Chapter 1

Linear operators on a Hilbert space

This chapter is mainly based on the first chapters of the book [Amr09]. All missing
proofs can be found in this reference.

1.1 Hilbert space

Definition 1.1.1. A (complex) Hilbert space H is a vector space on C with a strictly
positive scalar product (or inner product), which is complete for the associated norm
and which admits a countable basis. The scalar product is denoted by (-,-) and the
corresponding norm by || - ||

In particular, note that for any f,g,h € ‘H and o € C the following properties hold:
i) (f.9) =g, /).
(i) (f +ag,h) = (f,h) +alg,h),
(if) I/ = (£, ) > 0 if and only if f £ 0.

From now on, the symbol H will always denote a Hilbert space.
Examples 1.1.2. (i) H = C¢ with (o, B) = ZJ L Bj for any «, B € CY,
(ii) H = 1*(Z) with {a,b) = > ..5 a;b; for any a,b € I*(Z),
(iii) H = L*(RY) with (f,g) = [pa f(2)g(x)dz for any f,q € L*(R?).
Let us recall some useful inequalities: For any f, g € H one has
@ [Kf ol <11 gl Schwartz inequality,
@) NF+gll < WA+ llgll,

(i) [1f +gl* < 20 f11* + 2/,
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@) 11 = llgl] < 11 = gl

the last 3 inequalities are called triangle inequalities. In addition, let us recall that
f,g € H are said orthogonal if (f,g) = 0.

Definition 1.1.3. A sequence { fn}nen C H is strongly convergent to fo, € H if
lim, o0 || fn — fooll = 0, or is weakly convergent to f., € H if for any g € H one has

limy, o0 (frn — foor g) = 0.

Clearly, a strongly convergent sequence is also weakly convergent. The converse is
not true.

Definition 1.1.4. A subspace M of a Hilbert space H is a linear subset of H, or more
precisely Vf,g € M and a € C one has f + ag € M.

Note that if M is closed, then M is a Hilbert space in itself, with the scalar product
and norm inherited from H.

Examples 1.1.5. (i) If f1,...,fn. € H, then Vect(fi,..., fn) is the closed vector
space generated by the linear combinations of fi,... fn. Vect(f1,..., fn) is a closed
subspace.

(ii) If M is a closed subspace of H, then M+ :={f € H | (f,g) =0,Yg € M} is a
closed subspace of H.

Note that the closed subspace M is called the orthocomplement of M in H. Indeed,
one has:

Lemma 1.1.6 (Projection Theorem). Let M be a closed subspace of a Hilbert space
H. Then, for any f € H there exist a unique fi € M and a unique fo € M= such that

f=h+fa

Let us recall that the dual H* of the Hilbert space H consists in the set of all
bounded linear functionals on H, i.e. H* consists in all mappings ¢ : H — C satisfying
for any f,g € H and a € C

(i) o(f +ag) = o(f) + ap(g), (linearity)
(i) le(N)] < el £l (boundedness)

where ¢ is a constant independent of f. One sets

(/)]
el = sup ==
oxren |/l
Note that if g € H, then g defines an element ¢, of H* by setting ¢,(f) = (f, g).
Lemma 1.1.7 (Riesz Lemma). For any ¢ € H*, there exists a unique g € H such that
forany f e H

p(f) = (f.9)-
In addition, g satisfies |||l = ||9]|-

As a consequence, one often identifies H* with H itself.
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1.2 Bounded operators

First of all, let us recall that a linear map B between two complex vector spaces M
and N satisfies B(f + ag) = Bf + aBg for all f,g € M and « € C.

Definition 1.2.1. A map B : H — H is a bounded linear operator if B : H — H is a
linear map, and if there exists ¢ € R such that | Bf|| < c||f|| for all f € H. The set of
all bounded linear operators on H is denoted by B(H).

For any B € #(H), one sets

B
18] = sup 1571

=70 1.2.1
ozren |1 (1.21)

and call it the norm of B. Note that the same notation is used for the norm of an
element of H and for the norm of an element of Z(H), but this does not lead to any
confusion.

Lemma 1.2.2. [fB c %(%), then ||B|| = Supf’gey with ||f]l=|lg]l=1 |<Bf, g>|

Definition 1.2.3. A sequence {B,}nen € AB(H) is uniformly convergent to B, €
PB(H) if limy, o0 || Bn — Bol| = 0, is strongly convergent to Bo, € B(H) if for any
f € H one has lim,,_, ||B.f — Boof]] = 0, or is weakly convergent to By, € AB(H)
if for any f,g € H one has lim, ,o(B,f — Bsf,g) = 0. In these cases, one writes
respectively u — lim,, . B, = By, s — lim,_,o B, = By and w — lim,,_,, B,, = B

Clearly, uniform convergence implies strong convergence, and strong convergence
implies weak convergence. The reverse statements are not true.

Lemma 1.2.4. For any B € B(H), there exists a unique B* € B(H) such that for
any f,g € H
(Bf,g) = (f,B"g).

The operator B* is called the adjoint of B, and the proof of this statement involves
the Riesz Lemma.

Proposition 1.2.5. The following properties hold:
(i) B(H) is an algebra,
(i1) The map B(H) > B — B* € B(H) is an involution,
(11i) B(H) is complete with the norm || - ||,
(iv) One has ||B*|| = ||B|| and || B*B| = || B]*.

As a consequence of these properties, Z(H) is a C*-algebra, as we shall see later
on.
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Definition 1.2.6. For any B € ZA(H) one sets
Ran(B):= BH ={f € H | f = Bg for some g € H},
and call this set the range of B.

Definition 1.2.7. An operator B € Z(H) is invertible if the equation Bf = 0 only
admits the solution f = 0. In such a case, there exists a linear map B~ : Ran(B) — H
which satisfies B*Bf = f for any f € H, and BB~'g = g for any g € Ran(B). If B
is invertible and Ran(B) = H, then B~' € B(H) and B is said boundedly invertible
or invertible in B(H).

Note that the two conditions B invertible and Ran(B) = H imply B! € Z(H) is
a consequence of the Closed graph Theorem.

Remark 1.2.8. In the sequel, we shall use the notation 1 € FB(H) for the operator
defined on any f € H by 1f = f, and 0 € B(H) for the operator defined by 0f = 0.

Lemma 1.2.9 (Neumann series). If B € #(H) and | B|| < 1, then the operator (1— B)
is invertible in B(H), with

(1-B)*'= iB”,
n=0

and with ||(1— B)Y|| < (1 — | BI)~".
Note that we have used the identity B = 1.

1.3 Special classes of operators

Definition 1.3.1. An element U € ZB(H) is a unitary operator if UU* = 1 and if
UU=1.

Note that in this case, U is boundedly invertible with U~! = U*. Indeed, observe
first that Uf = 0 implies f = U*(Uf) = U*0 = 0. Secondly, for any g € H, one has
g = U(U*g), and thus Ran(U) = H. Finally, the equality U~! = U* follows from the
unicity of the inverse.

Definition 1.3.2. An element P € %(H) is an orthogonal projection if P = P? = P*.

In this case, PH is a closed subspace of H. Alternatively, for each closed subspace
M of H, there exists an orthogonal projection P such that PH = M.
Now, for any family {g;, h;}7_; C H and for any f € H one sets

n

Anf =Y {f.9)) Dy (1.3.1)

j=1
Then A, € #(H), and Ran(A,) C Vect(hy,...,h,). Such an operator A, is called a

finite rank operator. In fact, any operator B € %(H) with dim (Ran(B)) < oo is a
finite rank operator.
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Exercise 1.3.3. For the operator A, defined in (1.3.1), give an upper estimate for
|Anl| and compute A%.

Definition 1.3.4. An element B € B(H) is a compact operator if there exists a family
{A, }nen of finite rank operators such that lim,, . ||A, — Bl = 0. The set of all compact
operators is denoted by H# (H).

Proposition 1.3.5. The following properties hold:
(i) Be #(H) < B* e #(H),
(i1) H (H) is a x-algebra, complete for the norm || - ||,
(i) If B € #(H) and A € B(H), then AB and BA belong to # (H).
As a consequence, £ (H) is a C*-algebra and an ideal of Z(H).

Extension 1.3.6. There are various subalgebras of & (H), for example the algebra of
Hilbert-Schmidt operators, the algebra of trace class operators, and more generally the
Schatten classes. Note that these algebras are not closed with respect to the norm || - ||
but with respect to some stronger norms ||-||. These algebras are ideals in B(H).

1.4 Operator valued maps
Let I be an open interval on R, and let us consider a map F': I — ZA(H).
Definition 1.4.1. The map F is continuous in norm on I if for all x € I
lim ||[F(z +¢) — F(z)| = 0.
e—0
The map F is strongly continuous on I if for any f € H and all x € I
lim||F(z +¢)f — F(z)f|| = 0.
e—0
The map F' is weakly continuous on I if for any f,g € H and all x € 1
}:ii% ((F(z+¢)— F(z))f,g)=0.

One writes respectively u — lim._,o F(x +¢) = F(z), s — lim. F(x + ¢) = F(z) and
w —lim._ F(z + ¢) = F(z).

Definition 1.4.2. The map F' s differentiable in norm on [ if there exists a map
F': I — %B(H) such that

2 HE(F(WFQ — F(z)) - F’(x)H = 0.

The definitions for strongly differentiable and weakly differentiable are similar.
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If I is an open interval of R and if F : I — Z(H), one defines [, F(x) dz as a
Riemann integral (limit of finite sums over a partition of I) if this limiting procedure
exists and is independent of the partitions of I. Note that these integrals can be defined
in the weak topology, in the strong topology or in the norm topology (and in other
topologies). For example, if " : I — Z(H) is strongly continuous and if [, ||F(z)||dz <
oo, then the integral [, F(x)dx exists in the strong topology.

Proposition 1.4.3. Let I is an open interval of R and F : I — B(H) such that
[; F(z)dx exists (in an appropriate topology). Then,

(i) For any B € B(H) one has

B/IF(m)da::/BF(a:)dx and </F(m)dx>Bz/F(m)de,

1 I 1

(ii) one also has H I; F(:E)dxH < [, |1F(z)||dz,

(iii) If € C B(H) is a subalgebra of B(H), closed with respect to a norm ||-||, and
if the map F : I — % 1is continuous with respect to this norm and satisfies
S IIF(2)||dz < oo, then [, F(x)dx exists, belongs to € and satisfies

H /IF(x)dx

Note that the last statement is very useful, for example when ¢ = J (H) or any
Schatten class.

< / I1F (@) da

1.5 Unbounded operators

In this section, we define an extension of the notion of bounded linear operators. Obvi-
ously, the following definitions and results are also valid for bounded linear operators.

Definition 1.5.1. A linear operator on H is a pair (A, D(A)), where D(A) is a subspace
of H and A is a linear map from D(A) to H. D(A) is called the domain of A. One says
that the operator (A, D(A)) is densely defined if D(A) is dense in H.

Note that one often just says the linear operator A, but that its domain D(A) is
implicitly taken into account. For such an operator, its range Ran(A) is defined by

Ran(A) := AD(A) ={f € H | f = Ag for some g € D(A)}.
In addition, one defines the kernel Ker(A) of A by

Ker(A) :=={f € D(A) | Af = 0}.
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Example 1.5.2. Let H := L*(R) and consider the operator X defined by [X f](z) =
zf(z) for any x € R. Clearly, D(X) = {f € H | [ |ef(x)]*dz < oo} C H. In addition,

by considering the family of functions {f,},er C D(X) with f,(z) == el*=v  one easily

observes that supg rep(x) % = 00, which can be compared with (1.2.1).

Definition 1.5.3. For any pair of linear operators (A, D(A)) and (B, D(B)) satisfying
D(A) C D(B) and Af = Bf for all f € D(A), one says that (B,D(B)) is an extension
of (A,D(A)) to D(B), or that (A,D(A)) is the restriction of (B,D(B)) to D(A).

Let us note that if (A, D(A)) is densely defined and if there exists ¢ € R such that

[AfIl < c||f]| for all f € D(A), then there exists a natural continuous extension A of
A with D(A) = H. This extension satisfies A € Z(H) with ||A|| < ¢, and is called the
closure of the operator A.

Exercise 1.5.4. Construct this natural extension and show that || A|| < c.

Let us stress that the sum A + B for two linear operators is a prior: only defined
on the subspace D(A) ND(B), and that the product AB is a priori defined only on the
subspace {f € D(B) | Bf € D(A)}. These two sets can be very small.

Definition 1.5.5. Let (A, D(A)) be a densely defined linear operator on H. The adjoint
A* of A is the operator defined by

D(A") :={f eH|3f* €M with (f*,g) = (f,Ag) for all g € D(A)}
and A*f .= f* for all f € D(A).

Let us note that the density of D(A) is necessary to ensure that A* is well defined.
Indeed, if f, f5 satisfy for all g € D(A)

(fi 9)=(fAg) = (f5,9),

then (ff — f5,9) = 0 for all g € D(A), and this equality implies f; = f5 only if D(A)
is dense in H. Note also that once (A*,D(A*)) is defined, one has

(A*f.g) = (f.Ag) V[ € D(A*) and ¥g € D(A).

Lemma 1.5.6. Let (A, D(A)) be a densely defined linear operator on H. Then
Ker(A*) = Ran(A)*.

Proof. Let f € Ker(A*), i.e. f € D(A*) and A*f = 0. Then, for all g € D(A), one has

0=(A"f,9) = (f, Ag)

meaning that f € Ran(A)L. Conversely, if f € Ran(A)+, then for all g € D(A) one has
(f;Ag) =0=(0,9)

meaning that f € D(A*) and A*f = 0, by the definition of the adjoint of A. n
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Definition 1.5.7. A densely defined linear operator (A, D(A)) is self-adjoint if
D(A*) =D(A) and A*f = Af for all f € D(A).

Note that whenever the operator A is self-adjoint one has

(Af,g) = (f,Ag)  Vf,g€D(A).

Let us stress that self-adjoint operators are very important in relation with quan-
tum mechanics: any physical system is described with such an operator. Self-adjoint
operators are the natural generalisation of Hermitian matrices.

Extension 1.5.8. Self-adjoint operators are a special class of closed and symmetric
linear operators. These notions, as well as the graph or the essential self-adjointness of
an operator are important topics for the study of unbounded linear operators.

1.6 Resolvent and spectrum

Definition 1.6.1. For a closed" linear operator A, a value z € C is an eigenvalue of
A if there exists f € D(A), f # 0, such that Af = zf. In such a case, the element f is
called an eigenfunction of A associated with the eigenvalue z. The set of all eigenvalues
of A is denoted by o,(A).

Lemma 1.6.2. Let A be a self-adjoint operator on H. Then,
(1) All eigenvalues of A are real,

(ii) Two eigenfunctions of A associated with two different eigenvalues of A are or-
thogonal.

Proof. (i) Assume that Af = zf for some z € C and f € D(A) with f # 0. Then, one
has

A fIF = (f. ) = (AL, £) = {fAS) = (£, 2) = ZIfII%,

which implies that z € R.
(ii)) Assume that Af = Af and that Ag = pg with A\, u € R and A # p, and
frg € D(A), with f # 0 and g # 0. Then

Mf,9) = (Af,9) = (f, Ag) = u(f, 9),

which implies that (f,g) = 0, or in other words that f and g are orthogonal. O

! An operator A is closed if the three conditions (i) f,, € D(A), (ii) s —lim, o0 fn = f, (iii) {Af,} is
strongly Cauchy, imply that f € D(A) and s —lim,, o, Af,, = Af. Note that any self-adjoint operator
as well as any bounded operator is closed.
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By analogy to the bounded case, we say that A is invertible if Ker(A) = {0}. In this
case, the inverse A™! gives a bijection from Ran(A) onto D(A). Note now that if z is an
eigenvalue of a linear operator A, then (A — 2) is not invertible since (A — 2)f = 0 for
some f € D(A) with f # 0. Then, the spectrum of the operator A is a generalization of
the notion of eigenvalues which is based on the previous observation.

Definition 1.6.3. The resolvent set p(A) of a closed linear operator A is defined by
p(A) :={z € C| (A — 2) is invertible in B(H)}
={z € C|Ker(A — z) = {0} and Ran(A —z) = H}.
The spectrum o(A) of A is the complement of p(A) in C, i.e. 0(A) :=C\ p(4).

Definition 1.6.4. For any closed linear operator A and for any z € p(A), the operator
(A—2)"t € B(H) is called the resolvent of A at the point z.

Exercise 1.6.5. For any closed linear operator A and any z1, z2 € p(A), show the first
resolvent equation, namely

(A — 21)_1 — (A — 22)_1 == (21 - ZQ)(A - 21>_1(A - 22>_1. (161)
Lemma 1.6.6. The spectrum of a self-adjoint operator A is real, i.e. (A) C R.

Proof of Lemma 1.6.6. Let us consider z = A\ 4 ie with ¢ # 0, and show that z € p(A).
Indeed, for any f € D(A) one has

I(A = 2)fII* = [I(A - A) —ief]*
=((A=Nf—icf, (A=) f —icf)
= [[(A - A)f!|2 +e| 1%

It follows that ||(A — z)f]| > |e]|| f]], and thus A — z is invertible.
Now, for any for any g € Ran(A — 2) let us observe that

lgll = [|(A = 2)(A = 2)7g|| > [el[|(A - 2)~"g]|.

Equivalently, it means for all g € Ran(A — z), one has

[(A=2)""g]| < = llgll. (1.6.2)

Let us finally observe that Ran(A — z) is dense in ‘H. Indeed, by Lemma 1.5.6 one
has

Ran(A — 2)* = Ker ((A — 2)*) = Ker(4* — z) = Ker(A — z) = {0}

since all eigenvalues of A are real. Thus, the operator (A — 2)~! is defined on the dense
domain Ran(A — z) and satisfies the estimate (1.6.2). As explained just before the
Exercise 1.5.4, it means that (A — 2)™! continuously extends to an element of %(H),
and therefore z € p(A). O
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1.7 Spectral theory for self-adjoint operators

1.7.1 Stieltjes measures

Let us consider a function F': R — R satisfying the following properties:
(i) F' is monotone non-decreasing, i.e. A > u = F(\) > F(u),
(i) F' is right continuous, i.e. FI(A) = F(A+0) := lim. g F(A + ¢) for all A € R,
(i) F(—o00) :=1limy,_o F(A) =0 and p := F(+00) := im0 F(A) < 0.

Note that F(A 4+ 0) := lim. o F(A +¢) and F(A —0) := lim.\ o F' (X — ¢) exist since F
is a monotone and bounded function.

With a function F' having these properties, one can associate a bounded Borel
measure mpg on R, called Stieltjes measure, starting with

mr((a,b]) := F(b) — F(a), a,beR

and extending then this definition to all Borel sets of R. With this definition, note that
mp(R) = p and that

mp((a,b)) = F(b—0) — F(a), mp([a, b)) = F(b) — F(a—0)

and therefore mp({a}) = F(a) — F(a — 0) is different from 0 if F" is not continuous at
the point a.

Note that starting with a bounded Borel measure m on R and setting F'(\) :=
m((—o0, A]), then F satisfies the conditions (i)-(iii) and the associated Stieltjes measure
mp verifies mp = m.

Theorem 1.7.1. Any Stieltjes measure m admits a unique decomposition
m = mp+ Mae + My

where my, s a pure point measure, m,, 45 an absolutely continuous measure with respect
to the Lebesgue measure on R, and myg. is a singular continuous measure with respect
to the Lebesgque measure R.

This result is based on Lebesque Decomposition Theorem. Let us simply stress that
M. is singular with respect to the Lebesgue measure but mg.({\}) = 0 for any X € R.
On the other hand, for any Borel set V, m,(V) = > ., m({\}), where this sum
contains at most a countable number of contributions.
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1.7.2 Spectral measures

We shall now define a spectral measure, by analogy with the Stieltjes measure defined
in the previous section.

Definition 1.7.2. A spectral family, or a resolution of the identity, is a family { E)}er
of orthogonal projections in H satisfying:

(i) The family is non-decreasing, i.e. ExE, = Eninu,
(it) The family is strongly right continuous, i.e. Ex = Ex;o = s — lim. By,
(11i) s —limy_,_o F\ =0 and s —limy o, F\ = 1,

It is important to observe that the condition (i) implies that the elements of the
families are commuting, i.e. ExE, = E,E\. We also define the support of the spectral
family as the following subset of R:

supp{Er} ={peR| Ey. — E,_. # 0, Ve > 0}.
With such a spectral family one first defines
E((a,b]) := E, — E,, a,b e R, (1.7.1)

and extends this definition to all Borel sets on R (we denote by Ap the set of all Borel
sets on R). One ends up with a projection-valued map F : Ag — R which satisfies
E®) =0, E(R) =1, E(V})E(V,) = E(V; NV3) for any Borel sets V7, V5. In addition,

E((a,b)) = Ey_o — E,,  E([a,b]) = By — Eq—g
and therefore E({a}) =FE,—FE, .

Definition 1.7.3. The map E : Ag — R defined by (1.7.1) is called the spectral
measure associated with the family {E\}xer. This spectral measure is bounded from
below if there exists \_ € R such that E\ =0 for all A < A_.

Let us note that for any spectral family { £y} cr and any f € H one can set

Fy(\) = [|EAfII* = (BAf. f).

Then, one easily checks that the function F satisfies the conditions (i)-(iii) of the
beginning of Section 1.7.1. Thus, one can associate with each element f € H a finite
Stieltjes measure my on R which satisfies m;(V) = ||[E(V)f||> = (E(V)f, f) for any
Ve Ag.

Our next aim is to define integrals of the form

/ b p(\) E(dN) (1.7.2)
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for a continuous function ¢ : [a,b] — C and for any spectral family {F)}cgr. Such
integrals can be defined in the sense of Riemann-Stieltjes by first considering a partition
a=1x) <2 <..<x, =Dbof [a,b] and a collection {y;} with y; € (z,;_1,2;) and by
defining the operator

Z@(%)E((%flaﬂ?a’])- (1.7.3)

It turns out that by considering finer and finer partitions of [a, b], the corresponding
expression (1.7.3) strongly converges to an element of Z(H) which is independent of
the successive choice of partitions. The resulting operator is denoted by (1.7.2).

Proposition 1.7.4 (Spectral integrals). Let {E\} er be a spectral family, let —
a<b<ooandlet v : [a,b] = C be continuous. Then one has

(i) || 12 ) E@N)| = 51D im0
(ii) (I} eV E@N) = [V500) E(@N),

(i) For any f € M, | [2 o) B@N 7] = [ o) Pms(an),

() If ¢ : [a,b] — C is continuous, then

b b b
/ PN E(dN) - / BN E(dN) = / SN (V) E(dN).

Let us now observe that if the support supp{ E)} is bounded, then one can consider

[ vy = g [ o iy wr

Similarly, by taking property (iii) of the previous proposition into account, one observes
that this limit can also be taken if ¢ € L>(R, C). On the other hand, if ¢ is not bounded
on R, the r.h.s. of (1.7.4) is not necessarily well defined. In fact, if ¢ is not bounded
on R and if supp{ £} is not bounded either, then the r.h.s. of (1.7.4) is an unbounded
operator and can only be defined on a dense domain of H.

Lemma 1.7.5. Let ¢ : R — C be continuous, and let us set
—{fe7-[|/ )[Zms(dA) < oo}

Then the pair (f ©(N) E(dN), D¢> defines a densely defined linear operator on H.

This operator is self- adjomt if and only if v is a real function.
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A function ¢ of special interest is the function defined by the identity function id,
namely id(\) = .

Definition 1.7.6. For any spectral family {E\}xcr, the operator (ff:o A E(dN), Did>

with -
Diq :={f €H | / N my(dN) < oo}

is called the self-adjoint operator associated with {E)}.

By this procedure, any spectral family defines a self-adjoint operator on H. The
spectral Theorem corresponds to the converse statement:

Theorem 1.7.7 (Spectral Theorem). With any self-adjoint operator (A,D(A)) on a
Hilbert space H one can associate a unique spectral family {E\}, called the spectral

family of A, such that D(A) = Dig and A = [*°_NE(d)).

In summary, there is a bijective correspondence between self-adjoint operators and
spectral families. This theorem extends the fact that any n x n hermitian matrix is
diagonalizable. The proof of this theorem is not trivial and is rather lengthy. In the
sequel, we shall assume it, and state various consequences of this theorem.

Extension 1.7.8. Study the proof the Spectral Theorem, starting with the version for
bounded self-adjoint operators.

1.7.3 Bounded functional calculus

Let A be a self-adjoint operator in H and {E)} be the corresponding spectral family.

Definition 1.7.9. For any bounded and continuous function ¢ : R — C one sets
©(A) € B(H) for the operator defined by

o) [ o) E(dN).

oo

Exercise 1.7.10. Show the following equality: supp{ E\} = 0(A). Note that part of the
proof consists in showing that if p.(\) = (A — 2)~! for some z € p(A), then p.(A) =
(A — 2)71, where the r.h.s. has been defined in Section 1.6.

For the next statement, we set Cy(R) for the set of all continuous and bounded
complex functions on R.

Proposition 1.7.11. a) For any ¢ € Cy(R) one has

(1) p(A) € B(H) and [lp(A)|| = supreq(ay [ (V)]
(i1) p(A)" =B(A), and p(A) is self-adjoint if and only if v is real,
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(111) p(A) is unitary if and only if |p(\)] = 1.
b) The map Co(R) 3 ¢ — @(A) € B(H) is a *x-homomorphism.

In the point (iii) above, one can consider the function ¢; € Cy(R) defined by ¢;(\) :=
e~ for any fixed t € R. Then, if one sets U; := ¢;(A) one can observe that U,U, = Uy,
and that the map R 3 ¢ — U; € #(H) is strongly continuous. Such a family {U; }ier is
called a strongly continuous unitary group.

Theorem 1.7.12 (Stone Theorem). There exists a bijective correspondence between
self-adjoint operators on H and strongly continuous unitary groups on H. More pre-
cisely, if A is a self-adjoint operator on H, then {e~"}cr is a strongly continuous
unitary group, while if {U}ier is a strongly continuous unitary group, one sets

D(A) {femas—%%[w—l]f}

and for f € D(A) one sets Af = s — limy £{U; — 1] f.

Remark 1.7.13. If the inverse Fourier transform @ of ¢ belongs to L'(R), then the

following equality holds
1 o ,
A)=— p(t) e A dt.
o) =—=[ e

1.7.4 Spectral parts of a self-adjoint operator

In this section, we consider a fixed self-adjoint operator A (and its associated spectral
family {£)}), and show that there exists a natural decomposition of the Hilbert space
‘H with respect to this operator. First of all, recall from Lemma 1.6.6 that the spectrum
of any self-adjoint operator is real. In addition, let us recall that for any u € R, one has

Ran (E({u})) ={f e H | E{p})f = [}

Then, one observes that the following equivalence holds:
f€Ran(E({u})) < f € D(A) with Af = uf.

Indeed, this can be inferred from the equality

Af = nfl? = [ 3= gy
which itself can be deduced from the point (iii) of Proposition 1.7.4. Indeed, since the
integrand is strictly positive for each A # u, one can have ||Af — pf]| = 0 if and only
if my(V) =0 for any Borel set V on R with p ¢ V. In other words, the measure my is
supported only on {u}.



1.7. SPECTRAL THEORY FOR SELF-ADJOINT OPERATORS 19

Definition 1.7.14. The set of all i1 € R such that Ran (E({u})) # 0 is called the point
spectrum of A or the set of eigenvalues of A. One then sets

Hy(A) = P Ran (E({u}))

where the sum extends over all eigenvalues of A.

In accordance with what has been presented in Theorem 1.7.1, we define two addi-
tional subspaces of H.

Definition 1.7.15.

Hoe(A) = {f € H | my is an absolutely continuous measur@}
= {f€H]| the function X\ — ||E\f||* is absolutely continuous},

Hee(A) = {f €H|my is a singular continuous measure}
= {f €H]| the function X\ — ||E\f||* is singular continuous},

for which the comparison measure is always the Lebesque measure on R.

Theorem 1.7.16. Let A be a self-adjoint operator in a Hilbert space H.
a) This Hilbert space can be decomposed as follows

H =Hy(A) D Hae(A) ® Hoe(A),

and the restriction of the operator A to one of these subspaces defines a self-adjoint
operator denoted respectively by A,, A, and Ase.
b) For any ¢ € Cy(R), one has the decomposition

p(A) = ©(Ap) ® ©(Aac) © p(Asc)-
Moreover, the following equality holds
0(A) =0(Ap) U (Aue) Uo(Ase).

Note that one often writes E,(A), Fu(A) and E,.(A) for the orthogonal projection
on Hy(A), Haee(A) and H,.(A), respectively, and with these notations one has A, =
AE,(A), Aye = AE,(A) and A,. = AE,.(A). In addition, note that the relation between
the set of eigenvalues 0,(A) introduced in Definition 1.6.1 and the set o(A,) is

o(Ap) = M-

Two additional sets are often introduced in relation with the spectrum of A, namely
04(A) and o45(A).
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Definition 1.7.17. An eigenvalue A belongs to the discrete spectrum o4(A) of A if
and only if Ran (E({\})) is of finite dimension, and X is isolated from the rest of the
spectrum of A. The essential spectrum o.45(A) of A is the complementary set of o4(A)

in a(A), or more precisely
Oess(A) = a(A) \ 0q(A).

We end this section with an other characterization of the spectrum of the operator
A.

Proposition 1.7.18 (Weyl’s criterion). Let A be a self-adjoint operator in a Hilbert
space H.

a) A real number X belongs to o(A) if and only if there exists a sequence { fn}nen C
D(A) such that || fn]| =1 and s — lim,, (A — A) f, = 0.

b) A real number X belongs to o.ss(A) if and only if there exists a sequence { fn}nen C
D(A) such that ||fn]| =1, w —lim, o fr, =0 and s — lim,, (A — \) f, = 0.



