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Fundamental Properties of Triangles

Fundamental Properties A
F(1) A+B+C=180°
F2) a<b+c, b<c+a, c<a+b b

Determination of a triangle
(1) Three sides B a C
(2) Two sides and the included angle.
(3) Two internal angles and the included side

Similar and Congruent Triangles
F F-F-F-FSkmilar Congruent
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The Law of Sines

Obligue triangles
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C IS acute C IS obtuse

The Law of Sines

The ratio of the length of a side of a triangle to the sine of the
opposite that side is the same for all sides and angles.

a b C

sind sinB sinC




Proof of the Law of SinesF-KJase 1]

[Case that all angles are acute]
The circle passes three vertices.
Let the diameter of this circle be BD.

Fromthe inscribed angle theoyrane have
D=A ,2 BCD =9()°
Therefore,
a=2RsinD =2Rsin A.
Similarly
b=2RsinB, ¢=2RsinC.

Therefore, we have

a b C _9R

sind sinB sinC



Proof of the Law of Sines [ Case 2]

> Draw the line BD which passes the cel
/ BCD=90°
Since guadrangle has contact with the
the following relationship holas] [
A+ D=180°
Therefore
a=2RsinD=2RsIin(18G ! A) =2RsInA

| Note |

From the inscribed angle theorem, the ¢
with the same symbol has the same me

Therefore
A+D=F+#+"+/ =180




How Can We Use Sine Law ?

When two angles and one side of an acute triangle is given, we ce
the other sides.

[ Example 12.2 the triangle ABQ=45;, B=60j, a=10 al
‘given. Find the lengths  &nd
ANS.  C_180°-45°—60° = 75° A
From the Law of Sines 5o
10 b c b
sin45°  sin60° sin75° o Ao )
Value of each sine is 10
sin 45 :g, sin 60 :g, sin75] = sin(30; +45;) = ‘%;"E
Therefore
=101 _5 /5, c=103""2 =53 41) )

Sin45; sin45



Ambiguous Case

Even if we know O two side and an angle not between O, we c:
determine the last side.

Angled andsidgs And are gi

But

¥Triangle ABC
¥Triangle AB
are possible.

You can swing side  to left and right.




Exercise

[Ex 12.1]n triangle ABGQ,=12, C =135° and th&krd@ius
cwcumscnbed circle are givétind angl& adideC .

________________________________________________________________________________________________________________________________

Pause the video and solve the problem by yourself.



Answer to the Exercise

[Ex.12.1]n triangle ABCbh =12, C =135° and thereadius

circumscribed circle are givétind B and’.

ANS.  From the law of sine and its relation to the radius of circun

circle
a 12 _ ¢ 50
sin4d sinB sIinl3%
Therefore
SinB = 12 1 . B=30° ( B<180-135)
2x12 2

c=2! 12! sin135 =2! 12! sin135 =24! sin45 =12/2
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The Law of Cosines

If we know two sides and the included angle, we can find the side
opposite to this angle.

A
The Law of Cosines
a’ =b* +c¢* =2bccos 4 c b
b* =c* +a’ -2cacosB
¢’ =a*+b* -2abcosC B a C
Another Expression
2+ 2! 2 2+ 2! 2 2+ 2! 2
cosA:b ¢ - d , cosB:C a’ b , cosC:a b7 c
2bc 2ca 2ab

We can find angles from three sides.
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Proof of the Law of Cosines

C B cH) B

H
Take projections of point A to side BC and name this point H.
a=CH+BH =bcosC +ccosB (1)
Similarly
b=ccosAd+acosC (2)
c=acosB+bcosA (3)

From (2! b+3)! c" (D! a

b +c* 1 a* =2bccos A

" a*=b*+c° | 2bccos 4 .



[Example 12.3n triangle AB®,=2, c=1++/3 Aared’ a?re

________ SolvedoB, C .
ANs From the law of cosines
a2 =22 +(1++/3)" 212(1++/3)cos60j = 6
From the law of sines A
J6 2 w2 \@ 1 60°
sSinB =
Sin60; _ sinB f 2 2 1473 ,
I B=45 or 135
Sincea=+v6>b=2 , the 8Bwla=60; g - C

Therefore, B = 45;
C=18G! (A+B) =75
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Exercise

[ Ex 12.2]When we see the top P of

“mountain from two points A and B w
- are separated by 2km, the angles al
! PAB=75  ant PBA=60 In
-addition, the angle of elevation of thB
‘mountain top P from the point Ais 3 ™
'What is the height of the mountain 7

_____________________________________________________________________________________________________________________________

Pause the video and solve the problem by yourself.
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Answer to the Exercise

[ Ex 12.2]When we see the top P of P
“mountain from two points A and B w g
-are separated by 2km, the angles a
! PAB=75  ant PBA=60 In
-addition, the angle of elevation of thB
‘mountain top P from the point Ais 3 ™
‘What is the height of the mountain 7

_____________________________________________________________________________________________________________________________

Ans. " APB=18G ! (75; +60;) = 45
From the law of sines
AP 2 ) 2sin 60 f,f /g

. = — AP = =21—
sin60j smn45j sin 45

Since the triangle AHP is a right triangle,

PH = APsin30; = @ km
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