Tree Grammar

e Regular tree grammar: G =(N,F,R,S)
- N: a set of non-terminal symbols
- F: a set of terminal (function) symbols

- R: a set of production rules
Form of production rules

A—-a (Ae N, ae T(FUN))
- S (¢ N): Start symbol (axiom)



e EX: G = ({List, Nat}, {0,nil,s(),cons(,)}, R, List),
where R consists of the following rules
List — nil, List — cons(Nat, List),
Nat — 0, Nat — s(Nat)
- Production of cons(s(0), nil)
Last
— cons(Nat, List)
— cons(s(Nat), List)
— ¢ cons(s(0), List)
— ¢ cons(s(0), nil)



e Derivation relation — (C T(FUN)XT(FUN)):
Mminimal set satisfying
- RC =4, and

_a_>G5 imp"es f(a)%Gf(B)
e Language generated by G-
L(G)={s|S—=LseT(F)}



e Theorem: A language is generated by regular
tree grammar if and only if it is regular

e Proof (2): Construct regular tree grammar
G = (QU{S},F,R,S) from NFTA A = (Q,F,Q/, N):
- S g€ R for each ¢ € Q/, and
-qg— f(q1,...,9n) € R for each f(q1,...,9n) — q

e Proof sketch (C): Construct NFTA A= (NU
Q,F,{S},A) from regular tree grammar G =
(N,F,R,S):

- For each List — cons(s(Nat), List) € R, con-
struct rules by introducing a fresh state g:

s(Nat) — q € A, cons(q, List) — List € A
4



e Q5-1: Let F = {a,9(), f(,)}. Show a regular
tree grammar equivalent to following NFTA:

a — (q a — q|

f(qa,q1) = @1 g(q1) — q1
g(q1) = g«  f(q1,91) = q1

e Q5-2: Let F = {a,9(), f(,)}. Show an NFTA
with start symbol X that iIs equivalent to the
following grammar:

X — f(g(A),A), A—g(g(4)), A—a

e Q5-3: Complete the proof (2) in page 4, i.e.
prove by induction on n that ¢t =’ ¢ implies
qg—gtforany te T(F), ¢qeQ, neEN



Regular tree expressions

e Ex.: regular tree expression f(O,0)%" g a
represents language T ({f(,),a})

e Ex.: regular tree expression s(0)*" .o 0 rep-
resents language {s"*(0) | n > 0}

e Ex.: regular tree expression cons((s(01)*"1 .o,
0),05)*"2 .0, nil represents ’List’



o L ={0Oq,...} Is set of variables for substitution

e tree substitution: (Rem.: different notion from
substitution in slide 1)
For t ¢ T(FUK) and a tree language L,,

t{01 < Lq,...,0n < Lp}
(T . ift:l:lz
a - ift=a€cF
{f(t1,.. . tn) [t € 5i{01 < L1,...,0n < Ln}}
\ - if t = f(s1,...,8n)
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L{01 <« Lq,...,0pn <« Lp}
= U t{O1 <« Lq,...,04p <« Ly}
telL

e Ex.: f(0,0){0 <« {a,b}}

= {f(a,a), f(a,b), f(b,a), f(b,b)]



e Operations on languages
- Concatenation: L .g M = L{0;, - M}

- Power:
LOyDi — {DZ}7 Lk_l_]-al:lz — Lkalji U L .0, LkaDi

- Closure: L[*Fi= ) kD
k>0
o EX.:
{a, f(O,0)}"0 =
{0}

{a, f(B,0)}U
[£(0,a), (O, £(0,0)),
f(a, 0, f(a,a), f(a, f(0,0),
f(f(D 0),0), f{f(T,0),a), f(f(0,0), £(0,0))}U



e Regular tree expression FE, tree language [ E]:

Let £ and FE; be regular tree expressions (RTE)
-0 is RTE, and [0] = {}

-a€ FUK is RTE, and [a] = {a}
-For fe F, f(Fq,...,E,) is RTE, and
[f(E1,-- s En)] = {f(t1,.- - tn) | t; € [E1]}
- F1+E> is RTE, and [F1+ E>] = [E1] U [E>]
- 1 .o, B> 1s RTE, and
[E1 .0; B2l = [E1] o, [E-]
- E*Yi js RTE, and [E*Y] = [E]*"



e Q5-4: Consider languages on F = {a, g(), f(,)}:
L1 = {¢¥(a) | k > 0}, and

Lo = {f(t1,t2) | t1,t2 € L1}
Show a regular tree expression that repre-
sents L1 U L»
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