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Solutions of a Quadratic Equation

| Review |]

The quadraticEq. ax” +bx+c =0

17
Solution
If D=b"-4ac>0 \/2
F-F-F-F-FtEerd=dre tweal distinct rooty = ~2E V0" ~4ac _ {a
2a P
If D=b>-4ac=0
I there is oael double roatte x = —2%

f D=b>-4ac<0

I there is10 real roo(The equationuissolvable



Complex Number

Introducing a New Number

We introduea imaginary number

i=~-1

which is theoretical numbgual to the square root.of -1

Quadratic formula
The roots of the quadratic equation+ bx +c¢ = 0 are

_ ~b+b* -dac
2a

X

IfF-P-F & -F 4a&0F -F #héte are two distinct real Foots.
If D=b*-4ac=0 . there is a double root.
If D=b"-4ac<0 , there are two distinct imaginary roots
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Complex Number

Complex number
a + bi

(a :real parth :imaginary gartnaginary unit

Special Cases
a . real number (case0f, b=0 )
a +bi :imaginary number ( case ®f )
bi . pure imaginary number ( ecasd®of b = 0

Complex number = real number + imaginary number



Operation on Complex Numbers

Equality
a+bi=c+di equals a=c add=d
a+bi=0 equals g=0 apd=0
Addition
(a+bi)+(c+di)=(a+c)+(b+d)i
Subtraction _ _ _
(a+bi)! (c+di)=(a! c)+(b! d)i
Multiplication
(a+bi)(c+di)=(ac! bd)+(ad ' bc)i
Division

(c+di) _ (ac+ bd) (adI bc)
(a+hbi) a’*+b* a T

In the calculation, deal with F-kist as you would do with ¥->I

\\\\\\

(refer to next slide)



Complex Conjugates

A complex number bi is caltedpdex conjugakea + bi .
/

the same real part | equal magnitude and opposite signs.

A notatiorZ(= a + bi) is sometimes used to expre&Escaumber
and z(= a - bi) IS used to exprEssitEx conjugate

[ Note ] One merit of complex conjugates
Multiplication of complex conjugates produces a real nun
zz =(a+bi)a-bi)=a" —(bi) =a” +b’

Therefore, it i1s useful in the calculation of division
<Example>

(c+di) (c+di)a-bi) (ac+bd) s (ad—bc)l,
(a+bi) (a+bi)a-bi) a*+b>  a*+b°




Example 1. F-Factor the following equation considering complex numbers.
' x*1 2x+4=0

From the quadratic formula, we have

+ 2 _
. +2_\/22 dxixd | o

Therefore



_________________________________________________________________________________________________________________________________

Example 2. F-kEt the two roots of the quadratic em%ﬁ-ﬁf-.l.:-f-E-B-F-FBeFaF:-F-
-andp. Here we admit the case for complex roots. Prove the following relatioénsh

b b

_________________________________________________________________________________________________________________________________

Using the quadratic formula, we have

—b+\/b2—4ac —b—\/b2—4ac b

a+ 5= + =——
p 2a 2a a
_b+~b: —dac [ —=b /b - dac (-b)* = (b* —4ac) c
a/))= = > = —
2a 2a 4a a



Exercise

_________________________________________________________________________________________________________________________________

. Exercise 1. Simplify the following expressions

5(1) B+ -2)V2-v-3) @) 1+i+i?+--+i"° 3) §+l:+§_l:
: —i 3+

Pause the video and solve the problem.



Answer to the Exercise

' Exercise 1. Simplify the following expressions

W (BADWIAT) @ Laiitaa® @24, 37

Ans.
(1) (V3++-2)N2-v-3)=(3+2 ) 2-3i)
= (V32 +23)+ (V2,2 = /3V3)i=2/6 i

2) l+i+i*+-+i" =(+i-1-)+A+i-1-D)+1+i-1=i

B 2+i 3-i (2+i0) (3-i)  3+4i 8-6i T+i
+ = + = + =

2-i 3+i (-)Q2+i) GB+)3-i) 5 10 5
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Complex Plane ( Argand Diagram )

Areal number can be visualized mumber line.

— o —
2 -1 0,1 2
0.5
Complex plane
Acomplex number can be visualized lpomplex plane.
Complex plane is establishéduehyal axendihe imaginary axis

Complex number Complex plane

— : displacement in in the  -axis.
=Xt — displacementin in the  -axis
Im(2)
1) S o Z=X+Iy

O X R@(Z) 12




Polar Coordinate Expression

(X, y) zZ=Xx+ly . Cartesian coordinate expression
|F—x=rco¢/, y=rsin/
(r,/) z=r(cos/ +isin/)  : Polar coordinate expression
Im(2)
Modulus

r =7 =vz =[x +y’

Argument

' - — 1o 1Y
O Re(z) (=tan ;%f
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Product of Complex Numbers

Two complex numbers
z, = r(cos/ +isin/))
z, =r,(cos/, +isin/,)
Product

22, =rr,jcod/, +/,)+isinl/, +/, )}

In the complex plane:
the modulusf the product is given bpiheucof two moduli
the argumenf the product is given bguhenatioaf two argumen

Ans.  zz =rr,(cos/, +isin/,)(cos/, +isin/))
=r,r,{(cos/,cos , " sin/,sin/,)+i(sin/,cos , + cod,sin/ )}

= rlrz{COE(-ll + -/2) *i Sin('ll * '/2)}
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Multiplication of Gi O

In the casez =z, z =i
z=r(cos" +isin”)
. /A
| =Ccos— +isin—
Product 2 2

ZI :r08/L609‘. +_—)+isin*, )i
$ + 2 +  2(

: Im(2)|_
Multiplyin@ O% me nsZ! .
therotatiorof Z by 90;j

without changing its modulus

Re(z)
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De MoivreOs Formula

From the product rule, we have

z° =r(cos/ +isin/)r(cos/ +isin/) =r?*(cos2/ +isin2/)
Similarly,

z° =r?%(cos2/ +isin2/)r(cos/ +isin/) =r°(cos’ +isin3/)

¥¥ ¥ ¥Y¥XY

This suggests the following formula

De MoivreOs Formula

(cos/ +isin/)"=cosn/ +isinn/

¥This connects complex numbers and trigonometry
¥This produces formulaetsn/ sinand . (Compare afte
expanding the left hand side.)
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Example

Ans
Im(2z)
From the position in the complex plane 1 ------- ©
e
1+i=~2{cosZ +isinZ T
o AYEE
- = O 1 Re(z)
From De MoivreOs Formula

8

(1 + i)8 = \Eg(cos% + isin%) = 16(0058% + isin%r)

= 16(cos2n +isin ZJr) =16
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Exercise

Exercise 2. Find the following value(

\/§+i)8

Pause the video and solve the problem.
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Answer to the Exercise

Im(z)
From the position in the complex plane
: , 1 [------m--- .
\/§+i:2(;§/‘§osg+isingf % i
N 0O T p
From De MoivreOs Formula V3 Re(2)

8

(\6+i)8 = 28(cos%+isin%) = 256(cos4?ﬂ+isin4?ﬂ)

- 256(— % _ ‘fz) = _128-128/3i
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Exercise

Exercise 3. Find the coefficients A, B, C in the foIIowing.equaIitifes

, coss/ = Acos / +Bcos / +Ccod/
[Note] Utilize the expansion
: (x+y)5 =x> +5x*y+10x°y> +10x°y° + Sxp* + x°

Pause the video and solve the problem.
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Answer to the Exercise

Exercise 3. Find the coefficients A, B, C in the following.equalities

, coss/ = Acos / +Bcos'/ +Ccog
. [Note] Utilize the expansion

Ans.  From De MoivreOs Form(tas/ +isin/)® = (cos5/ +isin5/)
From the given expansion
(cos! +isin/)® =(cos/ )° +5(cos! )*(i sin/ ) +10(cos/ )*(i sin/ )*
+10(cos/ )*(isin/)® +5(cos/ )(isin/ )* +(isin/)°
=cos/ " 10cos'/ sin®/ +5cos sin*/

+i(5c08'/ sin/ " 10cos ! sin®/ +sin°/)
From comparing the real parts
cos56 = cos’ @—10cos’ @sin° G+ 5cos@sin* @

=cos’ @-10cos’ O(1-cos” 8) + 5cos (1 - cos” 6)
=16cos’ @ -20cos’ @ +5cosd " A=16 B=120 C=5 2




