result if we generalise our notion of sequences and convergence to that of
nets. We will not provide a precise definition, see [0, Section 29, supplementary material] for
example. Roughly speaking we consider (z4)acr, where I is a directed index set. The example to
keep in mind is where I = P(X) = {Y C X}, the set of subsets of a set X, where there is a partial
order relation < given by A < B if A C B. Not every subset can be compared, but we have that
if A< Band B X C, then A X C. If (x4)aer C X is a net in a topological space (X, T), we say
that (x,) converges to x € X if for every open neighbourhood U € Tx of x, there is some o € T
such that g € U for all 8 € I such that a < 3. We then write (z4)aer — = in X. Given a
function f: X — Y between topological spaces (X, T) and (Y, T’), we have that

f:X — Y iscontinuous <= For all nets (zq)acr = 2, (f(za))acr — f(x).

We leave it as a possible report topic to provide a more detailed explanation of nets as well as the
proof of the the above statement.

3.4 Basis of a topology

Suppose that (X,d) is a metric space. Then the sets B(z;r) are open for all r > 0 and U C X is
open if for every x € U there is some 7, such that B(x;r,) C U. So while general open sets U C X
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are more general than open balls, we can characterise them via open balls. That is, the topology of
the space can be determined via the set B(x;r) for x € X and r > 0. Roughly speaking, a basis for a
topology lets us understand the topology 7T of a space X in terms of simpler parts.

Definition 3.4.1. Let X be a set. A basis for a topology on X is a collection of subsets
B C P(X) such that

1. If z € X, there is at least one B € B such that x € B,

2. If x € By N By with By, By € B, then there is some B3 € B such that B3 C By N By and
x € Bs.

If B is a basis for a topology on X, then

Tz ={U C X |for all z € U there is some B € B such that z € B C U}.

is the topology generated by B.

We should first check that this definition is reasonable.

Lemma 3.4.2. If B is a basis for a topology on X, then Tg is a topology.

Proof. Supposing that B is a basis, if U = (), then () € T trivially. Similarly if U = X, then for

any x € X, by condition (1) for a basis, there is some B € B with z € B and B C X. If {U,} is a
family of open sets, then we consider U = |, U, and € U. By assumption x € U, for some o
and so there is some B, with z € B, C Uy C U. Thus U € Tg. For finite intersections, we use
mathematical induction. If Uy, Uy € Tp, then if z € U;NUs, then z € B1N By and by condition (2)
there is some Bs € B with x € B3 C BN By C U1 NUsy. Thus Uy NU; € Tg. We now assume the
result holds for Uy, ..., U, and consider U1N...NU,NU,+1. But we can let U' = UyN...NU, € Tz
and apply the same arguement to show that U' N U, 11 = ﬂ?ill U, € Tz O

Example 3.4.3. The set {(a, b) CR|a,be ]R} is a basis for a topology on R. The topology it
generates is indeed the standard topology that can also be described by the metric d(z,y) = |[z—y|.
More generally, if (X, d) is a metric space, then the open balls

{B(z;r)c X |z e X, r>0}

are a basis for the topology of X.

A common way to construct topologies on a set is to specify a basis and then take the topology it
generates. This is generally easier to do than to specify the whole set T .

Example 3.4.4. The set {[a,b) C R | a,b € R} is also a basis for a topology on R (called the

lower-limit topology on R).

Exercise 3.6. If 7(,;) and 7|, ) denote the standard and lower-limit topology on R, show that
Tty & Tiad)-
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Lemma 3.4.5. Let B be a basis for a topology on X. Then

%:{UCX)U:UBQ, BaeB}.

Proof. 1If U € Tg, then for each x € U we have some B, € B such that x € B, C U. Therefore

we may write U = |,y Be and U is a union of elements in B. Conversely, if U = |, Ba, then
because {B,} C T, U, Ba = U € Tp. So the sets are equal. O

A useful property of a basis is the following (which is sometimes used as the definition of a basis).

Theorem 3.4.6. Let (X, T) be a topological space. Then B C P(X) is a basis for T, meaning
that Tp =T, if and only if every U € T can be written as a union of elements in B.

Proof. If T =T and U € T, then for each x € U we have some B, € B such that x € B, C U.

Therefore we may write U = |J,c;; Bz and U is a union of elements in B. Conversely, if any U
can be written as a union of elements in B, then we can write

T={UcX|U=JBa BacB}=Ts

by Lemma [3.4.5 0

We see that to understand a topology 7 on X, it suffices to find a colleciton of open sets such that
any U € T can be decomposed as a union of elements of these sets.

The following exercise gives a useful criteria to determine if a collection of open sets form a basis.

Exercise 3.7. Let (X,7) be a topological space and B C T a collection of open sets such that
for each U € T and x € U, there is some B € B with x € B C U. Show that B is a basis for 7.

Remark 3.4.7. Any open set can be decomposed as a union of elements in a basis. On the other hand,
this decomposition is not unique. So a basis of a topology is different to a basis of a vector space V,
where the decomposition of v € V' as a linear combination of basis elements is unique. Similalry, if B
and B’ are basis for a topology with B # B’, it may still occur that Tz = Tg'.

Exercise 3.8. Show that f : X — Y is continuous if f~1(V) C X is open for all V € By, a
basis of Y.

Definition 3.4.8. We say that (X, 7T) is second countable if there is a countable family B C T
such that that forms a basis for 7, T = T3.

The real line R with the standard topology is second countable as we can take the basis
B= {(a,b) CR| a,bEQ},

which is countable.

3.5 Product topological spaces
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Lemma 3.5.1. Let (X,7x) and (Y, Ty) be topological spaces, then the set

Bxxy ={UxV|U€Tx,VeTy}

s a basis for a topology on X x Y.

Proof. We note that X XY € Bxxy, so certainly for any (z,y) € X x Y there is a basis element
containing (z,y). Now if (z,y) € B1NBs = (U x V1)N(Uz x V), then x € U1NU; and y € U1 NUs.
But UyNUsz € Ty and ViNVa € Ty. So we let B3 = (U3 NUz) x (V1 N Va2) which contains (x,y)
and is contained in By N Bs. ]

Definition 3.5.2. If (X, 7y) and (Y, 7y) are topological spaces, the product topology on X x Y
is the topology Txxy = TBy.y With Bxxy the basis from Lemmam

Examples 3.5.3. 1. The plane R? = R x R with the standard topology is the product of
(R, | -|) with itself. We can iterate this procedure to obtain R™.

2. The 2-torus T? = S' x S! with the product topology. More generally T" = St x ... x S
—_——

n times

To characterise the product topology on X x Y, it is easier still to work with bases for X and Y.

Theorem 3.5.4. If Bx is a basis for a topology on X and By is a basis for a topology on Y,

then
BXxBy:{BXC’BEB)(,CEBy}

s a basis for the product topology Tx xy -

Proof. Let (z,y) € W C X xY with W open. Using the standard basis for Txyy, there is

some U x V € Ty x Ty with (z,y) e U xV C W,ie. x € U and y € V. Because Bx and By
are basis of Tx and Ty, there is some B € Bx and C € By such that z € B, y € C and hence
(r,y) € Bx C C U xV C W. Applying the result of Exercise this suffices to show that
Bxxy is a basis for Txxy. O

The above result shows that we can characterise the standard topology of R? to be generated by open
rectangles

Bre = {(a,b) x (c.d) | a.b.c.d € RY.

Proposition 3.5.5. Let X XY be a product space. Then the projection maps

p: X xY =X, plzy) ==, p2: X XY =Y, pz,y) =y

are continuous surjections.

Proof. The maps p; and py are clearly surjective. If U C X is open, then

pr(U) =U XY € Bxxy C Txxy
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and we see that p; is continuous. The proof for p, is analogous. ]

Using mathematical induction, we can extend the product topology to finite Cartesian products.

Definition/Theorem 3.5.6. Let n € N and (X1,T1),...,(Xn, Tn) be topological spaces. The
product topology on X1 X ... X, is generated by the basis

Bprod:{Ul><...><UnCX1><...><Xn|Uj€7}, foralljzl,...,n}
=By x...x B,

with B; a basis for T; for all j =1,...,n.

We leave the proof as an exercise.

Infinite products

There are times where we need to consider not just finite but also infinite products of topological
spaces. The question of what topology to put on this space is not necessarily just one of pure math-
ematical interest. Infinite products of spaces often occur in dynamical systems and in physics as an

approximation of systems with uncontrolled degrees of freedom.

If I is an index set and {(X4, Ta) }aer a family of topological spaces, the obvious choice for the product
topology is to take a basis of products of open sets. We take a slightly different definition and then

explain its advantages.

Definition 3.5.7. Let {(Xq,7a)}acr be a family of topological spaces. The product topology
on [[,c; Xa is the topology determined by the basis

[Bsea = { H Uy ‘ Ua € T and U, = X, for all but finitely many o € I}.
acl

If I is a finite set, then this topology agrees with our previous definition of the product topology.

Exercise 3.9. Show that for all o/ € I, the projection functions

Dot H Xo = Xov, po/((xoz)ozel) = To!
acl

are continuous.

Theorem 3.5.8. Let fo: Y — X, be a family of functions and define

f:Y— H KXo fly) = (fa(y))ael‘

ael

Then f is continuous if and only if fo is continuous for all o € I.

Proof. 1If f is continuous, then we can write f, = f o p,, which is a composition of continuous

functions (by the previous exercise). Hence f, is continuous for all « € I.

Conversely, suppose that {fs}acr are continuous. To check continuity of f it suffices to check
that f~1(U) is open for U € Bprod. So we suppose that U = [locr Ua with Uy = X, for all but
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finitely many «. Let us label the open subsets {U,,,...,U,, } that are not equal to the entire
space. Then

U ={y €Y | fa,(y) €Uy, forall j=1,...,n}

="' Us) €T¥
j=1

as fq; s continuous for all j. O

If we were to take a basis of consisting of infinite products of proper open subsets, then the previous
proof would involve an infinite intersection of open sets, which might not be open.

Exercise 3.10. Write a report further examining the possible topologies on infinite products
HaEI XOC'

3.6 Hausdorff and normal topological spaces

Recall that a a homeomorphism between topological spaces is a continuous bijection f: X — Y with
continuous inverse. We can define a relation on pairs of topological spaces where X ~ Y if there
exists a homeomorphism f : X — Y. It is a simple exercise to show that ~ is an equivalence relation
and we can therefore consider the equivalence class [X] = {Y | Y ~ X}. An important question is
what properties of a topological space are preserved under homeomorphism (and therefore are also
well-defined at the level of equivalence class).

The first such properties we consider are so-called separation axioms, though we will only consider a
few special cases.

Definition 3.6.1. 1. A topological space (X, T) is called Hausdorff if for every x,y € X such
that z # y, there are open neighbourhoods z € U € T,y € V € T such that UNV = ).

2. A topological space (X, T) is called normal if for every disjoint pair of closed sets A, B C X,
AN B =10, there are open sets ACU € T, BCV €T such that UNV = 0.

A Hausdorff space lets us separate points by open sets. A normal space lets us separate disjoint closed
sets by open sets.

Exercise 3.11. Show that limits of sequences in Hausdorff topological spaces are unique. For

those who know the definition of convergence of nets, show that the same result is true for limits
of nets in X.

Exercise 3.12. If {X,}aer is a family of Hausdorff spaces, show that [],.; X, is Hausdorff.

ael

Lemma 3.6.2. 1. If X is Hausdorff, then {z} C X is a closed set for all z € X.

2. If X is normal and {z} C X is closed for all x € X, then X is Hausdorf}.

Proof. (1) Forany z € X and y # X, we can find an open set U such that z ¢ U,i.e. U C X\{z}.
This holds for any point y € X \ {z} and so X \ {z} is open. Part (2) is immediate. O

Remark 3.6.3. Hausdorff spaces are sometimes called T5-spaces. Normal spaces such that {x} C X is
closed for all z are sometimes called T4-spaces.
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Exercise 3.13. Let f: X — Y be a homeomorphism. If X is normal and Hausdorff, show that

Y is normal and Hausdorff.

Exercise 3.14. Show that any metric space (X, d) is Hausdorff and normal.

Certainly not every topological space is Hausdorff or normal, but almost all of the topological spaces
that one encounters in the natural sciences are normal and Hausdorff. Thankfully, these spaces have
particularly nice properties

Lemma 3.6.4. A topological space (X, T) is normal if and only if for every closed A C X with
ACV €T, there is some U € T suchthat ACUCUCYV.

Proof. If X is normal, then we consider A and V¢, which are disjoint open sets. Hence there

are open sets A C Uy and V¢ C Us such that Uy NUy = 0. Then U; C Us C V, which gives the
desired open set. Conversely, take closed and disjoint sets A and B in X. Then A C B¢ and
B¢ is open. So by the assumption there is some U € 7T such that A C U C U C B°. Now U

and V = (U)¢ are disjoint open sets such that A C U, B C V and U NV = (). Therefore X is
normal. O

In addition to topological spaces themselves, we are often interested in continuous functions f : X — R.
If the space X is normal, then this is just enough structure to allow us to:

1. Restrict or ‘localise’ functions around a particular area by multiplying with a ‘bump function’
supported on a closed subset.

2. Extend functions defined on closed subsets A C X to all of X in a reasonable way.

The following two results explain how this can be done. They also constitute the first results in abstract
topological spaces that require a more substantial proof (that is, not just some basic rearrangement
of the definitions).

Theorem 3.6.5 (Urysohn’s lemma). Let (X,7T) be a normal topological space and A and B
closed subsets with AN B = (). There exists a continuous function f : X — [0,1] such that
fla=0 and flz = 1.

Proof. Let V = B¢, which is an open set such that A C V. Applying Lemma [3.6.4] there is

some Uy /5 such that A C Uy C Uyjp C V. We can apply this lemma again to the open sets U
containing A and V' containing U /; to get open sets Uy 4 and Us/y such that

ACUyy CUyyy CUyp CUyp CUzpy CU3z C V.
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The first few steps of the proof the construction of f. Here V(a/b) = U, is a closed set (taken
from Wikipedia).

We can continue this process for each dyadic fraction < 1, a number of the form g for some

ne€Nand j € {1,...,2" —1}. Namely, for each n > 1 and j € {1,...,2" — 1}, we have

U, CUz2jt1 CUz2in CUjn1
20 I

on+1 on+1 2

with A C UQL and Uanoy C V = B¢ We now define the function
n 2”L

0, 2 €U, >0,
sup{r:z ¢ U}, =z ¢ U,

where r € (0, 1) denotes a dyadic fraction. The function is well-defined and is such that f(z) =0
for x € A and f(z) = 1 for x € B. So we just have to show f is continuous. Take x € X and
assume f(z) € (0,1) (the extreme points f(z) = 0,1 are an exercise). For e > 0, we can find
dyadic fractions r, s € (0, 1) such that

f(@) e (r,s) C(f(z) —€ flx) +e)

as the dyadic fractions are dense in (0,1). Because r < f(z), z ¢ U, while, on the other hand,
f(z) < ssox e Us. SoW = U\ U, is an open neighbourhood of z such that |f(y) — f(x)] < €
for all y € W. Thus f is continuous at z. O

f:X —10,1], f(a:):{

Exercise 3.15. Let (X,7) be a normal topological space and A and B closed subsets with

AN B = 0. For any a,b € R with a < b, show that exists a continuous function f : X — [a,b]
such that f|4 = a and f|p =b.

Example 3.6.6 (Finite partition of unity). Suppose that (X,7) is a topological space and

{U1,..., Uy} is an open cover of X. We say that a collection of continuous functions {x;}7_; C
C(X,R) is a partition of unity subordinate to {Uy,...,U,} if

1. Forall j =1,...,n, xj(z) € [0,1] and x;(z) =0 for all z € X \ U; (supp(x;) C Uj),

n
2. Forallz € X, > x(z) =1.
j=1

If (X, 7T) is normal and has a finite cover, then a partition subordinate to this cover always exists.
The proof can be found in [6, Theorem 36.1], for example, and relies on Urysohn’s Lemma.

The advantage of partitions of unity is that it allows us to ‘localise’ a function f : X — R by
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instead considering x; f, which will only be non-zero for € U;. We do not lose any information
by localising functions as the full picture can be recovered,

fl@)=> xj(@)f(z), =eX, suwpp(x;f)CUj
j=1

Partitions of unity play a crucial role in the theory of topological and differentiable manifolds.
More general notions of partitions of unity can be considered for locally finite covers of topological
spaces. We leave it as a possible report topic to further study partitions of unity, their properties
and applications.

Theorem 3.6.7 (Tietze extension theorem). Let (X,7) be a normal topological space, Y C X

a closed subset and f : Y — R a bounded and continuous function. Then there is a bounded and
continuous function f : X — R such that fly = f.

Proof. Because f : Y — R is bounded, there is some value C' = sup,cy | f(z)| € [0,00). Using
C, we define
M={yeY|fW)23C}, Bi={yeY|f)<-iC}

Applying Urysohn’s Lemma (and the exercise that follows it), there is a continuous function
fi: X— [—%, %] such that fi|a, = $C and fi|p, = —3C. We also note that | fi(y)— f(y)| < 2C
by construction. We can repeat this construction replacing f with f; — f, where we have

As={yeY |fly)- fily) = 2C}, Bo={yeY|f(y) - fily) < -2C}

and fo: X — [—%C,%C].

! f
1/3 23 fehlr
fi

2/9

N~ F Ay o F okt
N B

o X L \UzV X

-2/3

-1

The first few steps of the proof the approximation of f via Urysohn’s Lemma (here F' is the
subset Y'; taken from mathlandscape.com).

We can continue this pattern to obtain a sequence of functions {f,,}>°; such that

2n—1 2n—1 on
fo: X = [— c,—c}, f—fi—fo—.—fa| <=ConY.
3n 3n 3n
Indeed, supposing that we have constructed fi,..., f,, we let
Cn =sup | f(y) = fily) = = fuly)]
yeyY
and repeat the above argument replacing C with C,, and f with f — f1... — f,. We therefore
obtain f, 11 : X — R such that
h 2" 2C, 2nt1
§g§|fﬁ+l($ﬂ < i;’zzgﬁiicl ;gg’f(y)_‘flﬁﬁ'_---“f%(y” < ‘3"::§E;T61
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We now set

o n
frX >R, f@)=) fi(2)=lm ha(z),  ha=)f;
j=1 Jj=1
To see that f is well-defined, recall that Cy(X,R), the set of bounded continuous functions is a
complete metric space with respect to the metric d(f, g) = sup,ex |f(z)—g(x)| (see the homework
questions). By construction, f; and h, are elements of Cy(X,R) for any (finite) j,n. Then for
n > m,

d(hy, hy) = sup ‘hn(:c) — hm(x)‘ = Sg}[; ‘fm+1(ac) +...+ fn(x)|

which shows that {h,} is a Cauchy sequence. Therefore h,, so converges to the limit f in the
supremum norm, which will also be continuous and bounded. A similar argument will also show
that for any y € Y,

) - ha(y)| < ()" C =0,

which implies that f(y) = f(y) for any y € Y. O

3.7 Compactness

In the previous subsection we defined Hausdorff and normal spaces, which are properties of topological
spaces that are preserved under homeomorphism. We now consider compact spaces, which we have
already encountered in the context of metric spaces. As we will see, compactness is also preserved
under homeomorphisms and has many desirable properties.

We use basically the same definition for compactness as we encountered in the metric space setting.

Definition 3.7.1. Let (X,7) be a topological space.

1. An open cover of X is a family of open sets {Uq }aer such that (J,c; Us = X.

2. We say an open cover {U,}aer has a finite subcover if there is a finite sub-family
{Uai, ..., Uy, } such that X = |}, Uy, .

3. We say that (X, 7T) is compact if every open cover of X has a finite subcover.

It follows immediately that any compact metric space is a compact topological space. In particular,
closed and bounded subsets of R™ (with the standard topology) are compact.

Examples 3.7.2. 1. Any set X with the trival topology Tiriv = {X,0} is compact as any
open cover is already finite.

2. A set with the discrete topology (X, Tgisc) is compact if and only if X is finite.

3. The subspace Y = {0} U{l/n|n=1,2,...} C R is compact in the subspace topology. To
see this, take a cover {Uy}aer of Y. There is at least one U, with 0 € U,. Under the
standard topology of R, then there is some N > 0 such that U, also contains all of the
points 1/n for n > N. We then let U; denote an element of the cover such that 1/j € U;
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forall j =1,...,N. Thus we can form a finite subcover
{Ula ) UN; Ua’} - {Ua}ael

and so the space is compact.

Lemma 3.7.3. Let (Y,Ty) be a subspace of (X,T). Then'Y is compact if and only if every

covering of Y by open sets in X contains a finite subcollection that covers Y .

Proof. Suppose Y is compact and {U,} C T is a covering of Y. Then {U, NY }4er is an open
cover of Y and has a finite subcover {Un, NY;...,Us, NY}. Then {Uy, }}_; is a finite subcollection
of open sets in X that covers Y.

Conversely, suppose every covering of Y by open sets in X contains a finite subcollection that
covers Y. Take an open cover {V,}acr of Y. By definition V,, = U, NY for some U, € T.
So {Ua}aer is a covering of Y by open sets in X. Applying the assumption, there is a finite
subcollection {Uq,, ..., Ua, } that covers Y. Thus {U,; NY}7_; is a finite subcover of Y. O

We can say more about subspaces (Y, Ty) if the larger space X is compact. The proof of the following
(important) result is an exercise.

Theorem 3.7.4. If (X,T) is compact and Y C X s closed, then (Y,Ty) is compact (in the

subspace topology).

We obtain nicer properties still if the space X is Hausdorff.

Theorem 3.7.5. Let (X,T) be a Hausdorff space.

1. Every compact subset Y of X is closed.

2. If X is compact, X is normal.

Proof. (1) We will prove a slightly stronger statement: if Y C X is compact, then for every
x € X \'Y there are open neighbourhoods U of z and V of Y such that U NV = (). Take
z € X\Y and any y € Y. There are disjoint open neighbourhoods U, and Vj, of = and y
respectively. Then {V, | y € Y} is a covering of Y by open sets in X. So applying Lemma m
there is a finite subcollection {V,,,,...,V}, } that covers Y. We then define

V=V,U...UV,, DY, U=U,Nn..NU, >z

and where U N'V = (). This proves the statement. It also follows that X \ Y is open and so Y is
closed.

(2) Now suppose that A and B are disjoint closed subsets in X, which are compact by Theorem
Applying the statement from part (1), for each x € A there are disjoint open neighbour-
hoods U, and V, of x and B respectively. Then {U,}.cx is a cover of A by open sets in X and
we take a finite subcover {Us,,...,U,, }. Then

U=Uy, U...UU,, D4, V=V, n...0Vs,
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are open neighbourhoods of A and B with U NV = (). Thus (X, 7) is normal. O

Compact Hausdorff spaces are very common in analysis. Theorem [3.7.5] shows that, for example, we
can apply Urysohn’s Lemma and the Tietze Extension Theorem to such spaces.

Proposition 3.7.6. Let (X,T) be compact and f : (X, T) — (Y,T') a continuous function,
then the subspace f(X) CY is compact.

Proof. Take a covering {V,}aer C T’ of f(X) by open sets in Y. Then {f~1(V,)}aer is an open

cover of X with finite subcover {f~*(Va,), ..., f ' (Va,, )} Then {V,,,..., V4, } is a cover of f(X)
and so f(X) C Y is compact by Lemma O

Exercise 3.16. Show that compactness is preserved under homeomorphisms of topological

spaces.

Theorem 3.7.7. Let (X, T) be compact, (Y, T') Hausdorff and f : X — Y a continuous bijec-

tion. Then f is a homeomorphism and Y is compact.

Proof. If A C X is closed, then A is compact and f(A) C Y is compact and therefore closed by

Proposition and Theorem m Because f is a bijection, this implies that (f~!)~1(A4) =
f(A) is closed for every closed A C X. This implies that f~! is continuous and therefore f is a
homeomorphism. The second statement follows from the previous exercise. ]

Theorem has some surprising consequences. For example, we can consider curves in space via
continuous functions f : [0,1] — R?. If this function is injective, then [0,1] is homeomorphic to its
image f([0,1]) € R% On the other hand, space-filling curves exist, whose range is the entire unit
square of higher dimensional space for example. So the homeomorphism takes a one dimensional
interval and fills a two-dimensional subspace.

Exercise 3.17. Write a report about space filling curves.
Recall that for metric spaces (X,d) is compact if and only if every sequence {xy},>1 in X has a

convergent subsequence. This result is no longer true for topological spaces, but can be amended by
replacing sequences with nets.

Theorem 3.7.8. A topological space (X, T) is compact if and only if every net in X has a

convergent subnet.

Proof. (Advanced) exercise. O

The Tychonoff Theorem

We now investigate the compactness of product spaces. We will do this in steps and first consider
finite products.
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Figure 2: Construction of the Hilbert curve, whose limit fills the unit square in R%. Image from
Wikipedia.

Exercise 3.18. Let (X, T) be a topological space and B a base for the topology on X. If every

cover of X by elements in B has a finite subcover, show that X is compact.

Lemma 3.7.9 (Tube lemma). Let X andY be topological spaces withY compact. If N C X xY

is an open set containing the slice {xo} x Y C X XY, then N contains a tube W x 'Y, where W
is an open neighbourhood of xo in X.

Proof. We can take a cover of {z¢} XY by basis elements {U, x Vo, C N}ser. Because {zg} x Y

is homeomorphic to Y, it is compact and so there is a finite subcover {Uy x Vi,...,U, x V,,} C N.
Then W = Uy N...NU, is an open neighbourhood of zp in X. By construction {U; x Vi,...,U, x
Va} C N is a cover of W x Y. Hence W C Jj_, U; x V; C N. O

Theorem 3.7.10 (Tychonoff Theorem, finite case). The product of finitely many compact spaces

18 compact.

Proof. By induction, it will suffice to prove the theorem for the product of two compact spaces.

Let X and Y be compact and {V,}4cr an open covering of X x Y. Take zyp € X and the slice
{zo} x Y, which is compact and can be covered by finitely many {V4,,...,Va,,}. The union
N = U;nzl Va, is an open set containing {zo} x Y. Applying the tube lemma, N contains a tube
W xY with W C X open. In particular {V,,,..., Vs, } is a covering of W x Y by open sets in
X xY.

For each x € X, we can therefore choose an open neighbourhood W, of x such that the tube
W, xY can be covered by finitely many elements from {V, }necr. Then {W, },cx is an open cover
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Figure 3: Visualisation of the tube lemma [6, Figure 26.2].

of X with finite subcover {Wy,,..., W, }. Hence

n
UWe, xY =X xY
k=1

and each W, x Y is covered by finitely many elements from {V, }ner. Combining all these finite
covers, we obtain a finite subcover of X x Y. O

The case of arbritrary products of compact spaces is a much harder and deeper result. The proof relies
on Zorn’s Lemma, which is a not-very-intuitive result that turns out to be equivalent to the axiom of
choice, which is more intuitive and taken to be tautologically true.

Definition 3.7.11. A partial order on a set X is a relation R C X? that is reflexive (zRx for

all z € X), transitive (zRy and yRz implies that x Rz) and anti-symmetric (x Ry and yRx implies
that x = y).

If R is a partial order on X such that for all (z,y) € X2, either Ry or yRx, then we say that X
is linearly ordered by R.

Example 3.7.12. Let Y be a set and P(Y') the power set (set of all subsets). We can define a
partial order on P(Y) where A € P(Y) is in relation to B € P(Y) if A C B.

Definition 3.7.13. Let R be a partial order on X. If there is some M € X such that M Rx

implies that x = M, then M is called a maximal element. If Y C X and there is some p € X such
that yRp for all y € Y, then p is called an upper bound for Y.

Lemma 3.7.14 (Zorn’s Lemma). If X is a nonempty partially ordered set such that every

linearly ordered subset has an upper bound in X, then each linearly ordered set has some upper
bound which is also a mazximal element of X.
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Exercise 3.19. Use Zorn’s Lemma to prove that every vector space has a basis.

Theorem 3.7.15 (Tychonoff Theorem). Let {(Xa, Ta)}acr be a family of compact topological

spaces. Then [],.; Xa is compact.

acl

Very roughly, one way to prove the Tychonoff theorem is to assume it is not true and construct a
partially ordered set, apply Zorn’s lemma to obtain a maximal element and use this element to derive
a contradiction. We will omit the details. The interested reader can consult [4, Chapter 12] or [0,
Section 37]. It turns out that Tychonoff implies and therefore is equivalent to the axiom of choice. Like
infinite product spaces, the Tychonoftf theorem appears in many different fields and is an extremely
useful analytic result.

3.8 Locally compact spaces and compactification

We have already seen that R and R"™ are not compact spaces, but for any point x € R", we can
take a closed ball B(z;r) which is compact. That is, every point has a compact neighbourhood. We
generalise this notion to other topological spaces.

Definition 3.8.1. A topological space (X, 7) is locally compact if for all z € X, there is an
open neighbourhood U of X and compact subspace C such that x € U C C.

Examples 3.8.2. 1. Any compact space is locally compact.

2. Euclidean space R™ is locally compact as is any open or closed subset (see the exercise
below).

3. The rational numbers QQ as a subspace of R is not locally compact. To see this, consider
a closed neighbourhood of x € Q of the form [a,b] N Q. On the other hand, we can take
a Cauchy sequence {y,} in [a,b] N Q that converges to an irrational number y ¢ Q. So
[a,b] N Q is not complete and therefore not compact by Theorem m (as Q is a metric
space). Because Q is Hausdorff, this is enough to show it is not locally compact (see Theorem

below).

Exercise 3.20. Show that any open or closed subset of R" is locally compact.

It is easy to think of compact spaces as ‘small’ and locally compact spaces as ‘large’. But this is not
always the case.

Exercise 3.21. Suppose that Y is a compact Hausdorff space and take yg € Y. Show that the
subspace X =Y \ {yo} is locally compact in the subspace topology.

It turns out that any locally compact Hausdorff space can be put in the form of the example given in

Exercise B.211

Theorem 3.8.3. Let (X,T) be locally compact and Hausdorff. Define the set XT = X U {oo}
with
Tx+ =T U{X"\C|CCX a compact subspace}.

Then (X, Tx+) is a compact Hausdorff topological space such that the subspace topology of X C
X coincides with T. Furthermore, if X is not compact, then X is dense in X .
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Proof. We first need to check that Ty+ is a topological space. We have ) € 7 C Tyx+ and

Xt = X*\0 € Tx+. For unions and intersections, we check the cases that U € T or V.= X"\ C.
Namely

UUa=UeT,

acl

U X"\ G =X\ ([)Cs) =XT\C,
BeJ 8

(Uta) uUXH\Cp) =UU(XH\C) = XH\ (C\U) = X*\ O,
a 8

where C' = C'\ U is compact as it is a closed subspace of C. Similarly,

UnUp=UE€T,
(XF\C)N(XFT\Co) =X\ (C1UCy) = X\ C,
UNn(Xt\C)=UnX\0)=UNU€eT.

So (X, Tx+) is indeed a topological space.

Consider X with the relative topology as a subset X € X*. Then X NU = U if U € T and
XN(XT\C)=X\CeTasCC X is closed. So the subspace topology is contained in 7" and
certainly the reverse inclusion holds. Therefore X C X coincides with (X, T).

We now show that X is compact. Take an open cover {V, }aecr of X there is at least one o/ € T
such that V,y = X* \ C as sets in 7 will not contain the point co. Then

{XnVa}oenian
is a collection of open sets in X that will cover C'. Because C is compact, there is a finite

subcollection {X NVi,..., XNV, } that will cover C. Then if we include the set V,, the collection
{V1,..., Vs, Vo } will be a finite subcover of X*. Hence X is compact.

Next we show that X is Hausdorff. Taking x # y € X, if z,y € X, then there are disjoint
neighbourhoods U and V in T as X is Hausdorff. Suppose then that x € X and y = co. Because

X is locally compact, there is a neighbourhood U of z and compact set C' such that x € U C C.
Then take V = X\ C. Wesee that UNV =UN(XT\C)=0asU C C.

Lastly to show that X is dense in X it suffices to show that any open neighbourhood of co
has a non-trivial intersection with X. Any open neighbourhood of oo is of the form Xt \ C' and
XN(XT\C)=X\C. If X is not compact, then C # X and so X \ C # ). Hence X = X as
required. O

Definition 3.8.4. Let (X,7) be a topological space. A compactification of X is a continuous
injection (embedding) ¢ : X — Y such that Y is compact and ¢(X) is dense in Y.

Often we identify X with (X)) and think of a compactification as a compact topological space Y such

that X =Y. We have seen that for the case of X locally compact and Hausdorff, a compactification
X+ = X U{oo} always exists, which we call the one-point compactification. It is the smallest possible
compactification of X.

Example 3.8.5. If X = (0,1), then [0, 1] is a compactification of X. This compactification is

different from the one-point compactification. Indeed, X = S, the circle.
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Exercise 3.22. Show that (R")" = 5" = {(z1,...,Tn, Tn1) ER™ |22 + .. 422, =1}.

Theorem 3.8.6. Let (X, T) be a Hausdorff space.

1. X is locally compact if and only if for any x € X and open neighbourhood U of x, there is
an open neighbourhood V' of x such that V. C U and V is compact.

2. If X 1is locally compact, then any open or closed subset is locally compact in the subspace
topology.

Proof. (1) If the new condition holds, then x has a compact neighbourhood and X is locally

compact. Suppose then that X is locally compact and take € X and a neighbourhood U € T
with z € U. Now consider X C X and let C = X\ U, which is a closed and therefore compact
subspace of X*. Recalling Theorem we can take open neighbourhoods V' of x and W of C
such that V N W = . Then V is a compact subset of X+ with V N C = ). Furthermore oo ¢ V'
and so V is compact in X with V C U as required.

(2) Let A C X be closed and take 2 € A with compact neighborhood z € U C C. Then C N A
is closed in C' and therefore a compact set containing U N A, an open neighbourhood of z in A.
Hence A is locally compact (the Hausdorff property was not used here).

Suppose A C X is open and z € A. By part (1) there is an open neighbourhood V' of z such that
x €V C Aand V compact. Hence V = ANV is a compact neighbourhood of x that contains
the open neighbourhood ANV. So A is locally compact. O

3.9 Connected spaces

If (X,7T) and (Y, T’) are topological spaces with X NY = (), we can easily make the new topological
space (X UY,T"), where U C X UY is open if UN X and U NY are open. In this case, the spaces
X and Y act independently of each other in X UY and we do not gain additional information by
considering the union X UY. Put another way, we could decompose (X UY,T") into two separate
topological spaces (X, T) and (Y, T") without losing any information.

In this section we formalise this idea to consider connected/disconnected topological spaces and the
decomposition of a space into connected components.

Definition 3.9.1. A topological space (X,7) is disconnected if there are non-empty open and

closed sets U,V C X such that UNV =0 and UUV = X. A space (X, T) is connected if it is
not disconnected. We say that Y C X is a connected subspace if Y is connected in the subspace
topology.

Note that to be disconnected, it suffices to find disjoint and non-empty open sets U and V such that
UUV =X.ThenU =X \V and V = X \ U, so both must also be closed.

Examples 3.9.2. 1. Any set X with the trivial topology {0, X'} is connected.
2. Any set X with two or more elements and the discrete topology Tgisc = P(X) is discon-
nected.
3. The set X =[—1,0) U (0,1] C R is disconnected as [—1,0) and (0, 1] are disjoint open sets

(in the subspace topology) that cover X.
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Exercise 3.23. Show that the rationals Q C R are disconnected.

The following lemma is an immediate consequence of the definition (proof as a simple exercise).

Lemma 3.9.3. A topological space (X,T) is connected if and only if the only closed and open
subsets of X are O and X.

Proposition 3.9.4. If (X,T) is connected and f : X — Y is continuous, then f(X) C Y is

connected.

Proof. Let A C f(X) be closed and open. Then f~1(A) C X is closed and open, hence f~!(A) =
0 or f~1(A) = X. In the first case, A = (). In the second case, A = f(X). O

If X and Y are connected and disjoint, then certainly X UY is disconnected. However, if X NY # (),
then connectedness is preserved, as the following shows.

Theorem 3.9.5. Let {An}acr be a family of connected subsets of a topological space (X,T)

such that Aq N Ag # O for any pair of indices o, B € I. Then the union |J, Aa is a connected
subset.

Proof. Let A =], Aq and B C A closed and open. If B = (), there is nothing to show so we

assume B # (). Take z € B C A. Hence v € A, for some o/ € I. Then BN A, will be a non-
empty closed and open subset of A,/. Since A, is connected, it follows that BN A, = A, and so
Ay C B. Now for any a € I, BN A, is a closed and open subset that contains A, N A, # (). By
the same argument, BN A, = A, and A, C B for all o« € I. It therefore follows that B = |, A4,
which gives the result. O

Theorem 3.9.6. Any interval I C R is connected.

Proof. We will show that [a,b] is connected and leave the rest as an exercise. (Recall that

connectedness is preserved under homeomorphism and, from Exercise [3.4] any interval is home-
omorphic to one of the following: [0, 1], (0,1), [0,1), (0,1].) Suppose that E C [a,b] is closed,
open and non-empty. We also assume b ¢ E (otherwise, take [a,b] \ E, which is also closed, open
and non-empty) and let ¢ = sup{z € E}. Since E is closed, ¢ € E and ¢ # b. Since F is open,
[c,c+€) C E for some € > 0. But this contradicts the fact that ¢ is the supremum of elements in
E. Hence such a set E C [a, b] cannot exist and therefore [a, b] is connected. O

Exercise 3.24. If Y C X is a connected subspace, show that the closure Y is a connected

subspace.

Let us come back to the question of decomposing a topological space into connected subspaces.

Definition 3.9.7. Let (X,7) be a topological space and = € X. The connected component of

z in X is the union
Cy = U {Y € X | Y connected and = € Y}
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It follows from Theorem that C, is connected for any z € X (as each connected subset Y
containing x has a non-empty intersection, {x}). Therefore we can decompose our space

x= ¢
reX

into a union of connected subspaces. As the following shows, this gives a partition of the space X.

Theorem 3.9.8. Let (X, T) be a topological space and x,y € X. Then either C, N Cy =0 or
Cy = Cy.

Proof. Suppose that C; N Cy # 0. Then by Theorem m Cy Uy is connected. But then

C, Uy is a connected set that contains x and y. Therefore C, UC, C C, and C, UCy C Cy. It
follows that C, = C; U Cy = C,,. O

Any partition of a space comes from an equivalence relation (see Appendix . So we also have the
following.

Corollary 3.9.9. Let (X, T) be a topological space. Say that x ~.y if y € Cy. Then ~. is an

equvalence relation on X.

Examples 3.9.10. 1. Suppose that X is given the discrete topology, then X = J,.x{z}
is a decomposition into connected components. More generally, we say that a topological
space is totally disconnected if the only connected components are singletons. For example,
the Cantor set is totally disconnected.

2. Consider X = Q C R. If ¢1,q92 € Q are distinct, say ¢1 < ¢o, then there is an irrational
number r € R such that ¢; < r < ga. Then U = QN (—oo,r) and V = Q N (r,00) are
disjoint open subsets of Q with ¢; € U and ¢2 € V. It follows that ¢2 ¢ C,,. This shows
that the connected components of Q are singletons. So Q is also totally disconnected, but
the connected components {q} are not open.

3.10 Path connected spaces

We intuitively think of disconnected spaces as those which can be broken up into pieces. Another way
we can consider the connectedness of a space is whether we can draw a curve between points that does
not leave the space.

Definition 3.10.1. Let (X,7) be a topological space with xg,z1 € X. A path in X from z( to

x1 is a continuous function ~ : [0, 1] — X such that v(0) = xg, v(1) = z1. We say that X is path
connected if for any pair xg, 1 € X, there is a path in X from x¢ to x;.

Examples 3.10.2. 1. The circle ST C R? is path connected as we can move along the circle
(rcos(0),rsin(f)) to go between any two points.

2. Recall that a subset £ C R™ is convex if for any x,y € E, the straight line (1—¢)x+ty € E
for all ¢ € [0,1]. Hence any convex set is path connected. In particular, the ball B(x,r) is
path-connected for all x € R™, r > 0.

3. The set X = [—1,0) U (0,1] is not path connected as there is no continuous path from —1
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Figure 4: The topolgist’s sine curve. Image from Wikipedia.

to 1 that stays within X.

Exercise 3.25. Show that the (finite or infinite) product of path connected spaces is path

connected.

Theorem 3.10.3. Any path connected space is connected.

Proof. Fix a point zp € X and take z € X. By assumption there is a path ~, : [0,1] — X

from zp to x in X. Because [0, 1] is connected and =, is continuous 7,([0,1]) C X connected.
Furthermore zg € v,([0, 1]) for all x € X. So {7z([0,1]) }zex is a family of connected subsets of
X with non-empty intersection. Hence by Theorem U, 72([0,1]) = X is connected. O

Unfortunately, the converse does not hold.

Example 3.10.4 (The topologist’s sine curve). First consider the space

So = {(z,sin(z™") |z € (0,1]} C R*

Now the interval (0,1] is connected and we can write Sy = [0,1) x f((0,1]) for f(z) = sin(z™),

which is continuous on (0, 1]. Hence Sp is connected and therefore so is S = Sy = SoU{0} x[—1,1].

Suppose now that S is path-connected. Then there is a continuous path v : [0,1] — S from the
point (0,0) to (1,sin(1)). Now v~ 1({0} x [-1,1])) C [0,1] must be closed, so it has a maximum
element b € [0, 1]. Then |y, 1) is a path such that v(b) € {0} x [~1,1] and ~(t) € Sp for all ¢ > b.
If we write v(¢) = (x(t),y(t)) € S, then 2(0) = 0 and z(t) > 0 for ¢t > b and y(t) = sin(x(t)~!)
for t > b. Now for any n € N we can take b < u < z(b+ 1) such that sin(u™"') = (—1)". Then by
the intermediate value theorem there must be some b < ¢, < b+ % such that z(t,) = u. Then ¢,
is a sequence such that ¢, — b, but where sin(¢;!) = (—1)" does not converge. This contradicts
the fact that v is a continuous function. Thus our assumption was incorrect and so S is not path
connected.

Like we did with connected subspaces, we can also consider the path-connected components of a space
X.
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Lemma 3.10.5. Let (X,7T) be a topological space. The relation x ~~ y if there is a path
v :[0,1] = X such that v(0) = z, v(1) = y is an equivalence relation.

Proof. For reflexivity, take the constant path v(t) = . If  ~, y, then we can define the reverse

path v~ : [0, 1] — X such that v~ (¢) = v(1 —t). Then v~ (0) = y and v~ (1) = x. So the relation
is symmetric. For transitivity, we suppose x ~ y and y ~g 2 and concatenate the paths,

il
1.

Then + is continuous (as o and [ are continuous with a(1) = £(0)) with v(0) = x and (1) =
Z. O

~
m
=)

B2t—1), te]

N[

v:10,1] = X, N(t) = {0‘(275),

Hence we can partition any topological space

X=U{yexla~yt=J

zeX zeX

Note that by Theorem [3.10.3, the path connected component at # € X is such that C} C C,, the
connected component. The converse need not hold. Indeed, the topologist sine curve S has one
connected component, S, and two path-connected components, Sy and {0} x [—1,1].

Exercise 3.26. We say that (X,7T) is locally path connected if for all z € X and open neigh-

bourhood x € U € T, there is a path-connected open neighbourhood x € V € T with V C U.
Show that if X is locally path connected, then C, = CJ for all z € X.

3.11 Quotient spaces

So far we have seen a few ways of constructing new topological spaces from existing ones. The subspace
topology is one example, product spaces are another. In this section we introduce a new method for
building a new space from an existing one, where we quotient by an equivalence relation.

Definition 3.11.1. Let (X,7) and (Y,7’) be topological spaces and q : X — Y a surjective
function. We say that ¢ is a quotient map if V' C Y is open if and only if g=' (V') € X is open.

Every quotient map is continuous, but not every continuous surjection is a quotient map.

Proposition 3.11.2. If (X,T) is a topological space, Y is a set and ¢ : X — Y a surjective
map, then there is exactly one topology on'Y such that q is a quotient map, called the quotient
topology.

Proof. We define the topology as follows,
T,={UCY | ¢ '(U) C X is open}.

It is a simple exercise to check that 7, is a topology on Y. By construction, 7, is such that
g : X — Y is a quotient map. For uniqueness, any other topology 7’ on Y such that ¢ is a
quotient map must be such that 7' C 7. O
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Hence if (X, T) is a topological space and ¢ : X — Y is surjective, we can put a topology on Y such
that ¢ is a quotient map. Of particular interest to us will be the case where Y is the set of equivalence
classes of an equivalence relation on X.

Definition 3.11.3. Let X be a set and ~ an equivalence relation on X. We define the set
X/~ = {lz]|lze X}, [al={yeX|z~y}

If X is a topological space, then X/~ with the quotient topology under the surjection ¢ : X —
X/~, q(x) = [z] is called a quotient space.

Example 3.11.4. Let X = [0,1] C R with subspace topology. If we take ~ to be the usual =,

then = ~ y if and only if x = y and so X/~ = X. To obtain a non-trivial quotient space, we are
interested in equivalence relations such that [x] # {z} in general.

Let us therefore consider the equivalence relation ~ on [0, 1], where ~ is = on (0, 1) and we say
that 0 ~ 1. That is, we say the endpoints of the interval are equivalent. Hence [0] = [1] = {1,0}
as equivalence classes. Geometrically, we consider the map [0,1] — [0, 1]/~ as identifying the
points 0 and 1 and we attach or glue them together. If we consider the interval as living inside
R2, then we turn the interval [0, 1] into the circle S'. We will make this equivalence more precise
below.

[0, 1]

Sl

U

Quotient of the interval [0, 1]/~. Image from Wikipedia.

We list some useful properties of quotient spaces.

Theorem 3.11.5. Let (X,T) be a topological space, ~ an equivalence relation on X and q :
X = X/~

1. A function g : X/~ —Y s continuous if and only if goq: X =Y is continuous.

2. If f: X =Y is continuous and such that f is constant on each equivalence class, then there
is a continuous function g : X/~ —Y such that f = gogq.

Proof. (1) The map ¢ is continuous by construction, so continuity of g implies continuity of

g o q. Conversely, suppose that g o ¢ is continuous and let V' C Y be open. Then (goq)~1(V) =
¢ (g7 (V)) is open in X. By the definition of the quotient topology, g~*(V) must be open in
X/~ and so g is continuous.

(2) Because z ~ y implies that f(z) = f(y), the map g([z]) = f(z) is well defined and we see
that f(z) = g o g(x) by construction. The continuity of g then follows by part (1). O

We also note the following useful result.
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Proposition 3.11.6. Let X be compact, Y Hausdorff and f : X — Y continuous. Define an

equivalence relation on X by declaring xo ~ =1 if and only if f(xo) = f(x1). Then X/~ is
homeomorphic to f(X) CY.

Proof. Since X/~ = q(X) and ¢ is continuous, X/~ is compact. By construction, we have that
xo ~ x1 implies that f(xzg) = f(z1) and we satisfy the conditions of part (2) of Theorem [3.11.5
Let g : X/~ — f(X) C Y be the induced map such that ¢ = go f. Then g is a continuous
bijection by construction. As X/~ is compact and Hausdorff, this is enough to guarantee that g
is a homeomorphism. O

Example 3.11.7. Consider the circle S! = {z € C | |z| = 1} and define a function f : [0,1] —

St f(x) = €2™®. The function f is clearly a continuous surjection that is injective on (0,1) and
has f(0) = f(1). Because f is Hausdorff, we can apply Proposition [3.11.6 to conclude that the
induced map g : [0,1]/{0,1} — S is a homeomorphism.

Exercise 3.27. Extend the example above to construct an homeomorphism between a quotient
of [0,1]" with the n-torus T".

Exercise 3.28. Show that if X is compact / connected / path connected, then X/~ is compact

/ connected / path connected.

Example 3.11.8 (Gluing along a function). Let X and Y be distinct topological spaces, i.e.

XNY =(. Wealso take Z C X and f : Z — Y a continuous function. The union X UY = XY
is a topological space (where we take unions of open sets in X and Y). The then define an
equivalence relation, where we identify points z € Z with f(z) € Y. The resulting space

XUz, Y=XUY/{z~ f(2)}

is the gluing of X to Y by on the subset Z by the function f.

More generally still, we can consider A, X and Y topological spaces with f : A - X andg: A —Y
continuous functions. We can then define

XUa;, Y =XUY/{f(a) ~9g(a)}

which is the gluing of X to Y via the space A and the functions f and g.

Exercise 3.29. Letix : X — X Ua;, Yandiy:Y — X Ua;, Y be the natural inclusion maps.

Show that ix o f(a) =iy o g(a) for all a € A. In other words, the following diagram commutes:

A ! X

lg lix
iy

Y X Uy, Y.
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Example 3.11.9. Let D? = {(z,y) € R? | 2% + y* < 1} be the unit disc with boundary
St = {(z,y) | 22 + y?> = 1}. We can consider the space D?/S', meaning that we identify all
point z ~ 2’ if 2 € S'. Another way to think of this quotient is to take X = D? Y = {x}
(a point) and then we glue D? to the point by the function f : S* — {*} (where f(z) = * for
all z € S'). We claim the quotient D?/S' ~ S2. One way to see this equivalence is to note
that D? is compact, so D?/S! is compact. So D?/S! is a compact set that comes from adding a
point to D?\ ' = B(0,1) ~ R2. So we can think of D?/S! as the one-point compactification of
B(0,1) ~ R?, which is homeomorphic to S? via the stereographic projection.

Example 3.11.10 (Cones and (unreduced) suspension). Let I denote the interval [0,1]. If X

is a topological space, we can consider the product X x [0, 1] as the ‘cyclinder’ of X. The cone of
a topological space is defined via a quotient of the cylinder,

CX =X xI/(X x{0}).
The (unreduced) suspension of a topological space is given by gluing two cones Cy X and C_X
along X. Put another way, we consider the cylinder X x I and collapse both ends.

X x 1T

=@~ @0 @D ~ @ D}

We see that X{pt} ~ I

The suspension of S!, .81 ~ 2 [Wikipedia]

Exercise 3.30. Show that there is a homeomorphism ¢ : 35" — S"H1,

Example 3.11.11 (The projective plane RP?). We consider the space R3, where for any x,y €

R3, byx = {y +itx|te R} denotes the line that passes through y € R? and has direction parallel
to x. We restrict our attention to those lines that pass through the origin,

RP? = {lox | x € R*}.

We can give RP? a metric by defining d(ﬁoyx,fo,y) to be the angle of /g x and {oy at O (taking
the smaller of the angles so d({ox,oy) € [0,%]). We leave it as an exercise to show that this is
indeed a metric.
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Because we only consider lines that pass through 0, all lines will pass through the unit sphere
52 © R3. So it suffices to consider l5 = lox with x € S2. Furthermore, ¢y = ¢_y as the line will
connect antipodal points. In particular, we can identify

RP? ~ §?/{x ~ —x}.

To see this more explicitly, there is obvious map f : S? — RP? given by f(x) = fx, which is a
two-to-one map, f(x) = f(—x). Furthermore, f~!(B(fx;€)) = B(x;¢€) U B(—x;¢) and so f is a
continuous and surjective map from a compact space to a Hausdorff space that is constant on the
equvalence classes x ~ —x. It follows that we can identify S?/~ ~ f(S?) ~ RP! by Proposition
0. 11.0l

Exercise 3.31. Write a report about the more general projective space RP™ (or the complex

projective space CP™), which are defined similarly.
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4 Homotopy and the fundamendal group

Now that we have studied the basics of topological spaces, let us come to a more practical question.

How to tell when two spaces (X, 7) and (Y,7’) are homeomorphic?

For general spaces, particularly those which can not easily be visualised or embedded into Euclidean
space (and even if they can), this is a surprisingly difficult question. For example, we saw in in Section
that the closed interval [0,1] is homeomorphic to space filling curves v([0,1]) C R", something
that is certainly not obvious by visual inspection only. In other cases, even if we suspect that two
spaces are homeomorphic, writing down an explicit function f : X — Y may be challenging.

We can instead consider a slightly different question: how to tell when (X,7) and (Y,T’) are not
homeomoprhic? For example, if X is compact / connected / Hausdorff etc. and Y is not, then we
know X and Y are topologically distinct. If we return to our geometric intuition, we distinguish a
sphere S? from a torus T? because T? has a hole while S? does not. That is, we distinguish spaces
via combinatorial data (number of holes, number of connected components etc.). This combinatorial
data has a more rigid structure which may make concrete computations easier than working within
abstract point-set topology.

In this section, we start to consider algebraic topology, which takes the information contained in a
topological space (X, 7T) and represents it via an algebraic object such as a group G(X), which is often
easier to work and compute with. Perhaps some information of the topological space is lost in this
translation, but we should at least expect that X ~ Y implies that G(X) ~ G(Y') in an appropriate
sense. Put another way, if G(X) is different to G(Y), then we can conclude that X and Y are not
homeomorphic. This basic idea has proven to be very useful and is still an active area of research
today.

For this first section, we focus on the fundamental group group constructed from loops in a topological
space. Time permitting, we will consider other constructions in Section

4.1 Group theory basics

In the context of this course, our aim is to use and work with group and not to develop their general
theory. So we will only provide a very brief overview of the basics of group theory. A widely used
English text is [3], for example.

Definition 4.1.1. A group is a set G with a group operation * : G X G 3 (a,b) — axb € G
such that
1. The operation is associative, a * (b* c) = (a * b) * c,
2. There is an identity element, e € G such that a xe =e*xa =a for all a € G,
1 —il

3. For every a € G, there is an inverse element = € G such that axa ' =a ! xa=e.

We say that a group G is abelian if a xb = bxa for all a,b € G.

Lemma 4.1.2. The group identity and inverse elements are unique.
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Proof. Suppose that ¢’ is also such that ax e’ = ¢’ *a =a for all a € G, then ¢ = ¢’ xe = e.

If @ is such that @ *x a = e = a * a, then

a=axe=ax(axa )= (axa)xa”

Examples 4.1.3. 1. R, Z, Q and C are all groups under addition. Here the group identity
is 0 and the inverse of x is —zx.

2. R is not a group if we take the operation as multiplication. This is because a multiplicative
inverse to 0 does not exist. However R* := R\ {0} is a group under multiplication with
e = 1. Similarly, Q* and C* are also multiplicative groups. On the other hand, Z \ {0} is
not a multiplicative group as, for example, 27! = 3 ¢ Z\ {0}.

3. The unit circle T = {ew eCl|be ]R} is a group under multiplication.
4. The singleton {e} is a group, often called the trivial group.

5. Any vector space V is a group with operation given by addition. Put another way, we can
turn a vector space into a group by simply forgetting about scalar multiplication.

6. For any n, the set Z,, = {0, 1,...,n— 1} is a group with operation z * y = = + y mod n.

7. The set Maty,xm(R) of (n x m)-matrices with real coefficients is a group under addition
(indeed, it is a vector space). We can also consider

GLy(R) = {T € Matpxn(R) | det(T) # 0}

which is a group under multiplication and group identity as I,. Indeed, all elements of
GL,(R) are invertible by definition. Because AB # BA in general for A, B € Mat,,»,(R),
we see that GL,(R) is a non-abelian group.

8. Let X be a set and define Sym(X) = {f X —X|fa bijection}. We can give Sym(X)
an operation via composition fx g = fog for f,g € Sym(X). Because the composition of
bijections and the inverse of a bijection is also a bijection, it is easy to show that Sym(X)
is indeed a group, where the identity e : X — X is such that e(z) = x for all z € X. We
call Sym(X) the symmetry group, which is not abelian in general.

9. We can refine the previous example slightly to the setting of topological spaces. Namely, if
(X,T) is a topological space, then

Homeo(X) = {f : X — X | f a homeomorphism }

is also a group.

Let us give one more example of a nonabelian group

Example 4.1.4 (Permutation group S3). We consider the set with n elements X = {1,2,...,n}

and let S, denote the permutations of X. Namely, elements of .S,, are bijections of X where we
also care about the order of the elements. A permutation o : X — X is often expressed via the
notation
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Let us consider the case of X = {1,2,3}. In this case there are six distinct permutations,
1 3 1 3 1 2 3
1 3) 2 3]’ 3 2 1)’
1 3 1 3 1 2 3
1 2]’ 2 1)’ 31 2)°

The group operation is given by composition of permutations, for example

12 3\ /1 2 3\ (1 2 3 12 3\ /1 2 3\ (1 2 3
1 3 2/\2 13 \2 31 31 2)\3 2 1) \1 3 2)°

Similarly, every element in S3 is invertible, for example

12 3\ /1 2 3\ (1 2 3 12 3\ /1 2 3\ (1 2 3
2 3 1)\3 12/ \1 2 3)’ 31 2)\2 3 1) \1 2 3)°

We leave the remaining details as an exercise. Also note that the group Ss is non-abelian.

W N NN
W N =N

| Exercise 4.1. Write a report about the the permutation group S, for n > 3.
The permutation group S, C Sym({1,...,n}) is an example of a subgroup.

Definition 4.1.5. A subset H of a group G is a subgroup if H is closed under the multiplication

and inverse of the group operation of G.
We see that Z is a subgroup of QQ, which is a subgroup of R, which is a subgroup of C.

Definition 4.1.6. Let G and H be groups. A group homomorphism is a function ¢ : G - H

such that ¢(a * b) = ¢(a) * ¢(b) for all a,b € G. If a homomorphism ¢ is a bijection, we say that
¢ is an isomorphism. In such a case, we say that G and H isomorphic.

The key feature of a homomorphism is that it respects the group operation, namely ¢(a * b) involves
the operation in G whereas ¢(a) * ¢(b) involves the group operation in H.
Examples 4.1.7. 1. Take R as the group via addition and T the circle group. We can define
é:R—T, p(z) =e® e,

where ¢(z +y) = @) = e and so is indeed a group homomorphism. The homomor-
phism ¢ is surjective but not injective, ¢(x) = ¢(x + 27k) for any k € Z.

2. Define a map ¢ : Z — Z,, where ¢(m) = m mod n. For any my,mo € Z, there are
K1, Ky € N such that

m1 = a+ Kin, me =b+ Kon, a,be{0,1,...,n—1}.
Therefore

mi+me=a+b+ (K1 + Ko)n

0, a+b<n-1

=(a+b) modn+ (Ky+Ks+ R)n, R=
1, a+b>n
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and we see that

¢(m1+ma) =a+b=a+bmodn=(a+b)+ (K; + K2)n mod n = a mod n+ b mod n
= ¢(m1) + ¢(ma).

3. There are many possible homomorphisms from R to matrices over R. We list a few

¢1 : R — Mataya(R), o1 (z) = (8 g) ,
b2 R = Matua(R), o) = (2 7).
¢3: R* = GLa(R) p3(z) = (g (1) ;
61 R - GL(®) o) = (5 )

4. Take R with addition and Ry = (0, co) with multiplication. Then
¢:R— Ry, d(z) = "

is a group homomorphism. Because ¢ is a bijection, we see that (R,+) and (R4, x) are
isomorphic as groups.

We can combine groups with topological spaces to study so-called topological groups.

Definition 4.1.8. A topological group is a topological space (G, T) such that G is also a group

and the operations
GxG>3(a,b)—»axbeQ, Goa—alteG

are continuous maps for all a,b € G.

Examples 4.1.9. 1. Any normed vector space (V.|| - ||) is a topological group.

2. The group GL,(R) can be given a topology via the subspace topology of R"*". Equipped
with this topology, GL,(R) is a topological group. Actually, group multiplication and
inversion in GL,(R) are smooth and so GL,(R) is a Lie group.

Exercise 4.2. Write a report about topological (or Lie) groups.

4.2 Homotopy
In what follows we fix the topological spaces (X,7T) and (Y,7T’) and consider the set of continuous
functions between these spaces.

C(X,Y)={f:X =Y | f continuous}.

Remark 4.2.1. The set C(X,Y’) can be made into a topological space via the so-called compact-open
topology. Given a compact set K C X and an open set V C Y, then we can consider the subset

C(K,V)={feC(X,Y)| f(K)CV}CC(X,Y).

Then the open sets in C(X,Y) are given by finite intersections and arbitrary unions of sets of the
form C(K,V). The resulting topology is called the compact-open topology. We leave the details as
an exercise/report.
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Our aim is make precise the notion of being able to deform one space into another. We will do this by
first considering continuous functions f,g : X — Y and whether it is possible to deform/interpolate
one function into another. In order to interpolate, we need an extra deformation parameter, so we
should instead consider functions X x [0,1] — Y.

Definition 4.2.2. The functions f, g € C(X,Y’) are homotopic if if there is a continuous function
F:X x[0,1] =Y, F(z,0) = f(z), F(z,1)=g(zx), foralaxzeX.
We then say that F'is a homotopy between f and g.
We can think of F as representing a family of functions { fi},c(0,1], where fi(z) = F'(«,t), that contin-

uously deforms between f and g. In particular f; : C(X,Y) for all ¢ € [0,1]. So the homotopy F' gives
us a (continuous) path of functions, [0,1] 3t — f; € C(X,Y).

Example 4.2.3. Take X = [~1,1] and the functions f(z) = 2% and g(z) = . We can define a
homotopy between these functions by taking the straight line path between them,

F:[-1,1] x[0,1] = R, F(x,t) = (1 —t)f(x) +tg(x) = (1 — t)a> + tx

Example 4.2.4. Suppose we're in the case that X = [0,1], then C(X,Y) = C([0,1],Y) de-

scribes the set of paths in Y. We can furthermore consider paths with fixed endpoints f(0) =
9(0) = yo and f(1) = g(1) = y1. Then a homotopy with fixed endpoints is a continuous function
F :]0,1] x [0,1] = Y such that

F(t70) = f(t)7 F(tvl) = g(t)7 F(073) = Yo, F(l,S) = Y1,

see the diagram below.
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F:IxI—=Y

Yo

We will return to such examples in the next section.

Recall that E C R"™ is convex if for all ,y € E, then (1 —t)z +ty € F for all ¢t € [0, 1].

Proposition 4.2.5. If E C R"™ is convex, then any two maps f,g € C(X, E) are homotopic.

Proof. We define the homotopy as follows,
F:X x[0,1] = E, F(z,t)=(1—1t)f(z) + tg(x).

It is clear that F' is continuous (as it is a linear combination of two continuous functions), F'(x,t) €
E for all (z,t) by convexity of E, F(z,0) = f(x) and F(z,1) = g(z) for all x € E. O

In particular, this means that any continuous function f : R®™ — R"* can be continuously deformed to
the function g : R” — R™ such that g(x) = 0 for all x € R™.

Lemma 4.2.6. The relation f ~p g if f is homotopic to g defines an equivalence relation on

C(X,Y).

Proof. The proof is basically identical to Lemma [3.10.5] Firstly f ~p f as we can take F :
X x [0,1] = Y given by F(x,t) = f(z) for all (z,¢). Next, if f ~p g, via F: X x [0,1] = Y, we
define

F7:Xx[0,1] =Y, F (x,t)=F(z,1-1t), F (2,0)=F(z,1)=g(x), F (z,1)= f(z).

Lastly, if f ~p g via F' and g ~p, h via G, then we take

l O

F(x,2t), telo,s
1].

H:Xx[0,1] =Y, H(“):{G(x 2t—1), te|

)

N[
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Definition 4.2.7. Given topological spaces (X,7) and (Y, 7T"),

X, Y|=CX,V)/~= |J 1= U {secxY)|f~ng}

feC(X)Y) feC(X)Y)
denotes the set of homotopy equivalence classes of functions from X to Y.
Because C'(X,Y) is also a topological space via the compact open topology, we can also consider [X, Y]
as a topological space via the quotient topology.

Example 4.2.8. For Euclidean space [R™,R™] = {pt} as any two functions are homotopic.

We will see that there are many examples where [X, Y] is non-trivial.

Using homotopy of functions, we can consider homotopy of spaces.

Definition 4.2.9. Two topological spaces (X, T) and (Y, T’) are homotopic or homotopy equiv-

alent if there are continuous functions f € C(X,Y) and g € C(Y, X) such that go f ~p, idx and
fog ~pidy, where id is the identity function (idx(z) =z for all x € X).

We write X ~p, Y if they are homotopy equivalent, which is justified by the following exercise.

Exercise 4.3. Show that homotopy equivalence of topological spaces is an equivalence relation.

Proposition 4.2.10. If X is homeomorphic to Y, then X is homotopy equivalent to Y .

Proof. By assumption, there is a homeomorphism f € C(X,Y) so that fo f~! = idy and
f~lo f =idx. So it certainly holds that f~'o f ~, idx and fo f~1 ~p, idy. ]

We see that homotopy of spaces is a much weaker property than homeomorphism. We only require
fogand go f to be deformable to the identity, rather than obtain an explicit inverse function. As
such, there are many spaces that are homotopic, but not homeomorphic.

Lemma 4.2.11. If X ~, Y, then [X,Z] =Y, Z] and [Z,X]| = [Z,Y].

Proof. Let f € C(X,Y) and g € C(Y, X) that implement the homotopy equivalence. Then for
any h € C(X,Z) and j € C(Y, Z), we have hog € C(Y,Z) and jo f € C(X, Z). Then we find
h=hoidx ~,ho(gof)=(hog)of
j=jeidy ~pjo(feg)=(jof)ey,

which shows that [X, Z] 5 [h] — [hog] € [Y, Z] will give a bijection. The proof [Z, X] = [Z,Y] is
similar. O

Example 4.2.12. Let X = {pt}. We claim that {pt} ~;, R". We define f : R” — {pt} by

f(x) = pt (indeed, this is our only option) and g : {pt} — R™ by g(pt) = 0. Then f o g(pt) =
pt =id(pt) and go f(x) = 0, which we have shown is homotopic to idg» as any two functions are
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homotopic.
Definition 4.2.13. We say that a space is contractible if it is homotopy equivalent to a point.

The same argument as Example 4.2.12 shows that any convex subspace EF C R™ is contractible. We
will eventually show that S is not contractible.

Example 4.2.14. Take the unit circle S* = {(z,y) € R? | 2? + y? = 1} and the annulus

A={(z,y) eR% |1 <22 +y2 <2}.

We claim that A ~j S!. Firstly we take f : S' — A by f(z,y) = (2,y) and g : A — S! via
g(z,y) = (2* +y*)"*(z,y). Then go f = idg: and f o g(z,y) = (¢? +y*)""/?(z,y). We then
define

tval+y?+(1-1)

where F((x,y),0) = fog(x,y) and F((z,y),0) = (z,y) = ida(z,y) as required.

F:Ax[0,1]—= A, F((z,y),t) = (z,y),

Homotopy St ~; A [2, p99].

Exercise 4.4. Show that C* ~j, T.

Theorem 4.2.15. If X is connected and Y is disconnected, then X and Y are not homotopy

equivalent.

Proof. Suppose that there is a homotopy equivalence via maps f: X — Y and g : ¥ — X.
Hence there is F' € C(Y x [0,1],Y) such that F(y,0) = f(g(y)) and F(y,1) =y for all y € Y.
Because Y is disconnected, Y = U UV and there is a continuous function p : ¥ — {—1,1} such
that p(y) = 1 if p € U and p(y) = —1 if y € V. Next, because X is connected, so is f(X)
and so f(X) C U or f(X) C V, so we assume f(X) C U. Then taking some v € V, we define
h:[0,1] — {—1,1} such that h(t) = p(F(v,t)), which is continuous as F' and p are continuous.
Then we find that

F(v,0)=f(g0) €U,  flv,1)=veV, = h(0)=1, h(l)=-1

Hence we have a continuous surjection h : [0,1] — {—1,1}, which is impossible. Hence the map
F' cannot exist and, thus, X and Y are not homotopy equivalent. ]
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We do not have an analogue of Theorem {4.2.15| for compact spaces. Indeed both B(0,r) and B(0,r)
are homotopy equivalent to a point, but one is compact and the other is not.

Exercise 4.5. Find a Hausdorff topological space X which is homotopic to a non-Hausdorff

space Y.

4.3 The fundamental group

In the previous section we looked at general homotopy of functions and spaces. Here we restrict our
attention to loops in a topological spaces, where a loop is a path v € C([0, 1], X') such that v(0) = v(1).
Because 7(0) = (1), we can equivalently think of a loops as a map from [0,1]/{0 ~ 1} ~ S* to X.

In order to be precise where our loops start and finish, we work with so-called pointed spaces (X, ),
which is a topological space with a specific choice of ¢y € X, which we call the base point. For pointed
spaces, we can define pointed (continuous) maps

C((X,z0), (Y,50)) = {f € C(X,Y) | f(zo) =0}
and pointed homotopies
FeC(X x|0,1],Y), F(xo,t) =y for all t € [0,1].

For the case of S' = {(z,y) € R? | 22 + y* = 1}, we will take (1,0) € S* to be the base point. We
can then define the sets

Loop(X, zg) = C((Sl, (1,0)), (X, xo)), 71 (X, zg) = Loop(X, xq)/~7°

where ~7° denotes homotopies that are pointed at .

Implicit in our defnition is that pointed homotopy is an equivalence relation, which follows from the
same proof as Lemma [3.10.5 Given o € Loop(X, ), we write [a] € m1(X, x¢) the equivalence class.

Remark 4.3.1. If (X, z¢) and (Y, y0) are pointed topological spaces.
[(X, 20), (¥, 0)] = C(X,Y)/{f ~ g pointed homotopy }.

As a set T (X, z0) = [(S',(1,0)), (X, z0)]. By taking the circle (and higher-dimensional spheres),
[(S1,(1,0)), (X,20)] can be given a group structure.

In what follows we will use the presentation S' ~ [0,1]/{0 ~ 1} with base point 0 = 1. Our aim
is to give Loop(X,xo) additional algebraic structure. First, if o, 5 € Loop(X,zy) we define the
concatenation

a(2t), te [O, %],

B2t—1), tel[i1].

Hence, the loop a#f goes along «, returns to zg, then goes along 3. Similarly, if a € Loop(X, zg),
we define the reverse loop

a#f € Loop(X,x0),  a#B(t) = {

a~ € Loop(X, zo), a (t) =a(l —1),

which travels along « in the opposite direction.

Lemma 4.3.2. Ifa~}° & and § ~}° B, then a# ~p0 a#8 and o~ ~p0ar.

Proof. Let F,G :[0,1]x[0,1] — X be the pointed homotopies from « to & and /3 to f3 respectively.

We take (t,s) € [0, 1] where ¢ is the loop parameter and s is the deformation parameter. Then

F(2t,s), teo,3],
G(2t—1,s), te[§,1].

)

FHG:[0,1] x [0,1] > X,  F#G(t,s) = {
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gives a homotopy from a#j to aG#/3. Similarly,
F~:]0,1] x [0,1] — X, F~(t,s) = F(1—t,s)

will give a homotopy from o~ to a~. O

Our aim is to define a group structure on the base pointed loops in X. To do this, we need associativity
of the product. However, we immediately run into a problem as

a(at),  telo1], a2t),  te[0,3],
(a#B)#(t) = ¢ B4t = 1), te [1,3], agt(B#y)(t) = B4t —2), te[5,3],
’7(275—1)7 te [%’1]’ 7(4t_3)’ te [%’1]’

and there will be many cases where (a#8)#y # a#(B#7). On the other hand, we can recover
associativity up to homotopy.

Lemma 4.3.3. Let a € Loop(X,zp) and g € C([0,1],[0,1]) such that g(0) = 0 and g(1) = 1.

Then ao g ~° .

Proof. Because [0,1] is convex, g is homotopic to idj ;) (with endpoints fixed). Therefore we

have that
aog~p® aoidyy = a. O

Lemma 4.3.4. As elements in m1 (X, zg), [(a#8)#7] = [a#(B#7)].

Proof. We can write

it, teo,3],
aF#(B#7)(t) = (a#B)#y(9(t),  ¢:[0,1]=[0,1], gt)=St—1, te€[3,3],
2t—1, te[31].

We see that g is continuous and such that g(0) = 0 and g(1) = 1. Therefore we obtain a homotopy
(o) ~5° at(5#7) by Lemma Y

Theorem 4.3.5. Let (X,T) be a topological space. Then for any xo € X, m1(X,x0) is a group
such that

(o] [8] = [a#B],  [o] ' =[a7].

Proof. The group operation is well defined by Lemma and is associative by Lemma

To obtain a group, we need an identity and inverses. For an identity, we take the loop oy, €
Loop(X, zg), where ay,(t) = xo for all ¢ € [0, 1]. We need to show that [au,#5] = [B#aw,] = [O]
for any 8 € Loop(X,zg), We can write

=)

0 te0,1]

Qy t) = B og(t), By=<" ek

AB0) =Bog), () {%_17 ey

where g : [0,1] — [0,1] is continuous with ¢g(0) = 0, g(1) = 1. Hence [a,,#03] = [#] by Lemma

A similar argument will show that [S#ag,] = [8]. Hence [ag,] acts as the group identity
under concatenation of loops.
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by Lemma if [a] = [@], then [a~] = [@~]. So the operation [a]~! = [a~] is well-defined in
71 (X, zo). We just need to check that [a~] is indeed the inverse under concatenation in 7 (X, zo).

That is, we check that [a] * [a7] = [a#a™] = [ag,]. To do this we define the homotopy
a(2t), te[0,5],
F:[O,l]x[O,l]—>X, F(t,s): a(3)7 te [%,1_%]7
a(2-2t), te[l-3,1].

That is, as = F(-,s) € Loop(X,zg) describes a path where we move along « at double speed
until time s/2, rest until time 1 —s/2 and then return along a~ at double speed. By construction
F is continuous and ag(t) = a(0) = xo = ay,(t). We also find that

a(2t) teo,3] _
a1(t) = F(t, 1) = ’ 20 = adta (1),
which shows [a] * [a™] is the identity. A similar argument shows [a ] * [a] = [ag,]- O

Example 4.3.6. If E C R" is convex, then 7(E, () isomorphic to the trivial group {e} for any
xg € E.

It will take us some effort to show that there are topological spaces with non-trivial fundamental
groups. The simplest example is the circle, which we study in detail in the next section. In the
meantime, we consider some basic properties of 71 (X, xo).

The first basic question is the dependence of 71 (X, xg) on the choice of basepoint ¢y € X. If there
is a path v from zg to z1, then we can translate any loop a € Loop(X,zy) to a loop v~ #a#~v €
Loop(X,x1). As the following shows does not change the algebraic structure of the fundamental group.

Theorem 4.3.7. Let v be a path from xg to x1 in X. Then the induced map

Ve : (X, w0) = m(X, 1),  w([a]) = [y #ad#]

s an isomorphism of groups.

Proof. We first check 7, is a homomorphism,

Yo ([e] * [B]) = ([0#8]) = [y~ #a#B#]
= [y #aFv#y T #BH#Y] = [V #a#] * [y #B#]
= Y ([a]) * %([8]),

which holds for any «, 8 € Loop(X,zg). To show injectivity, we assume that v.([a]) = v.([3]).
Then

[a] = [y#y #a#v#y T =75 (- #a#9]) =75 (=([a]))
=7, (%([8))) = y#y~ #B#v#y 1 = [B].

To show surjectivity, we take [£] € m1 (X, x1). Then [y#E#y7] € m (X, z0) and

Y (VHEHYT]) = [v ™ #v#E#Y T #] = [€]. 0
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Corollary 4.3.8. If (X,T) is path connected, then the groups m (X, xo), xo € X are all iso-

morphic.

When the space is path connected, we often use the simpler notation 71 (X) to denote (X, z) for
any zo € X. We say that a space X is simply connected if X is path connected and 71 (X) = {e},
the trivial group. We have already seen that any convex space is simply connected. As we will show,
St ~j, C\ {0} is path connected, but has non-trivial fundamental group.

Exercise 4.6. Show that any contractible space is simply connected.

On the other hand, if xy and x7 are in different path connected components, there is no reason to
expect that 7(X,zg) and 7(X,z1) are related. Indeed, C7, might be contractible while C7, a much
more complicated space.

Now that we have defined the fundamental group, we wish to use it to consider the question considered

at the start of this chapter: can we use m1 (X, o) and 71 (Y, yo) to detect if X and Y are homeomorphic

or not? To do this, we need to be able to pass between fundamental groups of different spaces.
Lemma 4.3.9. Let f € C(X,Y). If a, B € Loop(X,xg) are homotopic, then foa, fof €
Loop(Y,yo) are homotopic.

Proof. If F € C([0,1] x [0,1], X) is the homotopy in X, then G : [0,1] x [0,1] = Y, G(¢,s) =
f(F(t, s)) is the homotopy in Y. O

Proposition 4.3.10. Let (X, z0) and (Y,yo) be pointed spaces with f : X — Y continuous (so
f(zo) = yo). Then the induced map

Je :Fl(vaO)%ﬂ-l(Y;yO)? f*([a]):[foa]

is a homomorphism of groups. Furthermore, if f: (X, z9) — (Y,y0) and g : (Y,yo0) — (Z, 29) are
continuous pointed maps, then (go f)« = g« © fu.

Proof. The map f, is well defined by Lemma [4.3.9] and we check that

follad * [8) = [f o (a#B)] = [(f 0 )3t (f 0 B)] = fulla]) = fu([8])

80 fx is a group homomorphism. The proof (g o f). = g« o f« is a simple check. O

Remark 4.3.11. Proposition shows that the fundamental group gives a covariant functor from
the category of pointed topological spaces Top, to the category of grous Gp. We will not emphasise
the role of category theory and functors in this course, but it provides the mathematical structure
needed to understand algebraic topology and homological algebra more generally.

Proposition 4.3.12. If f : X — Y is a homeomorphism of topological spaces, then the induced
map fi:m (X, x0) = m (Y, f(x0)) is a group isomorphism.

Proof. The existence of a homeomorphism gives maps f, : 71(X, x0) — 71 (Y, f(20)) and (f~1).
m1(Y, f(x0)) = 71 (X, x¢) such that

(fsofi=(fof)e=(idx)e,  feo (fT)e = (idy)s
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It is then a simple exercise to show that (idx)([a]) = [o] and (idy). give an isomorphism of
m1(X, zo) and 7(Y, yo) respectively. O

Therefore, we can say that if X and Y are path connected topological spaces with 71 (X) # m1(Y),
then we can conclude that X and Y are not homeomorphic. Hence we can use the fundamental group
to distinguish between spaces that are topologically distinct.

We can actually show something much stronger, homotopic spaces have the same fundamental group.

Lemma 4.3.13. Suppose that f,g € C(X,Y) are homotopic maps via F € C(X x [0,1],Y).
Then for xg € X, yo = f(xo) and y1 = g(x0), define a path v(t) = F(xg,t) from yo to y1. Then
Ge = s © fo with v, : T (Y, y0) — m1(Y,y1) the isomorphism from Theorem m Put another
way, the following diagram commutes:

(X, 0) 1Y, 9o)
\ lw
(Y, y1).

In particular fy is a group isomorphism if and only if g. is a group isomorphism.

Proof. The relation g, = 7« o [, follows if we can show that

[V #(f o a)#] = [(g0 )]
for any a € Loop(X, z¢). Fixing such an «, we consider the function
GeC(0,1]x 0,1,Y),  Glt,s) = F(a(t),s)

with F' the homotopy between f and g. We also define four functions that trace along the edges
of the unit square [0, 1] x [0, 1]

6¢(t) = (t,()), B<—(3) = (0, 8)7 /BT(t) = (tv 1), 6—>(t) = (1>5)
with ¢, s € [0,1]. Then by construction we have
G o B(t) = fla(t)), Gof =7, Gofr=goa, Gof, =1.

Using that [0, 1] x [0, 1] is convex, the paths 8y and (8_#/3,)# - both describe paths from (0,1)
to (1,1) and hence are homotopic with endpoints fixed. So we can apply Lemma

goa=Go By~ Go (B #B)#0~ =7 #(foa)#,

which gives the relation [fy*#( fo a)#ﬂ — [(g o a)]. Because v, is an isomorphism, it’s clear
that f, is an isomorphism if and only if g, is an isomorphism. O

Theorem 4.3.14. If (X,T) and (Y,T') are homotopy equivalent via functions f € C(X,Y)
and g € C(Y, X), then f.: m(X,x0) = m (Y, f(x0)) is an isomorphism of groups.

Proof. Recall that to be homotopy equivalent, g o f ~p, idx and f o g ~p idy. Because (idx ).
and (idy)s are isomorphisms of m (X, z¢) and 71 (Y, f(z0)), if follows from Lemma [4.3.13 and
Proposition [4.3.10| that (g o f)x = g« o fx and (f 0 g)x = f« o g« are group isomorphism of
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p (V)

Figure 5: A covering map [6, Figure 53.1].

m1(X,z0) and 71 (Y, f(xo)) respectively. We can then conclude that f. and g, must be group
isomorphisms. 0

We therefore see that the fundamental group does not distinguish between homotopic spaces. Once
again, this is useful as it is very difficult in general to show that two spaces are homotopic. On the
other hand, if their fundamental groups are different then we know they can not be homotopic, a
stronger statement than spaces not being homeomorphic.

| Exercise 4.7. Show that S™ is simply connected for n > 2.

4.4 Covering spaces

In order to show that there are topological spaces with 71 (X, x¢) not the trivial group {e}, we will
need some additional machinery which will allow us to ‘lift’ paths/loops in a space X to paths/loops
in a ‘simpler’ space E where we can more easily analyse their properties.

Definition 4.4.1. Let (X,7) and ()N(, 7~') be topological spaces. A covering map is a continuous

surjection p : X — X such that for each z € X there is a neighbourhood z € U, € T and discrete
space D, such that

p Y(U,) = |_| Vg, Vi€ 7~', plv, : Va = U, a homeomorphism for all d € D,.
deD,

The space ()? , 7~') is called a covering space.
The discrete space D, = p~!(z) C X is called the fiber over z. In particular, for each z € X, p~*(U,)

is homeomorphic to D, x U,. We also call the subsets Vy C p~1(U,) the sheets of p~1(U).

Examples 4.4.2. 1. The identity map idx is a covering map, though it is not very interest-
ing.

2. Identifying S' ~ T = {z € C | |z| = 1}, the exponential map p : R — S!, p(t) = €™ is a
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Figure 6: Coverings of S! (left) and the figure eight (right) [4, p124].

covering map. Indeed if we take 2™ ¢ S and an open neighbourhood
U:{e2mt\|t7to\<e}, p N (U) = U(mftofe,qutoqLe)
MEZ

where p|(mn—to—e;mtto+e) 18 @ homeomorphism. To help our geometric intuition we can iden-
tify R ~ {(cos(27rt),sin(27rt),t) |t € R}, a helix in R3, with the covering map projecting
onto the zy-plane (see Figure @ We also see that the fibre p~!(z) 2 Z for any z € T.

3. Take X to the figure eight space, which comes from joining S* LI S! at a single point (a
quotient space). A covering sapce for X comes from unwiding one of the circles in the figure
eight and considering the helix with projection map like the circle (see Figure @

Exercise 4.8. Show that the map f : S? — RP? f(x) = fx from Example|3.11.11is a covering

map.

Exercise 4.9. Show that any covering map is open (maps open sets to open sets).

Ifp: X > X is a covering map and f € C(Y, X) a map, we would like to know if we can ‘factorise’
f viaamap f € C(Y,X) such that f(y) = po f(y) for all y € Y. We then call f a lift of f to the
covering space.

X
~ 7
X

% f

If a lift exists, the following shows that it is unique.

Lemma 4.4.3. Let p : X = X bea covering map and Y a connected space. Suppose f €
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CY,X) and g, h € C’(Y,)N() are two lifts of f. If g(yo) = h(yo) for some yo € Y, then g = h.

Proof. We take the subsets

S={yeYlgly)=hly)} T={yeY|gly)#hrW}

where SUT =Y and SNT = (. Because Y is connected, if we can show that both S and T are
open, it follows that T =0 and S =Y, hence g = h.

Let y € Y and take a neighbourhood U of f(y) € X such that p~'(U) = ||, Vu € T. Because
gop and hop compute f, g(y) € V; and h(y) € Vy. If g(y) = h(y), then V; = Vj,. Otherwise
V; and Vj are disjoint. Because g and h are continuous, there is an open neighbourhood W of
Y such that g(W) C V; and h(W) C V. If y € T, then V; NV = () and so g(z) # h(z) for all
z € WNT. Hence T is open. On the other hand, if y € S, then y € § and V; = Vj,. Because
plgowy — X and Pl n(w) are homeomorphisms on to their image and both g and h are lifts of f,
it must follow that g = h on W. Hence W C S and so S is open. O

Of particular interest to us is the case when Y = [0, 1], where maps C([0, 1], X') are the paths in X.

Theorem 4.4.4 (Path Lifting Theorem). Let p : X > X bea covering map, v : [0,1] - X a
path and ey € X such that p(eo) = v(0). Then there is a unique path 7 : [0,1] — X that is a lift
of 7.

Proof. For each x € X, we can take a neighbourhood U, such that p~!(U,) is a discrete union of

open sets in X. The collection {'y_l(Ux)}xe x give an open cover of [0, 1], which is compact. So we
can take a finite subcollection {Uj, ..., U, } C X such that the inverse image covers [0,1]. Given
that 7 is a path, we therefore have a partion 0 =tg < t;... < t,, = 1 such that v([t;_1,t;]) C U;
and p~!(U;) = L, Vja-

With this setup, we construct the lift 7 as follows. Because p(eg) = v(0) € Uy, there is some
open neighbourhood V; € T of ¢y with ply; = Up a homeomorphism. We can therefore define
F(t) = p~Y(y(t)) for t € [0,%1]. By construction, we see that p o J(t) = y(t) for all ¢t € [0,%;]. We
can do the same procedure for each subinterval [t;_1,t;] and U; to obtain the complete lift for ~.
Uniqueness of the lift follows from Lemma [1.4.3] O

We can improve upon the previous result, where not just paths but homotopies of paths can be lifted
to the covering space.

Theorem 4.4.5 (Homotopy lifting). Letp: X — X be a covering map, F € C(]0,1] x [0,1], X)
and ey € X such that p(eg) = F(0,0). Then there exists a unique lift F € C(]0,1] x [0, 1], X).

Proof. Fixing s = 0, there is a path 4% (¢) = F(t,0) such that v%(0) = F(0,0) = p(ep). Applying
the Path Lifting Theorem, there is a path 3%(t) = e; € X such that p(e;) = F(t,0) for all
t € [0,1]. Similarly, for any fixed ¢ € [0,1], v%(s) = F(t,s) defines a path in X with ~4.(0) =
F(t,0) = p(e;). Hence we can again apply the Path Lifting Theorem to define F(t,s) = 7 (s)
such that F(t,0) = e; and po F(t,s) = F(s,t) for all (t,s) € [0,1] x [0,1]. Hence F is a lift of F

as a function. We just need to show that F' : [0,1] x [0, 1] is continuous.

We can also take the path a : [0,1] — X, a(s) = F(0,s), which has a lift a(s) = F(0,s).
Applying the same construction as in the proof of the Path Lifting Theorem, there are open sets
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{Uy,...,U,} C X with o' (U;) an open neighbourhood of [s;_1,s;]. Because F is continuous
[0, €] X [sj—1,8;] C F~1(Uj;) for some € > 0. Hence F([0,€] x [sj_1,s;]) C U; forall j =1,...,n.
Now F(0,0) € V; for some sheet Vi C T, e; = F(t,0) € V; for all ¢t € [0, ¢]. This shows that

(bl o F)(t,s) = F(t,s), (t,s) €[0,€] x [0,s1],

which shows that F is continuous on the rectangle [0, €] x [0, 51]. We can apply this argument for
each sub-interval [s;_1, s;] in the partition of [0, 1] to obtain that F is continuous on the rectangle
[0,€] x [sj—1,s4] for all j =1,...,n. Hence F is continuous on [0, ¢] x [0, 1].

The same proof can be used to show that for each ¢y € (0, 1), there is some € > 0 such that F is
continuous on the rectangle [to — €,t9 + €] x [0, 1] and [1 — ¢, 1] x [0, 1]. Putting this all together,
F is continuous on [0, 1] x [0, 1]. O

Now that we have showed some useful properties of covering spaces, we can apply these results to
understand the fundamental group of some spaces.

Take a pointed space (X, zo) and a pointed covering map p : (X, %) — (X,z0). If v € Loop(X, ),
then we have a lift ¥ : [0,1] — X. We certainly have that 7(0) = Zo. But 5 need not be a loop in X and
it may occur that §(1) # Zo. We can only say for sure that p(5(1)) = x¢ and so 5(1) € p~t(z¢) = D,
the fiber over xy.

Lemma 4.4.6. Let p : (X,%0) — (X,x0) be a pointed covering map and suppose that [o] =
(8] € m1 (X, 20). Then the lifts a,3 € C([0,1],X) of a and B are such that &(0) = To = 5(0) and
a(l) = p(1).

Proof. Because [a] = [f], there is a homotopy F : [0,1] x [0,1] — X, which lifts to F: [0,1] x
[0,1] — X. Because F is unique, it follows that F(¢,0) = &(t) and F(t,1) = B(t). The path
s+ F'(0,5s) is a lift of the constant loop 7., starting at Zo. By uniqueness of the lift 7o = F(0, s)
for all s € [0,1]. Similarly, s — F(1, s) is a lift of the constant loop v, starting at F'(1,0) = a(1).
It follows by uniqueness of the lift that

&(1) = F(1,0) = F(1,¢) = F(1,1) = B(1). O

A corollary of the above result is that we can define a function
@ m(X,w0) = p~H(wo),  P([a]) =a(D),

where @ : [0,1] — X is any lift of o € Loop(X, x) such that &(0) = Zo. The map ® is currently just
a map of sets and the image p~!(x) might not have the structure of a group. But in some cases, we
can extend ® as a group homomorphism or isomorphism.

Proposition 4.4.7. Let X be simply connected and p : ()?,50) — (X, z0) a pointed covering
map. Then the map ® : (X, z0) — p~(x0) is an bijection of sets.

Put another way, ® : [(S',(1,0)), (X, z0)] — p~*(z0) is a bijection.

Proof. Take y € p~!(z). Because X is path connected, there is some path « : [0,1] — X such
that «(0) = ¢ and a(1) = y. Then po a € Loop(X,z¢) and ®([po a]) = a(l) = y. Hence ® is
surjective.

Now take 79,71 € Loop(X, zg) such that ®([y9]) = ®([y1]). We then take lifts 7y and 7; where
by assumption Y9(0) = ¥1(0) = Zo and Ap(1) = F1(1). Hence the concatenation Yo#7y, €
Loop(X,Zp). Because m(X) is trivial, there is a homotopy G : [0,1] x [0,1] — X from Fo#7,
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to the constant loop ~vz,. Taking the covering map po G : [0,1] x [0,1] = X is a homotopy in X
from yo#; 10 Vao- It follows that [y1]™ = [v;] = [v0] ™! and so [yo] = [11]. Hence the map ® is
injective. O

We now show how to use the map ® to better understand the fundamental groups of a few spaces.

Examples 4.4.8. 1. Using the results of Exercises and we have that p : $? — RP?
is a covering map and S? is simply connected. Taking N = (0,0, 1) € S? the north pole, we
take p(N) € RP? as the base point. Recall that p(IN) is the line that passes through the
north and south pole. Hence p~!(p(N)) = {N, S}. Apply Proposition 71 (RP2,p(N))
has two elements as a set. So as a group, the identity in 7 (RP?,p(N)) is the homotopy
class of the constant loop [y,(y)] and the other element is [p o a] where o : [0,1] — 5% is
any path from N to S. We can therefore algebraically extend ® to a group isomorphism
and conclude that 7 (RP?, p(N)) & Zs.

2. Take X to be the figure eight space where we label the circles A and B with basepoint zg
at the point where the two circles attach. We can define loops f,g € Loop(X, xg, where
f travels once around A, g travels once around B. We claim that [f#g] # [g#f] and so
m1(X, zp) is a non-abelian group.

Because R is a covering space for S', we can construct a covering space for the figure eight by
taking two lines (one for each circle), which we put on the z and y axis, and then attaching
circles to every integer. The lifts ¢ and f of f and ¢ start at the same intersecting point of

—~—— =~

the two R lines, but then go in different directions. Hence the lifts (f#g)(1) # (9#f)(1).
Because homotopies in X lift to the covering space, it must be the case that f#g¢g and g#f
are not homotopic. Thus 7 (X, x¢) is a non-abelian group.

B A
Lifting a loop on the figure eight space [6, Figure 60.1].

Exercise 4.10. Show that if X is the figure eight space, then 71 (X, ) = Fy, the free group

with two generators.



Example 4.4.9 (The circle). Using the covering map p : (R,0) — (T, 1), we have seen that

p~ (1) 2 Z = m(T,1) as a set. To show this is a group isomorphism, we need to show that ®
is a group homomorphism. In this particular case, the map ®([a]) = a(1) = Wind(«) € Z, the
winding number of a € Loop(T, 1). To complete the proof that 71 (T) = Z, it suffices to show
that Wind(a#8) = Wind(a) + Wind(8) for any «, 5 € Loop(T,1). We take ¢g,h : [0,1] — R
such that g(0) = h(0) = 0 and a(t) = e*™® and B(t) = e*™M"). Then Wind(a) = g¢(1),

Wind(5) = g(1). Now combine these real-valued functions

[an}
—_ N

I
].

g(2t), te|
g()+h2t—1), tell,

)

[€ C([07 1]’R)7 f(t) = {

Then by construction, a#8(t) = 2™/®), Wind(a#8) = f(1) and
Wind(a#5) = f(1) = g(1) + h(1) = Wind(«) + Wind(p).

Hence
71 (T,1) = 71(S, (1,0)) 3 [a] — Wind(a) € Z

is an isomorphism of groups.

Exercise 4.11. Extend the winding number to be defined for any map o € Loop(C \ {0}, 1).
Furthermore, show that m1(C\ {0},1) = Z.

Exercise 4.12. Show that the n-torus is path connected and m (T") = Z".

4.5 Applications

We have shown that 71 (S1) 22 Z and, hence, the circle is not contractible. While the proof was rather
long, we can use this fact to prove many other interesting results.

We let D? = {(z,y) € R? | 2? + y> < 1} ~ {2z € C| |z|] < 1} denote the unit disc with boundary
oD% = St =T,
Proposition 4.5.1. Let f : D? — T be a continuous map such that f(1) = 1. Then the loop
a € Loop(T, 1) such that a(t) = f(e2™) is such that Wind(a) = 0.

Proof. 1If we define B € Loop(D?, 1) such that 3(t) = €™ then a = f o 3. On the other hand,
because D? is simply connected, 71 (D?) = {e} and the induced homomorphism f, : 71(D?1) —
71(T, 1) must be such that [a] = f.([5]) = [11]. Hence the winding number is trivial. O

Theorem 4.5.2. There is no continuous map f : D> — T such that f(z) = z for all z € T.

Proof. We assume such a map exists, then we can factorise idr(z) = f o t(z) where ¢ : T < D?
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is the inclusion map. That is, the following diagram commutes

(T, 1) — (D?,1)

We also have the induced maps ¢, : m1(T,1) — m1(D?,1) and fi : m(D? 1) — m1(T, 1) where
(fot)x = frots. So the following diagram also commutes

m(T,1) 2 Z o m1(D?,1) = {e}
(idr)« lf*
™1 (T, 1) = 7.

Therefore f, o 1, computes the identity isomorphism Z = Z. But both ¢, and f, are zero homo-
morphism as D? is simply connected. So there is a contradiction. O

We can use the previous result to give a simple proof of Brower’s fixed point theorem (Theorem [2.5.3))
for the complex disc.

Theorem 4.5.3 (Brouwer’s fixed point therem on the disc). Any continuous map ¢ : D?> — D?
has a fized point.

Proof. Assume ¢ : D — D has no fixed point. We define f : D — S such that f(z) is the point
on T coming from the ray from ¢(z) to z. That is, |z + t(z — ¢(z))| = 1 has a solution ¢, and
f(z) = z+t.(z — ¢#(2)) is continuous with f(z) = z for all z € T. But this contradicts Theorem
and so ¢ can not exist. ]

Vector fields

A vector field is a continuous function F' : @ — R™ where S C R" is a subset. If f: S — Ris a
differentiable function with continuous partial derivatives, then Vf = (01 f,...,0,f) is a vector field,
for example. A point xp € S is a zero of a vector field F if F/(x¢) = 0.

Suppose that n =2 and F : S — R? is a non-vanishing vector field, F(z,y) # (0,0) for all (x,y) € S.
Then taking a base point (zg,yo) € S and v € Loop(S, (z¢, yo)), then F o~y € Loop (R2 \ {0}, (z0, v0))-
We can identify R? ~ C and S C C to obtain that F oy € Loop ((C \ {0}, zo). Recalling Exercise
we can define Wind(F o ) for any non-vanishing F' and « € Loop(S, (2o, ¥0))-

The proof of the following is an exercise (or see [4, Lemma 9.1]).

Lemma 4.5.4. Let F : B(0; R) — R? be a vector field such that F is non-vanishing on {(z,y) |

2?4+ y* = R%}. Consider the loop v € Loop (B(0; R), (1,0) given by ~(t) = R(cos(2nt),sin(2m)).
If Wind(F o v) # 0, then there is some point (z,y) € B(0, R) such that F(z,y) = 0.

Let us now consider three dimensional vector fields and S = S? = {(,y,2) € R | 2% + y* 4+ 2% = 1}.
We say that a vector field F' : S2 — R3 is tangent to S? if F(x) is orthogonal to x for all x €
S2.
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Examples 4.5.5. 1. The vector field F : S? — R3, F(xz,y,2) = (—y,z,0) is tangent to S?
and vanishes at the north and south poles (0,0, £1). Geometrically, the vectors point west
to east along the sphere away from the north and south poles.

2. Define G : S? — R3 such that G(x,y, 2) = (v2,yz, 2> — 1), where
(x,Gx)=(2*+y*+22 - 1)z =0

and G is tangent to S?. Geometrically, the vectors point from north to south and, again,
vanish at the north/south poles.

F(x.y.2)=(-y, x, 0) G(x, y,z) = (xz, yz, 22 - 1)
Vector fields tangent to the sphere [4, p149].

In both examples above, the tangent vector field had zeros at the north and south poles. This is
unavoidable as a consequence of the the hairy ball/hedgehog theorem: you can’t comb a hairy ball
flat without some part sticking up.

Theorem 4.5.6 (Hairy ball theorem). Every vector field tangent to S* has a zero.

The idea of the proof is that observing a constant vector field near the north pole will look different
depending on whether we are at the north pole or south pole (namely one has winding number 0
and the other winding number 2). To make this precise, we need to use the stereographic projection
o:5?\{N} — R2

Proof. We first review the stereographic projection and inverse,

. S2\ {N} - R?, - =(—x A )
o: 8%\ {N} o@y2) =1, 1=,
2u 2v u2+v2—1
—1 2 2 il
:R? = S§2\ {N}, , :( : , )
\{ } g (UU) U2+U2+1 u2—|—112—|—1 u2+fU2_|_1

Now take F' : 5 — R® a vector field tangent to S?, F(x) = (Fi(x), F2(x), F5(x)), and define
F:8? - R3and G : R? - R?, where G(u,v) = F((T Y(u,v)) and

F(:’Uaya Z) = ((1 - Z)Fl(CC,y, Z) + $F3($>y’ Z)’ (1 - Z)FQ(I,y,Z) + ng(ﬂ?,y,Z))-
If G(u,v) = 0 for some (u,v) € R?, then we obtain the equations

(1—Z)F1—|-$F3:0:(1—Z)F2+yF2'
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Because F is tangent to S%, xFy + yFy = —2F3 and 22 + 32 = 1 — 22, we do some algebra

0=z(1-2)F +2°F3+y(1—2)F +y*F3 = (1 — 2)(xF + yFy) + (1 — 22)F3
= (( (1—2%) -2 (1-2))F3=(1—2z)F3.

Because (z,7,2) € 071 (R?) = 2\ {N}, z # 1. Hence F3(z,y,2) = 0, which then implies that
Fy = F5, = 0. Conversely, if F(z,y,z) =0, then G(u,v) = 0. Therefore (z,y, z) is a zero of F if
and only if o(x,y, 2) is a zero of G.

Now take F : S2 — R3 such that ﬁ(ac,y, z) = (2,0, —xL which is tangent to S%. Applying the
procedure above, we get a two-dimensional vector field G : R? — R?,

~

G(O’(l’, Y, Z)) = (Z - Z2 - $2) —xy),
which can be written in polar coordinates as

—2r2

G(rcos(),rsin()) = CES

(1 + cos(20), sin(20)>.
If r > 1, G # 0 and so we can take the loop 7,(0) = (r cos(6), rsin(f)), where
Wind(@o%) Wmd( + cos(20), sin(29)) =

Now suppose F : 5> — R? is a vector field tangent to S* such that F(0,0,1) = F(0,0,1) =
(1,0,0). Then (F-F): S?2 — R is a continuous function such that (F - F)(0,0,1) = 1. So by
continuity there is a nelghbourhood U of (0,0,1) such that F - F >0 on U. We can also take U
such that F- F and F - F are strictly positive on U. Hence the convex combination ¢tF + (1 —t)F
will have no zeros on U for all ¢ € [0, 1].

Considering the transformed vector fields G' and G on R, tG + (1 — t)@ is a vector field on R?
that contains no zeros in o¢(U) C R?. Because U is a neighbourhood of the north pole, o(U)
is a neighbourhood of infinity (in the one—point compactification) and we can take a sufficiently
large R such that (u,v) € o(U) for all u> +v> > R. In particular G(R cos(8), Rsin(0)) and
G(Rcos(f), Rsin(f)) are non-vanishing loops in R2\{0}. We have already seen that Wind(G) = 2.
Furthermore (1-t)G+ tG gives a homotopy between G and G hence Wlnd(G) = 2. Applying
Lemma {4.5.4) G has a zero inside B(0; R) and so F must have a zero in o~ !(B(0; R)).

Now take an arbitrary tangent vector field H : S? — R3. If H(0,0,1) = 0, then H has a zero.
Otherwise, take a rotation T': R* — R3 such that T(H(0,0,1)) = (¢,0,0) with ¢ # 0. Applying
the previous paragraph, the transformed vector field %T o FoT~! has a zero. Because rotations
are homeomorphisms, it follows that F must have a zero. ]

What is interesting about the proof of the above result is that it mostly relied on our knowledge that
71(S1) = Z via the winding number, despite being a result about higher dimensional spaces.
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5 Elements of algebraic topology

In the previous section, we associated a group 71 (X) to a topological space. We also showed that if we
can compute 71(X) in a few cases, we can potentially learn many non-trivial facts about topological
spaces. In this section, we continue this train of thought and consider algebraic objects that can be
associated to topological spaces.

5.1 Homotopy groups

In the previous chapter, we investigated the set [(5’1, (1,0), (X, :):0)] = (X, zg), which can be given
the structure of a group. There is an obvious generalisation, where for n > 2 we let N be the north
pole of S™ and define 7, (X, z9) = [(S™, N), (X, z0)]. We can import many of the ideas from our study
of m1(X, zp) to the higher dimensional setting.

Let us first consider n = 0 and S° = {—1, 1}, which has different behaviour to the other degrees. In
particular any element

(1€ [(8°1), (X z0)] = {f : {-L,1} = X | f(1) =20} /~n

is entirely determined by f(—1) as f(1) is fixed. Note that because S° is discrete, any function
f: 5% = X is continuous.

Proposition 5.1.1. Let (X,T) be a topological space. There is a bijection between the set of
path components of X and my(X).

Proof. Two functions f,g : {—1,1} — X are pointed homotopic with f(1) = g(1) = zo if and
only if f(—1) ~, g(—1). Hence [f] = [g] if and only if g(—1) € C’}’(il), the path connected
component of f(—1). Hence we have a well-defined and injective map

mo(X) 3 [f] = CF_yy € X/~

(_

The map is surjective as given z € X, we can define f(—1) = z, f(1) = zp which will map to
Cy. O

On the other hand, because S° is disconnected, we can not give mo(X) a group structure in general.
Indeed, there is no obvious way to compose or invert path connected components of a space.

Let us now move on to 7, (X, zg) for n > 2. Like we did for 71, we will use a presentation of S™ as a
quotient of a closed product of intervals,

m=10,1",  S"~I1"/3I"

Hence we think of an element (t1,...,t,) € S™ as t1,...,t, € [0, 1] and where we identify all boundary
points

(0,t2, ... tn) ~ (L, ta, ..., tn) ~ (t0,0,...,tn) ~ (to,1,...,tn) ~ ...~ (to,- .-, tn—1,0) ~ (t1,.. ., tn_1,1).

Note that because I and S™ is path connected, any two paths in I"™ and S™ with fixed endpoints will
be homotopic (with fixed endpoints). This will give us flexibility to construct products and inverses
in 7, (X, zp). Indeed, it will allow us to focus on one variable ¢; for concatenation and reverse paths.

If o, B € (X, zg), we therefore define

Oéi(tl, oo ,tn) = a(l —t1,t9,... 7tn)-

21, ta, ... tn), t € [0, 3],
Q#B(tla...7tn)_{a( Lotz s fn) el i]

B2ty — 1,te,...,ty), t1 € [%, ],
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That is, we concatenate and reverse in the first variable and leave the others fixed. This will allow us
to mimic what we did for the case of 71 for more general n. For n = 2, we can visually represent the
product by considering a function «, 3 : [0,1] x [0,1] — X with all boundary points sent to x. Then,
the concatenation can be geometrically seen as follows:

o

to | Xo o 15} Zo

o

~

3]

Note that the concatenation takes value xg along the center vertical line as well.

Theorem 5.1.2. Forn > 1, m (X, zg) can be given the structure of a group with identity e = 7y,

with Vg, (t1, ..., tn) = xo and operations

[o] «[6] = [a#B], [ =[a7].

Proof. By working with t; and keeping (to,...,t,) fixed, we can basically repeat the proof of

Theorem ~Without any problems. For example, The proof that o ~;° & and 8 ~}° 3 implies
a#fp ~;° a#PB and o~ ~;° @~ is the same as 7. Namely, if F' and G are the homotopies, we

take

F(Ztl,tg,...,tn,s), t1 € [0,
G(2t1 = 1,t2,...,tn,8), t1 € [
F~(t1,...,tn,s) = a(l —t1,te, ..., ty,s).

(F#G)(tl,...,tn,s) = { %-]7

]7

)

D=

Similarly for the product, a#(8#7)(t1,- .., tn) = (a#8)#v(g(t1, ..., tn)), where

(5t1,t2, - s tn), tr € [0, 3],
g:In%Ina g(t): (tl_iat%"'vtn)y l1 € [%7%])
(2t1 — Lito, ..., ta), t1€[3,1].
and a o g ~° « for such a g. Thus the product is well-defined.
Still following Theorem we can write
07 t) € [07 %]7
t, .. tn) = Bog(t,. ... tn), t) =
Yo F#B (T n) = Bog(ts n) g9(t) {(Qtl Lty tn), ti€ [%71],

and [yz,#08] = [B]. A similar argument will show that [8#7.,] = [3]. Hence [vs,] acts as the
group identity under concatenation of loops.
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Lastly, we check that [a] * [a7] = [a#a ™| = [Vz,)- To do this we define the homotopy

a2ty ta, ... 1), t1€[0,%],
F:InX[O,l]—>X7 F<t17"'7tn73): (X(S,tz,...,tn), t1€[%71—%]7
(2 — 2y, tg,...,t), t1€[1—%5,1].

That is, as = F'(+, s) describes a function where we move along « at double speed until time s/2,
rest until time 1—s/2 and then return along a~ at double speed. By construction F' is continuous
and ag(t) = a(0) = xg = Yz, (t). We also find that

2t1,ta, ... tn), t1 € [0, 1],
( 1,02 n) 1 [ i] :Oé#a_(tl,...,tn),

(6]
Q... ta) = F(ts, ... tn,1) =
181, s tn) = Fly- oy 1) {M2—%hm,“¢@% ty € [L,1]

which shows [a] * [a~] is the identity. A similar argument shows [a ] * [a] = [Va,]- O

The groups {m, (X, o) }n>1 are called the homotopy groups of the space X. While their construction
is very analogous to the fundamental group, the higher homotopy groups have some properties that
the fundamental group does not.

Theorem 5.1.3. The homotopy group m,(X,xg) is abelian when n > 2.

Proof. We first consider the case n = 2 and the ‘geometric idea’. Namely, the second variable

to will no longer be passive and we can use it to slide v and § past each other. The basic idea is
as follows:

1. Replace a#p with (a#v0)#(v0#5) where we concatenate with ~o in the second variable
(we can do this via a homotopy),

2. Slide a#~y and y#[ past each other (using the first variable),
3. Return (yo#08)#(a#0) to S#a.

Diagramatically, this can be seen by the following steps

o 15} B8 o)

For step 2 to step 3, we shrink xy on the top-left corner, while adding x¢ in the top right corner.
We also shrink z( in the bottom-right corner while adding x¢ in the bottom-left corner.

To prove the result in n > 3 we do the same steps as n = 2 and leave the remaining variables
(t3,...,tp) fixed. O

We also consider the functorial and homotopy invariance properties of the homotopy groups. The
proof is the same as the case of the fundamental group.
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Theorem 5.1.4. Let (X, T) be a topological space and xo € X. Then for alln > 1:
1. If x1 € C3,, the path connected component of x1, then mn(X, 1) = m,(X, 21).
2. If f: C’((X, x0), (Y, yo)), then there is an induced group homomorphism
fi (X, m0) = m(X,20),  ma(le]) = [foal.

If g € C((Y,%0),(Z, 20)), then (go f)s = gs © fu.

3. If f : C(X,Y) is a homotopy equivalence, then the induced map fi« : m(X,zo) —
(Y, f(x0)) is a group isomorphism.

Exercise 5.1. If f,g: C((X, xo), (Y, yo)) are homotopic with basepoint fixed, show that f, = g..

Example 5.1.5 (Homtotopy groups of S'). We have already seen that mo(S') = {xo} (path

connected) and 71 (S1) 2 Z by the winding number. We now claim that 7, (S') = {e} if n > 2.
First consider n = 2 and a continuous map f : I? — S! such that f(t1,t2) = (1,0) for all
(t1,t2) € OI%. By the homotopy lifting theorem (Theorem , we have a map f : I? — R.
Considering the fibre at the base point f(t1,t2) € Z for all (t1,t3) € dI%. On the other hand,
dI? is connected, so f(t1,t2) must be constant for all (t1,t3) € 8I%. Because R is convex, we
can homotopy f to g(t1,t2) = f(0,0) € Z. Composing this homotopy with the covering map
p:R — S we get a homotopy from f to a constant map, which must therefore be the map ~,,.
This shows that 7m2(S!) is trivial. For higher dimensions, we can apply the same argument and
leave (t3,...,t,) fixed to show that m,(S!) = {e} for all n > 2.

Let us now consider the homotopy groups of higher dimensional spheres. We will not prove the
following result, though will make some comments.

Theorem 5.1.6. For anyn > 1, m;(S™) = {e} fori <n and m,(S™) = Z.

Example[5.1.5| may lead one to think that m,,;(S™) is trivial for n > 2 and k > 1, but this is not true.

Example 5.1.7 (The Hopf fibration). We construct a continuous and non-contractible map

H : 5% — 52 We use the presentation of S% as unit vectors (1,9, z3,24) € R We can then
identify R* 22 C? via z; = 21 +ix2 and 29 = x3+izs. Hence S ~ {(21,22) € C?| |22+ |z = 1}.
We then define the map

o 0
H:S5 - CuU{o0}, H(zl,z’g):{ZZ’ 270,
oo, 22 =0.

Because C U {00} ~ (C)T ~ (R?)T ~ S2, we therefore have a (continuous) map H : 3 — S2. It
is an exercise to show that, for z € C U {oc}, H 1(2) = Z. This can then be used to show that
[H] # [yn] € m3(S?) and, furthermore, 73(S?) & Z.

The question of computing 7,1 £(S™) for k > 1 is in general extremely difficult and many higher order
homotopy groups of spheres are still unknown. So while the homotopy groups of a space 7, (X, z¢) are
relatively easy to define, they are not always so easy to compute (and often are quite difficult). This
is one reason why we often consider other so-called homology theories of topological spaces, which
also associate (generally abelian) groups to topological spaces. The definition of these alternative
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homology theories are more involved, but often come with more properties that allow us to compute
the groups associated to the topological space of interest.

Lastly, we will say a few words about the isomorphism 7, (S™) = Z. Given any function f € C(S", S™),
the integer deg(f) € Z that corresponds to [f] € m,(S™) = Z is called the degree of the map f.

We would like an explicit expression for deg(f). This is not so easy for an arbitrary continuous function
f: 8™ — S™ but it is possible if we instead consider differentiable or smooth (infinitely differentiable)
functions. This can be done if we import a little technology from differential geometry.

Lemma 5.1.8. The set C*°(S™,S™) of smooth functions is dense in C(S™,S™). Furthermore
for any f € C(S™,S™), there is some g € C*°(S™,S™) such that f ~p, g in C(S™, S™).

Proof (Sketch). Because S™ is compact and Hausdorff, C(S™, S™) is a metric space with d( f1, f2) =
sup,egn dsn (f1(x), f2(x)). Then a more involved version of the Stone-Weierstrass Approximation
Theorem will give a sequence g, € C*°(S™, S™) with g, — f. Given the smooth function g,, with
n sufficiently large, we can then take the homotopy

(1 = )f(z) + tga(2) -
[(T=0)f(@) + ton(@

FeC(S™"x|[0,1],8™), F(x,t) =

Using the previous lemma, let us now assume that f : S™ — S§” is smooth. We can naturally embed
Snc RVHL

Treating f as a vector field in R®™!, we can compute the Jacobian matrix 7, +(p) for any x € S™. We
say that p is non-singular if det (J(p)) # 0 and orientation preserving/reversing if det (J¢(p)) is
strictly positive/strictly negative. We say that p is a singular point if det (.7 f(p)) = 0. Considering
the image, q € S™ is a non-critical point if every point in f~!(q) is non-singular (otherwise we say
that q is a critical point).

Lemma 5.1.9 (Sard’s Theorem). If f € C*°(S™,S™), then the set of non-critical points for f

is open and dense in S™.

Theorem 5.1.10. Let f € C>*(S™,8") and Xy = {q € S™ non-critical for f}. Then, for
q € Xy, the integer
{p € (@) | det(T;(p)) > 0}| — [{p € £~ (@) | det(T(p)) < 0}] € Z

is constant on Xy. Furthermore, this integer computes the value deg(f) under the isomorphism

mn(S™) = Z.

To more easily access tools from several variable calculus, let us extend f to a function

frsms R0} F60 = Ikl ()

[l

Because f is smooth, so is f . The extension f will map the sphere of radius R to itself. We can also
compute the degree via the extended function f : S™ — R*™1\ {0}.

Theorem 5.1.11. Let f € C°°(S™,S™). Then the integral

o5 L 4t (500) av = s,

where AV is the n-dimensional Euclidean volume and Vol(S™) = [g, dV.
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Figure 7: Simplicial complexes that are homeomorphic to S!, a solid square and an annulus [2, p117].

We will not prove either of the two theorems above (though it is not so difficult to prove in the case
d = 1 at least). Unlike the abstract definition of deg(f) in terms of homotopy groups, the formulas
above are much easier to compute in practice as we can use techniques from differential calculus.
This idea persists in more general algebraic topology: we are interested in defining purely topological
quantities, but often want to find representatives involving differentiable/smooth quantities which are
amenable to computation (e.g. de Rham cohomology). A classic (advanced) book on this subject is

.

5.2 Simiplicial Complexes and the Euler characteristic

The Euler characteristic plays an analogous role to ‘counting the number of holes’ in a topological
space. So we expect to be able to use it to distinguish between different topological spaces. The Euler
characteristic is not a group, but is simply a number (an integer). This means that finding the Euler
characteristic of spaces X and Y is in principle much easier than finding [X, Y] for example.

On the other hand, to compute the Euler characteristics, we need to be able to decompose a space into
0-dimensional, 1-dimensional, 2-dimensional pieces et cetera. We also need a systematic procedure
to construct spaces from this basic data. Hence we first restrict our attention to a particularly nice
sub-class of topological spaces, simplicial complexes, which are embedded within Euclidean space R™.

Roughly speaking, a simplicial complex is a space that is built from points, lines and triangles (and
higher-dimensional versions). For example, to build something one-dimensional, we take two points
vo and v; (0-dimensional) and the straight line between them (convex set containing vy and v;). To
build something two dimensional, we combine one-dimensional lines and enclose a region.

On the other hand, some care is needed to make this procedure systematic. If we take points
Vg, U1, V2, v3 along the same line, then joining this line will not increase our dimension. Hence we
need to choose points vg, v1, ..., v € R™ such that

V1 — Yo, V2 — V1, ceey Vi — Vk—1
are all linearly independent. Then the convex subspace Vi that contains vg,v1,...,v; will be k-
dimensional.
Definition 5.2.1 (k-simplex). Let vg,...,vr € R™ be such that v; — vg,ve — v1, ...,V — Vk_1
are linearly independent. A k-simplex is the smallest convex subset containing wvg,v1, ..., V.

Specifically, we write
[’UQ,...,U}C} = {to’[)g—i—...-f—tkvk e R"” | to,...,tk € [0,1] such that tg + ...t = 1}

The points v, ... vy are the called vertices of the k-simplex. The coefficients tg, ..., ¢ € [0, 1] are
called the barycentric coordinates of the point Z?:o tjv; € [vo,. .., Ukl
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Examples 5.2.2. 1. A 0O-simplex [vp] is the singleton {vg} C R™,
2. A 1-simplex [vg, v1] is the (closed) line segment that joints vy and v;.
3. A 2-simplex [vg, v1,v2] is a (filled-in) triangle with vertices vy, v1, vo.
4. A 3-simplex [vg, v1,v2, v3] is a tetrahedron with vertices vg, v1, v, vs.
If [vg, ..., vg] is a k-simplex, then we can take vj,...,v; from this generating set of vertices to form

an [-simplex, which we call a subsimplex. If [ = (k — 1), then we call the subsimplex [vj,...,v;, ,] a
face. Any k-simplex has k + 1 faces and 251 — 1 subsimplices.

Example 5.2.3. A 2-simplex (triangle) [vg,v1, v2] has three faces: [vg, v1], [vo,v2] and [vy, vo]

(the sides), and three 0-subsimplices [vg], [v1] and [ve] (the corners)

The boundary of a k-simplex is the union of its faces and, for k > 0, the interior is the complement of
the boundary. The interior of a 0-simplex [v] is the whole O-simplex (which is a point). We also use
the terminology simplex to denote a k-simplex of any k.

Definition 5.2.4 (Simplicial complex). A simplicial complex is a subset K C R™ and finite

collection of simplices such that:

1. The set K the union of the collection of simplices. Furthermore, each point in K lies in the
interior of only one simplex.

2. The face of every simplex in the collection is also in the collection.

If K has a k-simplex and no n-simplices for n > k, we say that K is a k-dimensional simplicial
complex.

aN
A

A 3-dimensional simplicial complex, from Wikipedial.

The written definition of a simplicial complex is a little difficult to absorb. But the key point is that
a simplicial complex is a union of simplices which are disjoint or intersect along a face or subsimplex.
Note that any simplex is compact and hence any simplicial complex is compact.

Proposition 5.2.5. Let K be a simplicial complex which includes the simplices S and T'. Then
SNT is either empty or a subsimplex of S and T'.


https://en.wikipedia.org/wiki/Simplicial_complex

Proof. We suppose that S is an i-simplex and 7T is a j-simplex. We will prove the result via

induction on ¢+ 5. If i+ 7 = 0, then both S and T are O-simplices, i.e. points. Either these points
coincide and S = T or they are different points and SNT = ().

Suppose now the result holds for ¢ + j < n. If SN T is non-empty, then any point x € SNT
must be in on the boundary of S or T" as x € K and can not lie in the interior of two simplices.
If x,y € SNT, then (1 —t)xz+ty € SNT as both S and T are convex. So if, for example, z is in
the interior of S and ¥ is in the interior of T, then the midpoint %(x +y) will be in the interior of
both S and T, which contradicts the definition of a simplicial complex. Hence S N 7T is either in
the boundary of S or the boundary of T. We suppose S NT C 0T with 0T a union of the faces
of T.

We claim that S NT must lie within one of the faces of 1. To see this, suppose z,y € SNT

with € [vg, -+ ,vk], y € [wo, ..., wn] and vy,..., Vg, wo, ..., wy vertices of T. If T has a vertex
outside of the set {v1,...,vg, wo,...,wy}, then z and y are in the face of T that omits this
vertex. On the other hand, if {vy,..., v, wo, ..., wy} are all the vertices of T', then we relabel as
20,...,2j and x = tozo + ...+ t;z; and y = 5020 + ...s;j2;. Then the midpoint

x+y to+so tj+ s;
5 = 5 20+ ...+ 9

j

is non-zero and so lies in the interior of 7'. But %(x +y) also lies in SNT', which is a contradiction.
This proves the claim.

Because SNT is contained in a face of T', it is an intersection of an i-simplex with a (j —1)-simplex.
By the inductive hypothesis, S N7 is a subsimplex of S and the the relevant face of T', which
is already a subsimplex of T" by the definition of simplicial complexes. This shows the result for
i+7=n. O

Now that we have defined simplicial complexes, spaces built from k-simplices, we can associate a
number that comes from the data used to construct the space.

Definition 5.2.6. Let T be a n-dimensional simplicial complex. For each 0 < k < n, let i

denote the number of k-simplices in T'. The Euler characteristic of T is then defined as

n
X(T) =do—ir+ig— ...+ (—1)"in = > (~1)Fif € Z.
k=0

Examples 5.2.7. Trivially, we see that any point {vg} has Euler characteristic 1. Let’s consider

the simplicial complexes from Figure [7]

1. The simplicial circle (triangle) as three 0-simplices and three 1-simplices. Hence the Euler
characteristic is 3 — 3 = 0.

2. The simplicial square has four O-simplicies, five 1-simplices and two 2-simplices. Hence
x=4-5+2=1.

3. The simplicial annulus has six 0-simplices, twelve 1-simplices and six 2-simplices. Therefore
x=6—12+6=0.

We would like to extend the definition of Euler characteristic to more general topological spaces. We
do this by considering spaces which topologically admit a description as a simplicial complex.
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Definition 5.2.8. A trianglulation of a space (X,7) is a simplicial complex K and a homeo-

morphism f : X = K. If X has a triangulation, then we define y(X) = x(K).

Examples 5.2.9. 1. We can triangulate S! via three l-simplices joined at the three 0-
simplices (a triangle). Then the Euler number x(S!) =3 -3 = 0.

2. The circle S! is also homeomorphic to the unit square with vertices (+1,+1) and (£1, F1).
This is a simplicial complex with four 1-simplices and four O-simplices. Hence x(S!) =
4—-4=0.

3. We can triangulate S? as a hollow tetrahedron. Hence it is determined by four 2-simplices,
six 1-simplices and four O-simplices. Thus x(5?) =4 —6+4 = 2.

We saw in the examples above that different triangulations give the same Euler characteristic. Cer-
tainly this would be a problem if this did not happen. This is a very special case of a much more
general result, whose proof is beyond the scope of this course.

Theorem 5.2.10. If X and Y are homotopy equivalent topological spaces which admit triangu-
lations, then x(X) = x(Y).

Corollary 5.2.11. If X and Y are topological spaces which admit triangulations with x(X) #
x(Y), then X is not homotopic to Y.

We can use this result to rigorously show that S? is not homotopic (let alone homeomorphic) to a
torus T2. Similarly, any space X with y(X) # 1 is not contractible. Hence we can learn a lot about
a space by taking a triangulation and then computing its Euler characteristic.

The Euler characteristic also plays a key role in the classification of surfaces, Hausdorftf topological
spaces X such that for every x € X there is an open neighbourhood x € U € T and a homeomorphism
from U to an open ball in R?. The sphere, torus and Klein bottle are all examples of surfaces.

Theorem 5.2.12 (Classification of surfaces). Let S and T be surfaces that admit triangulations.

Then S is homeomorphic to T if and only if x(S) = x(T) and S and T are both orientable/non-
orientable.

A proof can be found in [5, Chapter 1], for example.
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A Relations and equivalence relations

Given z,y € R, we have various ways to understand x in relation to y. For example z =y, z < y,
x > y etc. Relations abstractify this process to allow us to compare elements in arbitrary sets.

Definition A.0.1. Let A be a set. A relation R on A is a subset R C A x A.

We write 2Ry to denote the element (x,y) € R C A x A. Note that the order is important. As xRy
does not imply that yRzx.

Example A.0.2. 1. The equality = defines a relation R—{(xz,y) € A x A | = = y}. So
R_ ={(z,z) |z € A}.

2. For A =R, > gives the relation R~ = {(z,y) € R? | z > y}. In particular z > y guarantees

that y < x is false.

Example A.0.3. Let A denote the set of all people on Earth. We define three relations on A,

D ={(z,y) € Ax A|zis a descendent of y} C A x A,
B= {(3:, y) € A x A |z has an ancestor who is also an ancestor of y},

S = {(:U, y) € A x A| z and y have the same parents}.

Given people x and y, we have that x Dy if x is a descendent of y, x By if x and y are blood-related
and xSy if z and y are siblings. Note that £ Dy implies that £ By and xSy implies that £ By. On
the other hand, Sy implies that x Dy is false.

Example A.0.4. Let G be the set of groceries that I buy from the supermarket. Different

groceries are stored in different rooms (food is stored in the kitchen, detergent is stored in the
laundry, shampoo is stored in the bathroom, ...). So we define a relation

R ={(z,y) € G x G | z and y are stored in the same room}.

We see that xRy implies that yRx are they are stored in the same room.

Example A.0.5. Let A be a set and P(A) = {B C A} the set of all subsets. We define a

relation via inclusion,

R={(B,C) € P(A)| BC C} C P(A) x P(A).

Definition A.0.6. Let A be a set and R C A x A a relation on A.

1. We say R is reflexive if xRz for all x € A.
2. We say that R is symmetric if x Ry implies that yRx.
3. We say that R is antisymmetric if x Ry and y Rz implies that x = y.

4. We that that R is transitive if x Ry and yRz implies that xRz.

On the set R, = is reflexive, symmetric and transitive. On the other hand < is reflexive, antisymmetric
and transitive. The relation R C P(A) x P(A) is reflexive, antisymmetric and transitive.
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Example A.0.7. Let us return to the relations D, B and S on A x A from Example[A.0.3] Then

D is transitive but not symmetric or reflexive, B is reflexive and symmetric but not transitive
(for example, a father is blood-related to their children, who are blood-related to their mother,
but the father is (ideally) not blood-related to their mother). The sibling relation S is reflexive,

symmetric and transitive.

Definition A.0.8. An equivalence relation on A is a relation R C A x A that is reflexive,

symmetric and transitive. If R is an equivalence relation and = € A,
[z] = {y € A| 2Ry}
denotes the equivalence class at x.

From our examples S C A x A and R C G x G are equivalence relations. Considering the sibling
relation and = € A, [z] denotes the set of all siblings of z. If g € G, then [g] will be the set of all
groceries that are stored in the same room as g.

One reason we like equivalence relations is the following.

Proposition A.0.9. Let A be a set and R an equivalence relation on A, then there is a partition

of A into equivalence classes of R,

A=l [:cmy]z{[”””]’ =Ry,

seA 0, otherwise.

Proof. Because R is transitive, z € [z] for all z € A and so A = |J,[z]. Suppose now that
z € [z] N [y]. By definition zRx and 2Ry, so xRy by transitivity. So if 2/ € [z], then 2’ Rz and
'Ry (as zRy), which implies that ' € [y]. Hence [z] C [y] and the same argument will show
[y] C [z]. Thus if [z] N [y] # 0, it must follow that [x] = [y] as required. O

The equality A = [J, 4[2] is an example of a partition, a decomposition of a set into pairwise disjoint
subsets. The benefit is that it takes a potentially large set A and reduces it into smaller components

[z].
Example A.0.10. The grocery equivalence relation R C G x G will decompose G into a union of

products that all go in the same room (bathroom products, kitchen products, bedroom products
etc.). The sibling relation S C A x A decomposes the total population into groups of siblings.

Definition A.0.11. A reflexive and transitive relation R C A x A is called a preorder of a set.

A directed set is a set I with a preorder R C I x I such that for any x,y € I there is some ¢ € [
such that zRc and yRc.

Examples A.0.12. 1. For any set A, the power set P(A) is a directed set via the relation by
partial inclusion BRC' if B C C'if B C C. Indeed, B C A and C C A for all B,C € P(A).

2. If X C Ris closed, we can define a directed set via the relation xRy if ¢ < y. Furthermore,
x has some maximal element Ty € X with x < zax for all z € X (note that we needed

X closed to guarantee this).

If X is a set and [ is a directed set, then a net in X is a function f : I — X, where we typically write
f(a) =z, for a € I. See Remark for more about nets.
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