Lecture /

Chapter 2: Dynamic Optimization
Part Il: Infinite Horizon
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General Finite-Horizon Model

* ThereareT + 1 periods:t =0,1,2,...,T.

* You should go back to the two-period model
(lecture 6) whenever you are stuck.

* The household’s budget in period t is
Yt = Ct + St

* Asset accumulates according to
arrq = R(a; + s¢)
= R(a; +y: — ¢¢)

* Divide both sides to obtain

Ay + Yy = C¢ +Eat+1




General Finite-Horizon Model

* In period 0,
1

Ag + Yo =Co T =a
o0 T Yo 0 Tt

e Substitute the period-1 constraint into above to

eliminate a,:
Y1 €1 4
ag + Vo +—R = (g +—R +_R2

e Substitute the period-2 constraint into above to

eliminate a,:
Yi V2 ¢1 €2 43z
ag + Vo +E+ﬁ=co +E+R2 +R3




General Finite-Horizon Model

* Continue this forTT times tTo finally obtain

YVt Ct  A4r41
Gt ) o= /) pt T Tl
t=0 t=0
* As in our previous class, we obtain the No-Ponzi-
Game condition as

ar+p 20




General Finite-Horizon Model

* The household’s problem is wrltten as

p MK, z Bru(ce)

subjectto
1
At + Ve = C¢ + Eat+1 fOI‘ t = 0,1, o T
ar+q 20

-+« Remember that the initial wealth ay cannot be
chosen. Likewise, in any period t, the household
can only choose a;. .



General Finite-Horizon Model

* Let A; be the multipliers. Then the Lagrangian is

1
L= z Btu(c,) + Z A¢ [at T Y — Eatﬂ

+AT+1aT+1
* Note that there are T + 1 budget constraints.
* What are the FOCs?



General Finite-Horizon Model

* FOCs are:
¢ s Bu'(c) — A =0

*
.

Arqqi _AtE_I_ Apy1 =0
....... 1
Aerar+y: = +Eat+1

KKT : aryq 2 0,Ar41 2 0,A74q9ar41 =0
* Go back to lecture 6 whenever necessary.

* For the same reasoning as the one we studied last
week, we obtain ar,; = 0 from the KKT condition.



General Finite-Horizon Model

* Eliminate the multipliers to obtain

. u'(ct)
Euler equation : —— =R
fu (Ct+1)T T
Budget constraint : o + Y b= Y —-
udget constraint : a, = )t
t=0 t=0

e Thereare T + 1 equationsin T 4+ 1 unknowns.

* We can solve the system just as in the two-period
model.



Example

* Let us explicitly solve the model.

e Utility functionis u(c) = Inc.

* Further, we assume ay = 0, T = 30, and SR = 1.
* Let f = 0.99.

* [Income satisfies
(10 fort =0, ... 10

y: =1 20fort =11,..20
_ Ofort = 21,...30




Example

* The Euler equation (with SR = 1) implies
Ct+1 = e = C

* The mtertemporal budget constralnt implies
Ve _ z 20 B ye
Rt Olgt

9,0.99t10 + X120, 09920 + 0 275.9

339.0.99¢ 26.8




Example

* The budget constraint for t = 0 implies
ag+Yo= ¢ + f ay
o  I0 1073 0799

e Thus,

. ao +y0 _CO _ 10_103

T ~ 7 0.99

* This process will generate a sequence of a;. ;.

= —0.31

* Matlab (Octave) code is available for download at
NUCT.

* File name is “Finite.m”
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Infinite-Horizon Model

* Almost every macro model has infinite horizon.
* The household’s problem is written as

max i Bru(c,)

{Ct}(t)ozo»{at+1}(t>o=0 =5

subject to

1
At + Ve = C¢ + Eat+1 fOI‘ t = 0,1,

* There is no terminal period.



Infinite-Horizon Model

* The intertemporal budget constraint for the general
finite-horizon model is

T T
Yt Ct  Ar41
Aot ) ot = Z7+Rr+1
t=0 t=0
e letT > oo to ogtain oo
Yt Ct .4
Gt ) Rt LRt R

t=0 t=0
* |s it optimal to choose lim a—i to be positive?

t—ooo R



Infinite-Horizon Model

Proposition: Optimal allocation satisfies

Proof)

Let {c,, 1, ... },1a], a3, ... } denote the optimal
allocation. Suppose that the optimal allocation

. . . a
satisfies lim —’; = &> 0.
tooo R

(Our strategy is to show that this statement is
contradictory.)



Proof) Continued

e Consider an alternative allocation
e N * ! !
{CO +€, Cl’ Cz, }, {al, az, }
* Consumption path of this allocation is exactly the

same as the optimal allocation except for t = 0.
* The first-period consumption ¢} = ¢y + € is increased by

& = lim a—i Then back to the optimal path fromt =1

t—oo

e Such a deviation should not be feasible.

* In period t = 0, the budget constraint implies
1
a, + vy, =cf§+£+§a1



Proof) Continued

e Thus,

a; = R(ag +yo — g — &)
R(ag +yo — cg) — Re
a; — Re

e Similarly, in period 1, the budget constraint implies

1
a; +y; =CI+EC"2

* Note that in period t = 1, consumption is c;.

* However, a, cannot be a; because a;j is smaller
than aj. In fact, a; = aj — Re.



Proof) Continued

* From the period-1 budget constraint,
a; = R(a; +y, — ¢1)
= R(a} —Re+y; —c})
— a; — Rzg

* Repeating this process, we obtain
a, = a; — R's

e Thus,

! *

I t I a; — R'e I At
Im—= I1lm = 11im —-—-—£&
t—> o0 Rt t— o0 Rt t— o0 Rt
—c—c=1(




Proof) Continued

* This means that the initial increase in consumption
by € = lim a—i was feasible after all.

t—ooo R

* The alternative allocation c; does not violate any
budget constraint, yet this is strictly better than the
“optimal allocation”.

* This is a contradiction.

* Thus, lim ZL = 0 must hold at the optimal

t.—>oo Rt _
allocation, as claimed.

* End of the proof.



Infinite-Horizon Model

* Let A; be the multipliers. Then the Lagrangian is

0.0) 0.0) 1
L= Z,Btu(ct) +ZAt [at T Ve —Ct — 7 G+
t=0 t=0

* There is an infinity of budget constraints.
* What are the FOCs?




Infinite-Horizon Model

* FOCs are straightforward:
¢, : ffu'(c,) — A, =0 fort =0,1,2, ...
Apyq ° —At%+ A;yqy =0fort =0,1,2, ...
A tap +y =cp + %atﬂ fort =0,1,2, ...
* The second FOC, A;, 1 = (%) A¢, is a simple

difference equation, and the solution is
1\" 1

A = (E) Ao = zeho



Infinite-Horizon Model

* Consider A; = %AO.

* Substitute Ay, = u’'(cy) (FOC at t = 0) into above:

At Rtu (CO)
e Thus,
li at—O@l Ay =0
t5 e R toeo 1l "(cp)

e Because u'(cy) > 0,
lim Ara; =0

t— oo



Transversality Condition

At

* Thus, lim —
R

t—o oo

= 0 is equivalent to lim A;a; = 0.

t—o oo

* Also, notice that the Lagrangian for the finite-horizon
problem:

T T
1
L= Z,Btu(ct) +zAt [at T Y — Ct _Eatﬂl
t=0 —0

--------------
u® "y
v,

TAT+17 41

* If we take the limit of KKT condition as T — oo, then we
obtain the same condition, l}im Aea; = 0.
—00

* lim A;a; = 0is known as the transversality condition.

t—o oo



Infinite-Horizon Model

* Theorem: The solution to an infinite-horizon
optimization problem is given by the sequence
satisfying:

1. The budget constraints,
2. The Euler equations,
3. The transversality condition (TVC).



Infinite-Horizon Model

* Given the theorem, let us redo the problem

max _ Z,Btu(ct)

{Ct}(t)ozo»{at+1}t 0 =

subject to

1
at +yt — Ct +Eat+1 fOl‘t —_ O

* The Lagranglan IS

1
L= z Btu(c,) + Z A¢ [at T Y — Eatﬂ



Infinite-Horizon Model

* FOCs are :
Ct - ,Btu’(Ct) — At = ( fOI‘ t = 0,1,2,
1

Aryq - _AtE + At+1 = ( fOI‘ t = 0,1,2,
1

Aerag+y =c¢ + & At+1 fort =0,1,2, ...

TVC : llm Atat =(

t— oo



Infinite-Horizon Model

* Thus, the optimal allocation satisfies:

1. The budget constraints:

1
At + Ve = C¢ + ﬁat+1 fOI‘ t = 0,1,2,

2. The Euler equation:

u'(c
,( ) _ R fort = 0,1,2, ...
pu'(ces1)

3. The transversality condition:
llm Atat —_ 0

t— oo




Infinite-Horizon Model

* Notice that the first-order conditions are given by a
system of nonlinear difference equations.

* Thus, we must solve a system of difference
equations to find the optimal allocation.



Current-Value Form

* Define A; = ﬁ

* Then, We can rewrite the Lagrangian as

L= z Bru(ce) + Z Ay [at T Ve — %at+1]

t50

— Z(; Bt {U(Ct) + A [at HECGEE %atﬂp

* The latter form of the Lagrangian is referred to as
the current-value form.



Current-Value Form

* FOCs from the current value form are :
¢, :u'(ce)—A, =0 fort =0,1,2, ...

LN ]

. L]
.

“

1 e
Aryq - _AtE +ﬁﬂt+1 = ( fOI‘ t = 0,1,2,

At - At + Ve = Ct +Eat+1 fOI‘ t = 0,1,2,

sENy
* Yo

S .
.
®agant

* FOCs from the current-value form are autonomous

difference equations.




Example

* Consider the foIIowmg infinite-horizon problem:

1+u
max z “f1nc, —
(cIRolacs1} 0 g ( 1+ u)

subjecttoayg = 0 and

a; +wihy = ¢ +Eat+1 fort =0 ...

* u > 0is a parameter.
* The sequence of wage rates {w; };2, is exogeneous.
* Assume SR = 1.



Example

a) Find the optimal consumption.
b) Find the optimal labor supply.

c) Compute the wage elasticity of labor supply. That
IS,
dh; w;
dw; h;
d) Compute the wage elasticity of labor supply by

keeping the Lagrange multiplier constant. This
elasticity is often called the Frisch elasticity.




