Minimization

¢ Relation = C § x S 1s an equivalent relation if
the following properties hold:
- Reflectively: Vte S, t=t
- Symmetricity: Vi, se S, t=s=s=t
- Transitivity: Vi, s,ue S, (t=sAs=u) =>t=u
e 5 IS divided Into equivalence classes by =.

Index | = | is the number of the classes
- Equivalence class containing ¢t:

tl= = {s|t=s}
-S = U ltl=

tesS



e Equivalence relation = on T (F) is congruence
relation iIf the following property holds
t1=581,...,tn = sp impliesVf € F, f(t1,...,tn) =
f(s1,...,8n)
e Congruent relation =; on T(F) is determined
by a language L:
t=7 s If and only if
Clt] e L <— (C|s] € L for any context C

e Congruent relation =, on T(F) is determined
by a complete DFTA A = (Q, F,Q/, A):
t=4s ifand only if t =% ¢q and s =% q
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e Thorem(Myhill-Nerode)
T he following conditions are equivalent
1 L is regular

2 L is equal to union of some equivalence
classes of a congruence relation with finite
iIndex

3 =; has a finite index



e Proof of (1 = 2): Let A= (Q,F,Q/,A) be a
complete DFTA recognizing L. Then
- =4 has a finite index since index is not

greater than number of states of A, and

- L= U [t]EA
teL

e Proof of (2 = 3): Letting ~ be congruence
relation determined by 2, we show that
Vi € T(F), [t]~ C [tl=;, 1.e. |~ | > | = |
- Letting s € [t]~, s ~t. Since ~ is congruent,
C[s] ~ C[t] for any context C. Thus C|[s] €
L <— C|[t] € L holds by 2. Therefore s =; t,

i.e. s € [t]=,



e Proof of (3 = 1): Construct FTA A, =
(Q,F,Qf,A) from =;:
-Q=A{ltlz, |t T(F);
- f([tl]ELa SR [tn]EL) — [f(t1,. . vtn)]EL €A
(DFTA from congruence property of =;)
- QF ={[tl=, |t € L}
e From t —% [t]=z, and construction of Q7,

min

Amin recognizes L



e Cor.: Minimum DFTA recognizing a regu-
lar tree language L iIs uniquely determined as
Amin 1IN Myhill-Nerode theorem under renam-

ing
e Proof: Considering DFTA A such that L =
L(A), from Myhill-Nerode theorem [t]=, C [t]=;
for any ¢
- States of A are not less than states of A .
Thus Anip IS MIiniMum

- Uniqueness is clear from [t]=, C [t]=;

e Classes of =, (sates of A) are indistinguish-
able if they are contained a class of =;.
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e Minimization of DFA A: merging indistin-
guishable classes of =, (states of A)

e Property to distinguish classes
-If g e Q) and ¢ € Q\ @/, then ¢ and ¢ are
distinguishable

- If ¢ and ¢’ are distinguishable, and

then p and p’ are distinguishable



e EX.: A= ({9 9 9ab> Wat>12: 0, £ )} A {dabs Wba })
da  49b Y9ab Y9ba
a — Qay da | 9a Yab 9ab Yab
b J© G |9%a W 9ba ba
dby Qab | 9ab 9ab 9ab Yab
9ba | 9ba 9ba 9ba 9ba

e Enumerate distinguishable states
- every final state and non-final state are dis-

tinguishable

- From f(qa,qa) — qa and f(qp, 9a) — Qpg» 9a AN

qp are distinguishable
Cg<a db 4ab Yba

dp
dab| X X —
dbg | X X —

- q,» And q;, Can be merged

x: distinguishable -: N/A




Decidable problems

Emptiness: L(A) =0 7?
Finiteness: L(A) is finite 7
Existence of loop Clq] =% ¢ ?
Singleton set property: L(A) is singleton 7
Equivalence: L(A) =L(A") 7



