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Part V: Nonlinear Systems
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Nonlinear Systems

• Consider:
𝑥!"# = 𝑥! − 𝛼𝑥!𝑦!
𝑦!"# = 𝑦! + 𝛼𝑥!𝑦! − 𝛽𝑦!

• This is an example of a nonlinear system.
• We shall come back to this system later.

• We can generally describe the system as

(
𝑥!"# = 𝑓(𝑥! , 𝑦!)
𝑦!"# = 𝑔(𝑥! , 𝑦!)
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Nonlinear Systems

• Consider a two-dimensional nonlinear system:

(
𝑥!"# = 𝑓(𝑥! , 𝑦!)
𝑦!"# = 𝑔(𝑥! , 𝑦!)

• Steps:
1. Find all steady states.
2. Pick one steady state.
3. Linearize the system around the steady state.
4. Study the linearized system.

• Referred to as a local analysis.
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Nonlinear Systems

• Let 𝑥, 𝑦  denote a steady state of the system. Then,

(
𝑥 = 𝑓(𝑥, 𝑦)
𝑦 = 𝑔(𝑥, 𝑦)

• There may be two or more steady states.
• The existence of a steady state is not guaranteed.
• Thus, if your model is nonlinear, then it is critical that 

you count the number of steady states.

• In what follows, we assume that there is at least 
one steady state.
• Notations I use are 𝑥, 𝑥!!, 𝑥̅. They all mean the same.
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Nonlinear Systems

• Remember that, for 𝑥 close enough to a point 𝑥̅, we 
can linearly approximate 𝑓 𝑥  at 𝑥̅ as

𝑓 𝑥 = 𝑓 𝑥̅ + 𝑓$ 𝑥̅ 𝑥 − 𝑥̅
• Now consider 𝑓 𝑥, 𝑦 . For (𝑥, 𝑦) close enough to a 

point (𝑥̅, /𝑦), we can linearly approximate 𝑓 𝑥, 𝑦  at 
(𝑥̅, /𝑦) as
𝑓 𝑥, 𝑦 = 𝑓 𝑥̅, '𝑦 +

𝜕𝑓 𝑥̅, '𝑦
𝜕𝑥

𝑥 − 𝑥̅ +
𝜕𝑓 𝑥̅, '𝑦
𝜕𝑦

𝑦 − '𝑦

• In what follows, we denote 
𝜕𝑓(𝑥, 𝑦)
𝜕𝑥

= 𝑓#,
𝜕𝑓(𝑥, 𝑦)
𝜕𝑦

= 𝑓%
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Nonlinear Systems

• Thus, we can linearize the two-dimensional 
nonlinear system around 𝑥, 𝑦  as:

(
𝑥!"# = 𝑥 + 𝑓# 𝑥, 𝑦 𝑥! − 𝑥 + 𝑓% 𝑥, 𝑦 𝑦! − 𝑦 	
𝑦!"# = 𝑦 + 𝑔# 𝑥, 𝑦 𝑥! − 𝑥 + 𝑔% 𝑥, 𝑦 (𝑦! − 𝑦)

• In matrix form, 
𝑥!"# − 𝑥
𝑦!"# − 𝑦 = 𝑓# 𝑥, 𝑦 𝑓% 𝑥, 𝑦

𝑔# 𝑥, 𝑦 𝑔% 𝑥, 𝑦
𝑥! − 𝑥
𝑦! − 𝑦

• More compactly,
𝑧!"# = 𝐽𝑧!

• 𝐽 is called the Jacobian matrix of the system.
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Nonlinear Systems

• As before, we want more speed.
• Let us totally differentiate the system and evaluate 

each coefficient at its steady-state value to obtain
( 𝑑𝑥!"# = 𝑓#𝑑𝑥! + 𝑓%𝑑𝑦!
𝑑𝑦!"# = 𝑔#𝑑𝑥! + 𝑔%𝑑𝑦!

• In matrix form, 
𝑑𝑥!"#
𝑑𝑦!"#

= 𝐽 𝑑𝑥!
𝑑𝑦!

• More compactly,
𝑧!"# = 𝐽𝑧!
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Nonlinear Systems

• In many macroeconomic models, explicit 
expressions (𝑥!"# = ⋯) are not available.
• Thus, the most general description of a two-

dimensional nonlinear system is in implicit form:

(𝐹 𝑥!"#, 𝑦!"#, 𝑥! , 𝑦! = 0
𝐺 𝑥!"#, 𝑦!"#, 𝑥! , 𝑦! = 0

• A steady state 𝑥, 𝑦  satisfies

(𝐹 𝑥, 𝑦, 𝑥, 𝑦 = 0
𝐺 𝑥, 𝑦, 𝑥, 𝑦 = 0
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Nonlinear Systems

• Linearize the system around 𝑥, 𝑦 	to obtain

( 𝐹#𝑑𝑥!"# + 𝐹%𝑑𝑦!"# + 𝐹&𝑑𝑥! + 𝐹'𝑑𝑦! = 0
𝐺#𝑑𝑥!"# + 𝐺%𝑑𝑦!"# + 𝐺&𝑑𝑥! + 𝐺'𝑑𝑦! = 0

• In matrix form,
𝐹# 𝐹%
𝐺# 𝐺%

𝑑𝑥!"#
𝑑𝑦!"#

= −𝐹& −𝐹'
−𝐺& −𝐺'

𝑑𝑥!
𝑑𝑦!

• More compactly, let 𝑧! = 𝑑𝑥! , 𝑑𝑦! $ to write
𝐵𝑧!"# = 𝐶𝑧!

• If 𝐵 is invertible, then
𝑧!"# = 𝐵(#𝐶𝑧! = 𝐴𝑧!
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Stability

• We are now ready to formally discuss the stability 
of a dynamical system.
• Definition: A steady state 𝑥̅ is globally 

(asymptotically) stable if lim
!→*

𝑥! = 𝑥̅ for any 𝑥+.

• Definition: A steady state 𝑥̅ is locally stable if 
lim
!→*

𝑥! = 𝑥̅ for any 𝑥+ in the neighborhood of 𝑥̅ (i.e., 
𝑥+ such that 𝑥+ − 𝑥̅ < 𝜀 for some 𝜀 > 0).
• For any linear system, these two stability concepts 

are the same.
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Stability

• Consider a first-order linear scalar equation:
𝑥!"# = 𝑎𝑥! + 𝑏

• Steady state 𝑥̅ is globally stable if and only if 
𝑎 < 1

• To see this, consider the sequence 𝑥! !,+
*  

generated by the equation, which is given by
𝑥! = 𝑥̅ + 𝑎! 𝑥+ − 𝑥̅

• Evidently, for any initial condition 𝑥+,
lim
!→*

𝑥! = 𝑥̅
holds if and only if 𝑎 < 1.
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Stability

• Consider a first-order nonlinear scalar equation
𝑥!"# = 𝑓 𝑥! 	

• Steady state 𝑥̅ is locally stable if and only if 
𝑓$ 𝑥̅ < 1

• To see this, consider the linearized equation
E𝑥!"# = 𝑓$ 𝑥̅ E𝑥!

• The solution, or the sequence E𝑥! !,+
* , is given by 

E𝑥! = 𝑓$ 𝑥̅ ! E𝑥+
• Given E𝑥! !,+

* , we know 𝑥! !,+
*  by 𝑥! = E𝑥! + 𝑥̅.
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Stability

• Because we obtain the linearized equation by 
considering the neighborhood of one particular 
steady state 𝑥̅, our initial condition 𝑥+ must be 
chosen from the neighborhood of of 𝑥̅.
• In other words, we can no longer talk about the 

global stability of a nonlinear system by looking at 
its linearized equation.
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Stability

• Consider the sequence 𝑥! !,+
*  generated by the 

linearized equation, which is given by
𝑥! = 𝑥̅ + 𝑓$ 𝑥̅ ! 𝑥+ − 𝑥̅

• Evidently, for any initial condition 𝑥+ in the 
neighborhood of 𝑥̅, we can show that

lim
!→*

𝑥! = 𝑥̅
holds if and only if 𝑓$ 𝑥̅ < 1.
• This is the condition for local stability.
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Stability

• Consider a higher-dimensional linear system:
𝑥!"##

⋮
𝑥!"#-

=
𝑎## ⋯ 𝑎#-
⋮ ⋱ ⋮
𝑎-# ⋯ 𝑎--

𝑥!#
⋮
𝑥!-

+
𝑏#
⋮
𝑏-

• More compactly, 𝑥!"# = 𝐴𝑥! + 𝑏
• Steady state is 𝑥 = − 𝐴 − 𝐼 (#𝑏
• The general solutions is

𝑥! = 𝑥 +I
.,#

-

𝑐.𝜆.!𝑃.
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Stability

• Theorem: Suppose all eigenvalues of 𝐴 have moduli 
different from 1. Then the unique steady state of 
the system, 𝑥, is globally (asymptotically) stable if 
and only if all the eigenvalues of 𝐴 have moduli 
strictly smaller than 1, and unstable if at least one 
eigenvalue has modulus strictly larger than 1.
• If you have a higher-dimensional nonlinear system, 

then you should study its Jacobian matrix 𝐽 for each 
steady state.
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Stability

• An important caveat is that we have not yet 
considered any equilibrium concept.
• It is very, very important to know at this point that 

a steady state being stable does not necessarily 
mean that the equilibrium at that point is stable.
• For example, a saddle point is unstable as a dynamical 

system. However, we will learn that the saddle path is 
the unique equilibrium path.
• This happens because we will consider forward-looking 

rational individuals. Remember: Econ ¹ Physics.

2025/1/22 Noritaka Kudoh: Advanced Macroeconomics I 17



Applications
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Solow Growth Model

• A good example of a nonlinear system is the Solow 
model. Let 𝐾!  and 𝑁!  denote capital and labor used 
in production. Then, a country’s aggregate output 
𝑌!  (i.e., real GDP) is determined by 𝑌! = 𝐹 𝐾! , 𝑁! .
• We adopt the Neoclassical assumptions:
• 𝐹" > 0, 𝐹# > 0, 𝐹"" < 0, 𝐹## < 0
• Inada conditions:

• lim
!→#

𝐹$ = ∞ , lim
!→%

𝐹$ = 0
• lim
&→#

𝐹' = ∞ , lim
&→%

𝐹' = 0

• Constant Returns to Scale
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Solow Growth Model

• Most widely used specification is Cobb-Douglas:
𝑌! = 𝐴𝐾!7𝑁!#(7

• 𝛼 satisfies 1 < 𝛼 < 1
• Often referred to as the capital share.
• 𝛼 = 1/3 in many countries in many era.

• 𝐴 is referred to as Total Factor Productivity (TFP).
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Solow Growth Model

• The key driving force of economic growth in the 
Solow model is capital formation over time.
• Stock of capital evolves according to the following 

difference equation:
𝐾!"# = 𝐾! + 𝐼! − 𝛿𝐾!

• 𝐼!  is capital formation (investment) in 𝑡.
• 𝛿 is the depreciation rate (0 < 𝛿 < 1).
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Solow Growth Model

• One household represents the entire economy (the 
representative household).
• Household has two roles:
• Supplier of capital (via saving)
• Supplier of labor

• Savings are exogenously determined by
𝑆! = 𝑠𝑌!

• 𝑠 is the saving rate (0 < 𝑠 < 1)
• Equivalently, consumption decision is exogenous:

𝐶! = 1 − 𝑠 𝑌!
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Solow Growth Model

• Household supplies labor input inelastically. In 
other words, labor supply is exogenous. Thus,

Labor	input = Population
• Population is assumed to grow exogenously:

𝑁!"# = 𝑛𝑁!
• 𝑛 > 1 is the gross population growth rate.
• Also referred to as the population growth factor.
• You might prefer 𝑁$%" = 1 + 𝑛 𝑁$ instead.

• This is fine, too.
• This is just a matter of taste.
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Solow Growth Model

• We consider a closed economy without 
government.
• Without government and foreign countries, output 

is either consumed or invested:
𝑌! = 𝐶! + 𝐼!

• This is the goods market equilibrium condition.

• As usual, we can transform the goods market 
equilibrium condition into the capital market 
equilibrium condition:

𝐼! = 𝑌! − 𝐶! = 𝑆!
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Solow Growth Model

• Model summary:
𝑌! = 𝐴𝐾!7𝑁!#(7
𝐾!"# = 𝐼! + 1 − 𝛿 𝐾!
𝑆! = 𝑠𝑌!
𝑁!"# = 𝑛𝑁!
𝐼! = 𝑆!

• Note that the Solow model is essentially a system 
of nonlinear difference equations.
• 5 equations in 5 unknowns.
• By substitutions, we can reduce the dimension.
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Solow Growth Model

• We have a two-dimensional nonlinear system:

(𝐾!"# = 𝑠𝐴𝐾!7𝑁!#(7 + 1 − 𝛿 𝐾!
𝑁!"# = 𝑛𝑁! 	

• 0,0 is a steady state. Not interesting, though.
• 𝑁!"# = 𝑛𝑁! implies 𝑁! = 𝑛!𝑁+. Thus,

𝐾!"# = 𝑠𝐴𝐾!7 𝑛!𝑁+ #(7 + 1 − 𝛿 𝐾!
• This scalar equation is a non-autonomous DE.
• 𝐾!  never stop growing. Thus, 0,0 is the only 

steady state.
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Solow Growth Model

• Instead of searching for a steady state, we look for 
a balanced-growth path (BGP).
• Transform the system as follows

𝑁!"#
𝑁𝑡

×
𝐾!"#
𝑁!"#

= 𝑠𝐴𝐾!7𝑁!(7 + 1 − 𝛿
𝐾!
𝑁!

• Thus,
𝑛𝑘!"# = 𝑠𝐴𝑘!7 + 1 − 𝛿 𝑘!

• 𝑘! = 𝐾!/𝑁! is the capital-labor ratio.
• BGP is a solution to 𝑛𝑘 = 𝑠𝐴𝑘7 + 1 + 𝛿 𝑘.
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Solow Growth Model

• BGP (steady state in terms of 𝑘!) satisfies
𝑘 𝑠𝐴𝑘7(# + 1 − 𝛿 − 𝑛 = 0

• Thus, 𝑘 = 0 and 

𝑘 =
𝑠𝐴

𝑛 + 𝛿 − 1

#
#(7

≡ 𝑘88
• Computing the impact of 𝑠 on BGP is easy:
𝜕𝑘88
𝜕𝑠

=
1

1 − 𝛼
𝑠𝐴

𝑛 + 𝛿 − 1

#
#(7(# 𝐴

𝑛 + 𝛿 − 1
> 0

2025/1/22 Noritaka Kudoh: Advanced Macroeconomics I 28



Solow Growth Model

• Consider

𝑘!"# =
𝑠𝐴𝑘!7 + 1 − 𝛿 𝑘!

𝑛
≡ Ω 𝑘!

• From this,

Ω$ 𝑘! =
𝛼𝑠𝐴
𝑛
𝑘!7(# +

1 − 𝛿
𝑛

Ω$ 0 = ∞ > 1

Ω$ 𝑘88 = 𝛼 + 1 − 𝛼
1 − 𝛿
𝑛

< 1
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Solow Growth Model

• Ω$ 0 = ∞ > 1 implies 
that the steady state at 
0,0  is locally unstable.

• Ω$ 𝑘88 = 𝛼 +
1 − 𝛼 #(9

-
< 1 

implies that the other 
steady state is locally 
stable.
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Solow Growth Model

• Log-linearize the equation around 𝑘88:
e𝑘!"# =

𝛼𝑠𝐴
𝑛
𝑘887(# +

1 − 𝛿
𝑛

e𝑘!
• Because 𝑘88 satisfies 𝑠𝐴𝑘887(# + 1 − 𝛿 − 𝑛 = 0, We 

can simplify the log-linearized equation as
e𝑘!"# = 𝛼 + 1 − 𝛼

1 − 𝛿
𝑛

e𝑘!
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Covid-19 Outbreak in 2020
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Covid-19 Outbreak in 2020
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SIR Model

• The Covid-19 model presented here is known as 
the SIR model.
• Individuals are classified into 3 states.
• Let 𝑥!  denote the number of “susceptible” 

individuals who have not infected in date 𝑡.
• Let 𝑦! denote the number of “infected” (and 

circulating) individuals in date 𝑡.
• Let 𝑧! denote the number of “removed” individuals 

(either died, isolated, or recovered).
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SIR Model

• Let us assume that total number of contacts within 
a day is 𝑥!𝑦!.
• Let 𝛼 denote the infection rate, which is assumed 

to be a parameter.
• Then, the number of newly infected individuals in 

day 𝑡 is given by 𝛼𝑥!𝑦!.
• An infected is removed at rate 𝛽, a parameter.
• Then the number of removed individuals in day 𝑡 is 
𝛽𝑦!.
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SIR Model

• Total number of susceptible in date 𝑡 + 1 is
𝑥!"# = 𝑥! − 𝛼𝑥!𝑦!

• Total number of infected in date 𝑡 + 1 is
𝑦!"# = 𝑦! + 𝛼𝑥!𝑦! − 𝛽𝑦!

• Total number of removed in date 𝑡 + 1 is
𝑧!"# = 𝑧! + 𝛽𝑦!

• Let 𝑛 denote total population. Then,
𝑥! + 𝑦! + 𝑧! = 𝑛
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SIR Model

• Without loss of generality, we can focus on:
𝑥!"# = 𝑥! − 𝛼𝑥!𝑦!
𝑦!"# = 𝑦! + 𝛼𝑥!𝑦! − 𝛽𝑦!

• Let us first find the steady states. Let 𝑥, 𝑦 satisfy
𝑥 = 𝑥 − 𝛼𝑥𝑦
𝑦 = 𝑦 + 𝛼𝑥𝑦 − 𝛽𝑦

• They reduce to
𝑥𝑦 = 0
𝛼𝑥 − 𝛽 𝑦 = 0

• Thus, any point on the 𝑥-axis (𝑦 = 0) is a steady 
state.
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SIR Model

• Let us study the global behavior of the model 
through a phase diagram:

𝑥!"# − 𝑥! = −𝛼𝑥!𝑦!
𝑦!"# − 𝑦! = 𝛼𝑥!𝑦! − 𝛽𝑦!

• Note that 𝑥!  and 𝑦!  cannot be negative. Thus, 
Δ𝑥 < 0

for any region.
• Similarly, for any 𝑦! > 0,

Δ𝑦 > 0 ⇔ 𝑥! >
𝛼
𝛽
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SIR Model

• Each initial condition 
leads to a distinct 
trajectory.
• The steady state level 

of 𝑦 is necessarily 0.
• However, the steady 

state level of 𝑥 takes 
any value, depending 
on the initial condition.
• Local analysis seems to 

be meaningless.
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Simulating SIR Model
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Simulating SIR Model
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Results are from Excel

2025/1/22 Noritaka Kudoh: Advanced Macroeconomics I 42



Further Readings

• Luenberger. Introduction to Dynamic Systems, John 
Wiley & Sons, 1979.
• Acemoglu, Introduction to Modern Economic 

Growth, Princeton University Press, 2009.
• Chapter 2 “The Solow Growth Model” 
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